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Abstract

Understanding why gradient-trained neural networks succeed requires theoretical models that
capture how they discover low-dimensional structure buried in high-dimensional data. Despite
the empirical dominance of large-scale deep learning, even small, shallow networks remain analyti-
cally elusive: the dynamics that govern what they learn, and how fast, are not yet fully understood.
This thesis builds on a statistical-physics-inspired theory of these dynamics, studying stochastic
gradient descent on shallow networks and simplified attention architectures trained on synthetic,
teacher-generated data, by tracking the evolution of a handful of summary statistics rather than
every individual weight. In the high-dimensional limit, this evolution is described exactly by a
closed system of deterministic differential equations, making the speed and difficulty of learning
tully quantifiable.

Initially, we frame previously separate descriptions of these dynamics — the classical gradient-
flow, high-dimensional, and overparameterized mean-field regimes — as special cases of a single
underlying process. Within this framework, we give closed-form sample-complexity formulas for
learning hard, phase-retrieval-type targets, and show that increasing network width speeds up
learning only by a constant factor, without escaping the hardness controlled by the target’s in-
formation exponent.

The second part studies how simple modifications to vanilla stochastic gradient descent move
training out of this hardness landscape. A small amount of data reuse, seeing each sample twice
rather than once, shifts the obstruction away from the information exponent that governs one-
pass learning, to a smaller generative exponent, recovering almost any hidden direction efficiently,
with a hierarchical mechanism accounting for the remaining hard cases. We identify the batch
size that minimizes training time for a target of given difficulty, and introduce a modified loss that
removes the resulting speed limit altogether.

Finally, we extend the analysis beyond static inputs to sequential data and a simplified attention
layer, showing that positional structure can substantially accelerate learning relative to unstruc-
tured inputs.

Together, these results give a solvable, unified theory of the training dynamics of shallow networks
and simple attention models. They quantify when gradient-based learning succeeds at uncovering
hidden structure, how far simple algorithmic changes can push that success, and which properties
of the data and training govern its speed.

Keywords: deep learning, neural networks, stochastic gradient descent, training dynamics, sta-
tistical physics, mean-field theory, teacher-student models, sample complexity, phase retrieval, at-
tention mechanisms
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Sommario

Per comprendere il motivo per cui le reti neurali addestrate con il metodo del gradiente ottengono
risultati positivi, sono necessari modelli teorici in grado di cogliere il modo in cui esse individuano
strutture a bassa dimensionalitd nascoste all’interno di dati ad alta dimensionalitd. Nonostante il
predominio empirico del deep learning su larga scala, anche le reti di piccole dimensioni e poco
profonde rimangono analiticamente sfuggenti: le dinamiche che regolano ci6 che apprendono, e
la velocita con cuilo fanno, non sono ancora pienamente comprese. La presente tesi si basa su una
teoria di tali dinamiche ispirata alla fisica statistica: studia la discesa stocastica del gradiente su reti
poco profonde e su architetture di attenzione semplificate, addestrate su dati sintetici generati da
un «insegnante», monitorando I'evoluzione di un ristretto numero di statistiche riassuntive anzi-
ché di ogni singolo peso. Nel limite ad alta dimensionalita, tale evoluzione ¢ descritta esattamente
da un sistema chiuso di equazioni differenziali deterministiche, rendendo la velocita e la difficolta
dell'apprendimento pienamente quantificabili.

Inizialmente, inquadriamo descrizioni di questa dinamica precedentemente separate — i regimi
classici del flusso di gradiente, ad alta dimensionalita e del campo medio sovraparametrizzato —
come casi particolari di un unico processo sottostante. All'interno di questo quadro, forniamo for-
mule in forma chiusa relative alla complessita campionaria per 'apprendimento di obiettivi diffici-
li, del tipo «recupero di fase» (phase retrieval), e dimostriamo che 'aumento della larghezza della
rete accelera apprendimento solo di un fattore costante, senza sfuggire alla difficolta determinata
dall'esponente di informazione dell'obiettivo.

La seconda parte studia come semplici modifiche alla discesa stocastica del gradiente standard (va-
nilla stochastic gradient descent) consentano di spostare 'addestramento al di fuori di questo pa-
norama di difficolta. Un modesto riutilizzo dei dati, ovvero l'osservazione di ciascun campione
due volte anziché una sola, sposta l'ostacolo dall’esponente di informazione (information expo-
nent) che governa 'apprendimento a passaggio singolo verso un esponente generativo (generative
exponent) pitt piccolo, consentendo di recuperare in modo efficiente quasi tutte le direzioni na-
scoste, con un meccanismo gerarchico che tiene conto dei casi difficili rimanenti. Identifichiamo
la dimensione del batch che minimizza il tempo di addestramento per un obiettivo di data diffi-
colta e introduciamo una funzione di perdita modificata che elimina del tutto il limite di velocita
risultante.

Infine, estendiamo I'analisi oltre gli input statici ai dati sequenziali e a un livello di attenzione sem-
plificato, dimostrando che la struttura posizionale puo accelerare sostanzialmente 'apprendimen-
to rispetto agli input non strutturati.

Nel loro insieme, questi risultati forniscono una teoria risolvibile e unificata delle dinamiche di

vii



viii

addestramento delle reti poco profonde e dei modelli di attenzione semplici. Essi quantificano
quando 'apprendimento basato sui gradienti riesce a scoprire la struttura nascosta, fino a che pun-
to semplici modifiche algoritmiche possano potenziare tale successo e quali proprieta dei dati e
dell’'addestramento ne determinino la velocita.

Parole chiave: apprendimento profondo, reti neurali, discesa del gradiente stocastica, dinamiche
di addestramento, fisica statistica, teoria di campo medio, modelli insegnante-studente (teacher-
student), complessita campionaria, recupero di fase, meccanismi di attenzione



Résumé

Pour comprendre pourquoi les réseaux neuronaux entrainés a I'aide de la méthode du gradient ob-
tiennent des résultats positifs, nous avons besoin de modeles théoriques capables de rendre compte
de la maniére dont ils identifient des structures cachées de faible dimension au sein de données de
haute dimension. Malgré la prédominance empirique de l'apprentissage profond a grande échelle,
méme les petits réseaux peu profonds restent difficiles 4 appréhender d’un point de vue analy-
tique : les dynamiques qui régissent ce qu’ils apprennent — ainsi que la vitesse a laquelle ils le
font — ne sont pas encore pleinement comprises. Cette these sappuie sur une théorie de ces dy-
namiques inspirée de la physique statistique : elle étudie la descente stochastique du gradient sur
des réseaux peu profonds et des architectures d’attention simplifies, entrainés sur des données
synthétiques générées par un « enseignant », en suivant I'évolution d’un petit nombre de statis-
tiques récapitulatives plutot que celle de chaque poids individuel. Dans la limite des dimensions
élevées, cette évolution est décrite exactement par un systeme fermé d'équations différentielles dé-
terministes, ce qui rend la vitesse et la difficulté de 'apprentissage entierement quantifiables.
Dans un premier temps, nous replagons les descriptions auparavant distinctes de cette dynamique
— les régimes classiques du flux de gradient, de la haute dimensionnalité et du champ moyen sur-
paramétré — dans le cadre de cas particuliers d’un processus sous-jacent unique. Dans ce cadre,
nous fournissons des expressions sous forme close pour la complexité déchantillonnage de I’ap-
prentissage d’objectifs difficiles, tels que la « récupération de phase », et démontrons que I'aug-
mentation de la largeur du réseau n’accélere l'apprentissage que d’un facteur constant, sans échap-
per 4 la difficulté déterminée par I'exposant d’information de 'objectif.

La deuxieme partie examine comment de simples modifications apportées a la méthode standard
(classique) de descente stochastique du gradient permettent de déplacer I'entrainement hors de ce
paysage de difficulté. Une réutilisation modérée des données — c’est-a-dire observer chaque échan-
tillon deux fois au lieu d’une seule — déplace l'obstacle de exposant d’information (information
exponent) régissant 'apprentissage en un seul passage vers un exposant génératif (generative ex-
ponent) plus faible, permettant ainsi la récupération efficace de la quasi-totalité des directions ca-
chées, grice 4 un mécanisme hiérarchique qui prend en compte les cas difficiles restants. Nous
identifions la taille de lot qui minimise le temps dentrainement pour une cible de difficulté don-
née et introduisons une fonction de perte modifiée qui élimine complétement la limite de vitesse
qui en résulte.

Enfin, nous étendons l'analyse au-dela des entrées statiques aux données séquentielles et a une
couche d’attention simplifiée, démontrant que la structure positionnelle peut accélérer considé-
rablement 'apprentissage par rapport a des entrées non structurées.
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Pris dans leur ensemble, ces résultats fournissent une théorie unifiée et résolvable de la dynamique
d’entrainement des réseaux peu profonds et des modeles d’attention simples. Ils quantifient a quel
moment lapprentissage basé sur les gradients parvient a découvrir une structure cachée, dans
quelle mesure de simples modifications algorithmiques peuvent améliorer ce résultat, et quelles
propriétés des données et de I'entrainement déterminent sa vitesse.

Mots-clés : apprentissage profond, réseaux de neurones, descente de gradient stochastique, dyna-
miques d’entrainement, physique statistique, théorie du champ moyen, modeles enseignant-éleve
(teacher-student), complexité d’échantillonnage, récupération de phase, mécanismes d’attention
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Foreword

In this thesis, we study the training dynamics of neural networks under stochastic gradient de-
scent, with a focus on characterizing when and how fast learning happens. Our analysis is inspired
by the statistical physics of high-dimensional systems: we work in the limit where the input dimen-
sion is large and the number of samples needed to learn grows with it at a rate set by the difficulty
of the target, and we use low-dimensional equations that describe the full training trajectory. The
central organizing concept s the information exponent, an integer that measures the flatness of the
loss landscape near initialization and sets the sample complexity of one-pass SGD. It is our point
of departure rather than the final word: much of what follows is devoted to charting where this
baseline breaks down, showing how a change of training protocol or of architecture replaces the
information exponent with a related quantity—a generative, leap, or sequence exponent—that
governs learning in the new setting.

To set the stage, Chapter 1 develops the mathematical framework that underlies the subsequent
chapters. We motivate the statistical physics approach, introduce the teacher—student setup that
serves as our laboratory throughout the thesis, and derive the Saad-Solla ordinary differential
equations governing online SGD in two-layer networks. We then show how the information ex-
ponent emerges from these equations as the key quantity controlling escape from the initialization
saddle, and we discuss its generalizations to multi-index functions and broader algorithm classes.

Chapter 2 provides a unifying derivation of dimensionless ODEs for SGD, reconciling the high-
dimensional and mean-field viewpoints within a single framework and identifying the minimal set
of order parameters needed to describe training. Chapter 3 applies this framework to character-
ize the escape from mediocre initialization when learning hard single-index models such as phase
retrieval, giving sharp conditions on the learning rate and noise level under which SGD escapes
mediocrity or stalls.

Chapters 4 and 5 extend the theory in two complementary directions. Chapter 4 examines the
role of batch size, showing that it governs a fundamental time—complexity tradeoft: enlarging the
batch up to a critical size, which grows with the hardness of the target, proportionally reduces the
number of gradient steps needed to learn while leaving the total number of samples consumed
unchanged, so the gain is one of parallelism rather than of sample efficiency. Chapter 5 turns
to multi-index models, where the target function depends on several latent directions simultane-
ously, and shows that a simple data-repetition scheme restores learnability in this harder setting:
revisiting the same data lets the network sidestep the barrier set by the information exponent and
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learn almost every direction in a number of steps nearly linear in the input dimension.

Chapter 6 extends the framework beyond fully connected two-layer networks to sequence models
and single-layer attention networks. We derive the SGD asymptotics in this architecturally richer
setting and show that analogous effective equations govern learning, with a sequence information
exponent taking over the organizing role once the architecture introduces structured dependen-
cies between tokens.

Each chapter is typically accompanied by its own repository containing the code to reproduce its
numerical experiments; see the corresponding paper’s introduction for the link. The code for the
additional numerical experiments added specifically for this thesis and not present in the original
papers, together with the full ISIEX source of the manuscript and the Claude Code Skills used to
assemble it, is available athttps: //github.com/arn4/phd-thesis.

Publications

This thesis is a collection of 5 papers I have co-authored during my PhD, carefully reviewed and
edited to be included in the thesis. Below I summarize each paper’s contribution.

1. From high-dimensional & mean-field dynamics to dimensionless ODEs: A unifying
approach to SGD in two-layer networks

Luca Arnaboldsi, Ludovic Stephan, Florent Krzakala, Bruno Loureiro

Conference on Learning Theory (COLT) 2023

ABSTRACT. This manuscript investigates the one-pass stochastic gradient descent (SGD) dynamics
of a two-layer neural network trained on Gaussian data and labels generated by a similar, though not
necessarily identical, target function. We rigorously analyse the limiting dynamics via a deterministic
and low-dimensional description in terms of the sufficient statistics for the population risk. Our unify-
ing analysis bridges different regimes of interest, such as the classical gradient-flow regime of vanishing
learning rate, the high-dimensional regime of large input dimension, and the overparameterised “mean-
field” regime of large network width, covering as well the intermediate regimes where the limiting dy-
namics is determined by the interplay between these behaviours. In particular, in the high-dimensional
limit, the infinite-width dynamics is found to remain close to a low-dimensional subspace spanned by
the target principal directions. Our results therefore provide a unifying picture of the limiting SGD
dynamics with synthetic data.

CoNTRIBUTION. [have contributed all numerical experiments and illustrations. I have helped design
part of the theoretical framework.

2. Escaping mediocrity: how two-layer networks learn hard generalized linear models
with SGD

Luca Arnabolds, Florent Krzakala, Bruno Loureiro, Ludovic Stephan

arXiv preprint 2023, accepted at NeurIPS 2023 Workshop OPT

AsTRACT. This study explores the sample complexity for two-layer neural networks to learn a gen-
eralized linear target function under Stochastic Gradient Descent (SGD), focusing on the challenging
regime where many flat directions are present at initialization. It is well-established that in this scenario
n = O(dlogd) samples are typically needed. However, we provide precise results concerning the
pre-factors in high-dimensional contexts and for varying widths. Notably, our findings suggest that


https://github.com/arn4/phd-thesis

XV

overparameterization can only enhance convergence by a constant factor within this problem class.
These insights are grounded in the reduction of SGD dynamics to a stochastic process in lower di-
mensions, where escaping mediocrity equates to calculating an exit time. Yet, we demonstrate that a
deterministic approximation of this process adequately represents the escape time, implying that the
role of stochasticity may be minimal in this scenario.

CoNTRIBUTION. I have authored the theoretical framework and the numerical experiments.

3. Online Learning and Information Exponents: On The Importance of Batch size, and
Time / Complexity Tradeofts

Luca Arnabolds, Yatin Dandy, Florent Krzakala, Bruno Loureiro, Luca Pesce, Ludovic Stephan
International Conference on Machine Learning (ICML) 2024

ABsTRACT. We study the impact of the batch size n; on the iteration time 1" of training two-layer
neural networks with one-pass stochastic gradient descent (SGD) on multi-index target functions of
isotropic covariates. We characterize the optimal batch size minimizing the iteration time as a function
of the hardness of the target, as characterized by the information exponents. We show that performing
gradient updates with large batches ny, S d‘/* minimizes the training time without changing the total
sample complexity, where £ is the information exponent of the target to be learned [ ]and d is the
input dimension. However, larger batch sizes than 1, > d'/? are detrimental for improving the time
complexity of SGD. We provably overcome this fundamental limitation via a different training pro-
tocol, Correlation loss SGD, which suppresses the self-interaction term in the loss function. We show
that one can track the training progress by a system of low-dimensional ordinary differential equations
(ODEs). Finally, we validate our theoretical results with numerical experiments.

CoNTRIBUTION. Ihave contributed to the problem formulation and design. I have designed the code
for the numerical experiments, and executed a portion of them.

4. Repetita Iuvant: Data Repetition Allows SGD to Learn High-Dimensional Multi-
Index Functions

Luca Arnabolds, Yatin Dandy, Florent Krzakala, Luca Pesce, Ludovic Stephan

arXiv preprint 2024

ABSTRACT. Neural networks canidentify low-dimensional relevant structures within high-dimensional
noisy data, yet our mathematical understanding of how they do so remains scarce. Here, we inves-
tigate the training dynamics of two-layer shallow neural networks trained with gradient-based algo-
rithms, and discuss how they learn pertinent features in multi-index models, that is target functions
with low-dimensional relevant directions. In the high-dimensional regime, where the input dimension
d diverges, we show that a simple modification of the idealized single-pass gradient descent training sce-
nario, where data can now be repeated or iterated upon twice, drastically improves its computational
efficiency. In particular, it surpasses the limitations previously believed to be dictated by the Infor-
mation and Leap exponents associated with the target function to be learned. Our results highlight
the ability of networks to learn relevant structures from data alone without any pre-processing. More
precisely, we show that (almost) all directions are learned with at most O(dlog d) steps. Among the
exceptions is a set of hard functions that includes sparse parities. In the presence of coupling between
directions, however, these can be learned sequentially through a hierarchical mechanism that general-
izes the notion of staircase functions. Our results are proven by a rigorous study of the evolution of the
relevant statistics for high-dimensional dynamics.

CoNTRIBUTION. Ihave contributed to the problem formulation and design. I have designed the code
for the numerical experiments, and executed a portion of them.
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5. Asymptotics of SGD in Sequence-Single Index Models and Single-Layer Attention
Networks

Luca Arnabolds, Bruno Loureiro, Ludovic Stephan, Florent Krzakala, Lenka Zdeborovd

Neural Information Processing Systems (NeurIPS) 2025

ABsTRACT. We study the dynamics of stochastic gradient descent (SGD) for a class of sequence mod-
els termed Sequence Single-Index (SSI) models, where the target depends on a single direction in input
space applied to a sequence of tokens. This setting generalizes classical single-index models to the se-
quential domain, encompassing simplified one-layer attention architectures. We derive a closed-form
expression for the population loss in terms of a pair of sufficient statistics capturing semantic and po-
sitional alignment, and characterize the induced high-dimensional SGD dynamics for these coordi-
nates. Our analysis reveals two distinct training phases: escape from uninformative initialization and
alignment with the target subspace, and demonstrates how the sequence length and positional encod-
ing influence convergence speed and learning trajectories. These results provide a rigorous and inter-
pretable foundation for understanding how sequential structure in data can be beneficial for learning
with attention-based models.

CoNTRIBUTION. I have designed the theoretical framework, not including the formal proofs. I have
conducted all numerical experiments and illustrations.

A paper partially related to the thesis work, but not included in the thesis, is:

6. The Benefits of Reusing Batches for Gradient Descent in Two-Layer Networks: Break-
ing the Curse of Information and Leap Exponents

Yatin Dandi, Emanuele Troiani, Luca Arnaboldi, Luca Pesce, Lenka Zdeborovd, Florent Krzakala
International Conference on Machine Learning (ICML) 2024

ABsTRACT. We investigate the training dynamics of two-layer neural networks when learning muldi-
index target functions. We focus on multi-pass gradient descent (GD) that reuses the batches multiple
times and show that it significantly changes the conclusion about which functions are learnable com-
pared to single-pass gradient descent. In particular, multi-pass GD with finite stepsize is found to over-
come the limitations of gradient flow and single-pass GD given by the information exponent [ ]
and leap exponent [ ] of the target function. We show that upon re-using batches, the network
achieves in just zwo time steps an overlap with the target subspace even for functions not satisfying the
staircase property [ ]. We characterize the (broad) class of functions efficiently learned in finite
time. The proof of our results is based on the analysis of the Dynamical Mean-Field Theory (DMFT).
We further provide a closed-form description of the dynamical process of the low-dimensional projec-
tions of the weights, and numerical experiments illustrating the theory.

CoNTRIBUTION. I have contributed to the problem formulation and design. I have participated in
the numerical implementation and executed a portion of the numerical experiments.

My collaborators and I have also explored a new promising line of research on the spectral theory
of hierarchical feature learning in deep networks.

7. Deep Learning as Neural Low-Degree Filtering: A Spectral Theory of Hierarchical
Feature Learning

Yatin Dandi, Matteo Vilucchio, Luca Arnaboldi, Hugo Tabanelli, Florent Krzakala

arXiv preprint 2026, under review at NeurIPS 2026



xvii

ApsTrRACT. Understanding how deep neural networks learn useful internal representations from data
remains a central open problem in the theory of deep learning. We introduce Nexral Low-Degree Fil-
tering (Neural LoFi), a stylized limit of gradient-based training in which hierarchical feature learning
becomes an explicititerative spectral procedure. In this limit, the dynamics at each layer decouple: given
the current representation, the next layer selects directions with maximal accessible low-degree correla-
tion to the label. This yields a tractable surrogate mechanism for deep learning, together with a natural
kernel-space interpretation. Neural LoFi provides a mathematically explicit framework for studying
multi-layer feature learning beyond the lazy regime. It predicts how representations are selected layer
by layer, explains how emergence of concepts arises with given sample complexity, and gives a concrete
mechanism by which depth progressively constructs new features from old ones through low-degree
compositionality. We complement the theory with mechanistic experiments on fully connected and
convolutional architectures, showing that Neural LoFi improves over lazy random-feature baselines,
recovers meaningful structured filters, and predicts representations aligned with early gradient-descent
feature discovery with real datasets.

CoNTRIBUTION. [ have contributed to the codebase for the numerical experiments, and executed a
portion of them.

In the last two years of the doctoral program, we have started a collaboration on large language
models for information retrieval, that ended up in a state of the art model on BEIR benchmark,
in the class of models <150M parameters. This project was possible thanks to a grant awarded
by the Swiss Al Initiative, for 26,000 GPU hours on the Swiss National Supercomputing Centre
(CSCS) Clariden cluster.

8. ColBERT-Zero: To Pre-train Or Not To Pre-train ColBERT models
Antoine Chaffin, Luca Arnaboldi, Amélie Chatelain, Florent Krzakala
Late Interaction Workshop at European Conference on Information Retrieval (ECIR) 2026

ABSTRACT.

Current state-of-the-art multi-vector models are obtained through a small Knowledge Distillation
(KD) training step on top of strong single-vector models, leveraging the large-scale pre-training of these
models. In this paper, we study the pre-training of multi-vector models and show that large-scale multi-
vector pre-training yields much stronger multi-vector models. Notably, a fully ColBERT-pre-trained
model, ColBERT-Zero, trained only on public data, outperforms GTE-ModernColBERT as well as its
base model, GTE-ModernBERT, which leverages closed and much stronger data, setting new state-of-
the-art for model this size. We also find that, although performing only a small KD step is not enough
to achieve results close to full pre-training, adding a supervised step beforehand allows to achieve much
closer performance while skipping the most costly unsupervised phase. Finally, we find that aligning
the fine-tuning and pre-training setups is crucial when repurposing existing models. To enable explo-
ration of our results, we release various checkpoints as well as code used to train them.

CONTRIBUTION. I was responsible for writing and deploying the training code on the cluster, run-
ning all ablations; I have also made some minor contributions to the underlying packages (pylate,
sentence-transformers) that power the training code.

Finally, I was part of the creation of one of the most used benchmarks for measuring the reasoning
capabilities of large language models, called Humanity’s Last Exam.

9. A benchmark of expert-level academic questions to assess Al capabilities

The model was SOTA when

released in January 2026, but
has been surpassed since then.


https://huggingface.co/collections/lightonai/colbert-zero
https://github.com/lightonai/pylate/tree/main/examples/train/ColBERT-zero/
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Center for AI Safety, Scale AI, HLE Contributors Consortinm
Nature vol. 649, 2026

ABSTRACT. Benchmarks are important tools for tracking the rapid advancements in large language
model (LLM) capabilities. However, benchmarks are not keeping pace in difficulty: LLMs now achieve
over 90% accuracy on popular benchmarks like MMLU, limiting informed measurement of state-of-
the-art LLM capabilities. In response, we introduce Humanity’s Last Exam (HLE), a multi-modal
benchmark at the frontier of human knowledge, designed to be the final closed-ended academic bench-
mark of its kind with broad subject coverage. HLE consists of 2,500 questions across dozens of subjects,
including mathematics, humanities, and the natural sciences. HLE is developed globally by subject-
matter experts and consists of multiple-choice and short-answer questions suitable for automated grad-
ing. Each question has a known solution that is unambiguous and easily verifiable, but cannot be
quickly answered via internet retrieval. State-of-the-art LLMs demonstrate low accuracy and calibra-
tion on HLE, highlighting a significant gap between current LLM capabilities and the expert human
frontier on closed-ended academic questions. To inform research and policymaking upon a clear un-
derstanding of model capabilities, we publicly release HLE at this https URL.

CoNTRIBUTION. I have designed 2 questions that were included in the benchmark, that at the time
of the release were not solvable by any LLM.


https://lastexam.ai/
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Chapter 1

Introduction

1.1 Motivation

Artificial Intelligence (AI) is the buzzword of this decade. The release of ChatGPT in late 2022
triggered a wave of public interest in machine learning that had been building for years in research
laboratories. What made this transition possible was the solution of an extraordinary engineering
challenge: the construction of a pipeline capable of digesting nearly the entirety of human dig-
ital knowledge and using it to train deep learning models of unprecedented scale. This achieve-
ment draws on decades of cumulative work spanning hardware design, software engineering, and
fundamental research: from the first attempts to emulate the human brain with artificial neural
networks in the 1950s, through the development of backpropagation in the 1980s, to the rise of
GPU computing in the 2000s and the explosion of large-scale datasets in the 2010s. Yet for all this
engineering progress, our theoretical understanding of why these models work remains strikingly
limited.

The reasons to close this gap are manifold. The most immediate are practical: a deeper under-
standing can guide the design of better algorithms, improve the efficiency of existing models,
and reduce the enormous computational and energy costs of training. The social motivations
are equally compelling: a rigorous theory underpins the growing fields of interpretability, fair-
ness, and robustness, which are essential if Al systems are to be deployed safely in high-stakes
settings. But this thesis is submitted to the Ecole Doctorale de Physique (EDPY), and physicists
are not driven by practical concerns alone. We are also moved by the desire to understand the
fundamental principles governing the behavior of complex systems. There is something deeply
human in wanting to understand the mechanisms of a technology that increasingly surrounds us
and shapes every aspect of our lives; satisfying that curiosity is a legitimate scientific goal in its own
right, and has historically led to unexpected discoveries with far-reaching consequences.

What makes deep learning theoretically challenging is precisely what makes it empirically power-
ful. Many machine learning models are theoretically grounded by construction: support vector
machines rest on the geometry of convex optimization; decision trees can be analyzed with combi-
natorial and probabilistic tools. Deep learning broke free of these clean frameworks. The central
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idea, using a very large number of parameters to fit data, violates the assumptions underlying clas-
sical statistics: the bias—variance trade-off, convexity, and the availability of closed-form solutions.
Yet deep networks learn effective representations, generalize remarkably well to unseen examples,
and are trained with algorithms as simple as stochastic gradient descent navigating a highly non-
convex loss landscape. This has challenged many of the intuitions we had about learning and
generalization, and continues to generate vigorous debate in the research community.

A physicist’s instinct, confronted with a phenomenon that outstrips existing theory, is to build a
model, a simplified but principled caricature that retains the essential features and can be under-
stood analytically. Think of where chemistry stood at the end of the nineteenth century: practi-
tioners could synthesize remarkably complex molecules and predict reactions with considerable
reliability, yet nobody understood the deep mechanism, why atoms bond the way they do. The
Thomson model was the first crude, almost certainly incomplete picture of the underlying atomic
structure. It was wrong in important ways, but concrete enough to be tested, refuted, and im-
proved. This is, roughly speaking, where we stand with deep learning today, and it is the role we
aspire to play. We want to be Thomson, so that someone can be Bohr after us, and eventually
someone arrives at quantum mechanics.

One advantage we have is that our experiments run on computers. We do not need a particle
collider to test a theory of deep learning: we need a laptop (or a cluster for large-scale experiments)
and a few days of compute time. This is an enormous freedom, and we should exploitit. A second
advantage is that the fundamental process at the core is mathematically well-defined: training a
neural network is an optimization procedure whose rules are written down precisely, even if their
consequences are not. We do not need to figure out what the process is; only why it works and
how its dynamics unfold. The goal is a theory that is both analytically tractable and grounded
in controlled experiments. The settings we analyze remain idealizations, and closing the gap to
real-world systems is the longer goal; here we take one small, deliberate step toward it.

Among the many aspects of deep learning that resist theoretical explanation, we focus on the dy-
namics of training: the process by which randomly initialized parameters converge to a configura-
tion that generalizes well to unseen data. The loss landscape of deep learning is highly non-convex,
and it is far from obvious why stochastic gradient descent should find good solutions in it. Yet it
does, and the dynamics induced by SGD introduce an inductive bias that correlates with gener-
alization. Understanding this bias, its origins, and its consequences is the central thread running

through this thesis.

Classical learning theory—PAC learning, VC dimension, Rademacher complexity and all this jar-
gon of tools—analyzes generalization in the worst case over all possible data distributions. This
regime is useful as a foundation but tends to produce pessimistic bounds that badly overestimate
the true error of well-trained deep networks. Statistical physics offers a complementary perspec-
tive, analyzing the #ypical behavior of learning algorithms averaged over a natural distribution of
instances. This leads to sharper, more realistic predictions. The connection between statistical
physics and machine learning is not new: the tools of disordered systems and mean-field theory
were applied to neural network capacity and generalization as far back as the 1980s. In some sense,
machine learning is a canonical problem of statistical physics: large numbers of parameters, large
datasets, and emergent collective behavior. We inherit and build on this tradition.
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1.2 Settings and terminology

With these motivations in place, we now describe the concrete setting that serves as our laboratory
throughout the thesis. We work in supervised learning with scalar labels: given a dataset of input—
output pairs, the goal is to learn a function that predicts the label from the input. Among all
learning paradigms, supervised regression is the one that affords the most control: we need not
rely on the data’s complex internal structure to build our model, and a scalar label carries more
signal than a class label. This level of control is precisely what a physicist needs to build and test a
theory.

For any supervised learning algorithm we need three ingredients: a data distribution, a model class,
and a learning algorithm. Each ingredient offers enormous freedom, and our choices are guided
by asingle criterion: retain only the features that are essential for the phenomena we wish to study,
and strip everything else.

What data do we need? Real-world data—images, text, audio—has rich statistical structure
that is not yet amenable to exact analysis. We therefore replace it with the simplest distribution
that still supports non-trivial learning: Zsotropic Gaussian inputs. Concretely, z € R? is drawn
iid. from

T NN(O,Id)

Obviously, this is a strong assumption that does not reflect the complexity of real data. The main
analytical payoff is that any linear transformation of a Gaussian vector is again Gaussian. As we
will see, this turns a d-dimensional stochastic problem into a low-dimensional one. Although
real data is rarely Gaussian, Gaussian universality justifies it as a tractable proxy for studying SGD
dynamics. Goldtetal. [ | show, via the Gaussian Equivalence Property — later established
rigorously by Goldt et al. [ ] — that for data drawn from a one-layer generative model (the
hidden-manifold model) the pre-activations driving online SGD become jointly Gaussian in the
high-dimensional limit, with the data entering only through its first two moments; the result-
ing learning dynamics then coincide with those of an equivalent Gaussian model. We therefore
adopt i.i.d. Gaussian inputs, not as a literal data model but as the canonical representative of a
universality class capturing the relevant high-dimensional dynamics. There have been some re-
cent efforts to relax this assumption: Zweig, Pillaud-Vivien, and Bruna [ ] generalize some
single-index results to spherically symmetric distributions, while Cagnetta et al. [ ] intro-
duce a different hierarchical model of the data. In Independent Component Analysis (ICA) the
departure from Gaussianity is not a nuisance but the very quantity to be recovered: the hidden
directions surface only through the higher-order cumulants that a Gaussian lacks [ ]. The
Gaussian case nonetheless remains the most tractable and best understood, thus it is the one we
adopt in this thesis.

We still need a label y for each input . We take it to be generated by a fixed eacher function f*,
with optional additive Gaussian noise:

y=f"x)+ VAL E~N(0,1), (1.1)

where A > 0 is the noise variance and A = 0 is the realizable case; we add this to simulate the
noise and imperfections of real data. The teacher models the hidden rule that generates the data.



The normalization of the
teacher directions plays an
important role in the defi-
nition of all the subsequent
quantities, and different
conventions are used in the
literature. We take them

to be standard Gaussian,
wr ~ N(0,I4),so that
l|lw¥|| &= V/d, and state this
convention explicitly when-
ever it is relevant.

Think of phase retrieval
(0(2) = 22): theloss
landscape has at least two
global minima, atw =
+w™*, and a saddle point at
w = 0.
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We would like it to be non-trivial but not arbitrary; the right compromise is to suppose that the
labels depend on the input only through a few directions—the canonical form of low-dimensional
structure. More precisely, we take the teacher to be a multi-index model:

W=z
() = h* [ —— ) | 1.2
ra =i (") (12)
where W* = {w}},ep € RF*?is the teacher weight matrix whose k < d rows w} are

the teacher directions, and h* : RF — Risa possibly nonlinear link function. The special
case k = 1 is the single-index model, with a single relevant direction w*. The subspace V* =
span(w7, ..., wy) in a d-dimensional space is the zeacher subspace. These k < d directions are
the features of the problem: they are the only aspect of the input on which the label depends, and
the entire learning process can be thought of as the discovery of this subspace and the alignment
of the student’s weights with it. This is precisely what feature learning means here, in an unam-
biguous and measurable sense, and it is what makes the multi-index model the right laboratory
for the rest of the thesis: the difficulty of recovering V* is exactly what the information, leap, and
generative exponents of Section 1.4 will quantify.

‘What model do we use?
cific data modality or task. Yet, the core of deep learning is the same across all these variations:

Deep learning is a broad family of models, often designed for a spe-

stacked layers of linear transformations and nonlinear activations. We take its simplest non-trivial
representative: a two-layer (shallow) neural network with p hidden neurons, first-layer weights

— xd ; _ T : :
W = {wj}jcp € RP*Y, second-layer weights @ = (a1,...,a,) € RP, and pointwise
activation function o : R — R:

f(=; W’“):;jzp;aj(j(mj\/’?)'

Figure 1.1 contrasts this student network with the multi-index teacher it is trained to imitate.

(1.3)

Two-layer multi-index networks are just one among infinitely many possible ways to proxy deep
learning. As non-exhaustive examples, in the literature we find deep linear networks [ s

], infinite-depth-and-width limits with DMFT [
The approach we discuss is not the only one for two-layer networks either: diagonal linear net-
], the mean-field limit of two-layer nets [ s ; ; ],
the neural tangent kernel / lazy regime [

], and tensor programs [ ].

works [ ;
], and thelandscape geometry of linear networks [

The 1/p prefactor is the mean-field normalization, which keeps the output finite as p — o0.
The student parameters are © = (a, W). Crucially, Equation (1.3) has the same functional
dependence on a low-dimensional projection of the input as the multi-index teacher (1.2): the
student is a special case of the teacher. This symmetry is why the setting is called the teacher-
student scenario. The two-layer network is the simplest architecture that generates a non-convex
loss landscape; already with £ = p = 1 and anonlinear activation, the landscape has saddle points
and spurious local minima that make the dynamics of gradient descent non-trivial.

To measure the quality of the prediction of the model, we use the quadratic (sguare) loss

0@, y) = 55— y)?
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) 1 N\
a
T T2 -
g
s h* f*(@) eR & h = flx) eR
a
g Zd
x ~ N(0, I4) k directions link h* zeR? D neurons readout
(a) multi-index teacher (b) two-layer student

Figure 1.1: The teacher—student scenario. (a) The multi-index teacher (1.2): the Gaussian input
x ~ N (0, I;) is projected onto the k < d teacher directions W* (each drawn in its own color)
and passed jointly through a general nonlinear link 2* to produce the label. (b) The two-layer
student (1.3): each of the p hidden neurons applies the pointwise activation o to a linear readout
(wj, z)/+/d through its first-layer weights w; (a row of W, each neuron in its own color), and
the second-layer weights @ combine them with the mean-field normalization 1/p. The student is
the special case in which the teacher’s link is a sum of pointwise activations.

throughout, and measure the overall performance with generalization error or population risk,

R(W,a) = Bz | 5 (F(2: W.a) 1)’ (1.4

Note that the expectation is taken over the data distribution, not the training set; this is what
makes it a measure of generalization, since we know the precise data distribution. The training
happens on samples drawn from the data distribution, and not on the population risk, which is
not accessible to the learning algorithm.

The square loss—predicting a scalar y € R—is especially convenient: its gradient is proportional
to the residual error, the population risk admits a closed-form expression in a small set of order pa-
rameters (defined below), and the resulting loss landscape, while non-convex, is structured enough
to be studied rigorously.

What algorithm do we use?  Stochastic gradient descent (SGD) is the workhorse optimizer of
modern deep learning: virtually every model in practice is trained with it or one of its descendants.
Our proxy for SGD is online (one-pass) SGD: at each step v a fresh, independently drawn sample
(x”,y") is used to form a gradient estimate and update the first-layer weights,

w T = w! —yVy, ((f("; W,a),y),  jelp], (15)
with learning rate v > 0. The number of steps 7 equals the number of samples consumed. Mod-

ern practice uses mini-batch multi-epoch training with sophisticated optimizers (Adam, Muon,
etc.) on datasets that are revisited many times. Ours is simpler in the one key respect that makes



We relax the independence
assumption in Chapter S,
and lifting it turns out to be a
pivotal step in the theory.
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it analytically tractable: the independence of successive gradient steps. This independence is also
not as artificial as it might seem: when the dataset is large enough that each sample is seen at most
once, the training regime is effectively online.

Finally, we initialize the weights randomly: 'w? ~ N(0,1y).

Order parameters. We now come to the central observation that makes the whole program
analytically tractable: both teacher and student see the input only through a handful of one-
dimensional projections, the pre-activations (or local fields)
*
PRELLLDS TR LS 1) (1.6)
vd vd
where W and W™ are the student and teacher weight matrices respectively (defined above). In-
deed, the student (1.3) depends on the input only through its own pre-activations: writing A\; =

(wj, x) //d, we have

p
flx; W,a) = h(A,a),  h(X\a)= ;Zaj a(\), (1.7)
j=1

which mirrors exactly the teacher f*(x) = h*(A*) from (1.2).

Because the input is Gaussian and the pre-activations are linear in @, the pair (X, X*) is jointly
Gaussian, with zero mean and a covariance fixed entirely by the weight matrices, not by any indi-
vidual data point. That covariance is assembled from the pairwise inner products of the student
and teacher rows, which we collect into the order parameters (or overlap matrices):

(wj, wy)

(i, w) ,  (ww))
d 9 rs — .

Qi = M;, = 7 7 (1.8)
The matrix Q € RP*? encodes the self-correlations among student neurons; M € RP %k mea-
sures the alignment of each student neuron with each teacher direction; and P € R**k describes
the geometry of the teacher (concentrating on P = I}, in the high-dimensional limit under our
Gaussian normalization of the teacher directions). Together they form the covariance of the pre-

activations,

AA) ~N(0,Q), Q= ( QT M > € RPHR)x(pk) (1.9)
M' P

The triple (Q, M, a)—equivalently (£2, @), since P is fixed—is therefore a set of sufficient statis-

tics for the problem: every quantity that depends on the weights only through the joint law of the

pre-activations is a function of it alone.

The population risk is exactly such a quantity. Substituting the student (1.7) into the risk (1.4)
and using the joint Gaussianity (1.9), the expectation over © € R collapses to an expectation
over the (p + k)-dimensional Gaussian N (0, €):

1 2

R(Q,a) =Ex a)~n(0.0) i(h(Aa a) — h*(AY) (1.10)
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The crucial feature of this expression is that it does not scale with d: it involves only the O (p* + pk)
entries of (2, @), with the ambient dimension entering nowhere. Rather than tracking the p x d
weight vectors and an expectation over RY, we track a handful of scalar overlaps and integrate
a fixed low-dimensional Gaussian. It is precisely this dimension-independence that lets us send
d — o0, the core missing piece of our analysis.

1.3 The Saad & Solla equations

We now turn to the result from the literature on which much of this thesis is built. Compress-
ing the problem to the order parameters (Q, M, a) is only half of the story; the other half is the
high-dimensional limit d — 00. In this regime the stochastic fluctuations of the order param-
eters around their mean become negligible, and the entire training trajectory concentrates on a
deterministic path governed by a system of ordinary differential equations (ODEs).

1.3.1 The order-parameter dynamics

We can make Equation (1.5) explicit in terms of the local fields, and write the stochastic dynamics
of the weights w; and the output weights a; of the student network as

Wi T ()~ ) g () (1
=y )~ ) o) (112

where AV = %«’wl, x¥), ..., (wp,x")) and A* = \/a(<w1,:13 )y, (wg,x”)) are the
local fields (i.c., pre-activations) of the student and teacher networks, respectively, relative to the
current input " used in the v-th SGD step. The quantity g (A*") = y(A*") + VAEY is the
noisy label of the current training sample. The second-layer weights a; are updated with a rescaled
learning rate y/d, which keeps both layers evolving on the same timescale as d — co. With alittle
extra work we can derive the update rule for the order parameters themselves,

Qi =Q+ o (5 (W) = ) (w0’ )N + ajo’ (W) ) +
2|

p
+ L () = h(A)® aja’ (Ao o)

pdp d ’ (1.13)
MYFY =M+ L (P () = h(AY)) aj0” (D) AR
Jr i bd 30
v 14 ’y 14 *,V v 14
ayt! =a + (1 (A"Y) = h(AY)) o (XY).

Since we are interested in the high-dimensional limit, the factor ll=”[I*/d in the () update can be
replaced by its expectation £ [Hw” I /d} = 1. The update rules above are still stochastic, but they
no longer depend explicitly on the input @”: they involve only the local fields A and A*¥, which
are Gaussian random variables whose covariance is given by the order parameters themselves. In
other words, we have a duality between the process in the space of the weights W' € RP *d and

This is the classical 2 /a
physique argument from
Saad and Solla [ ]. In
the next section we will
report a formalization of this
argument.



In the traditional derivation

of the Saad & Solla equations,

the usual time scaling is
t = % We will later clarify
why we prefer this scaling.
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the process in the space of the order parameters (Q, M, a) € RP*P x RPXF x RP

update rule for W <+ update rule for (Q, M, a)

sample " ~ N (0, I)
population risk R(W)

< sample (A", A*") ~ N(0,9)
<  populationrisk R(Q, M, a).

1.3.2 From discrete updates to ODEs

The update rules in Equation (1.13) can be rearranged as

RO (o’ (XS + ajo' (NN ) +

+ L (5" () = h(A) qza0’ (Ao (AY),

i -Gy
J J V(y\x,V
I L L ASY) —
T (y"(A™)
g
p
— MY
T VIARY) —
o (y"(A*)
v+1 v
. —a
Y R R Ay 7 AN —
T = W)

h(A)) ajo’ (A7),

h(X")) o (AY).

This duality gives a full characterization of the random SGD process in dimension d that is itself
independent of d. The population risk is a quantity that fully characterizes the generalization
properties of the student network, and it can be computed directly from the order parameters;
the dynamics, in turn, is self-contained in the order-parameter space, so we can study the general-
ization of the student without ever dealing with the high-dimensional weights W' directly.

(1.14)

Intuitively, when d — oo the left-hand side of the equations above can be interpreted as a deriva-
tive with respect to a continuous time variable t = Vpld, while the right-hand side can be replaced
by its expectation over the Gaussian distribution of the local fields, which is parametrized by the
order parameters themselves. This leads to a system of ODEs for the order parameters, known as
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the Saad € Solla equations | ; ]:

= (DJQZ(Qa a)
dQ jl * [\ x
dtj :E(A,A*)NN(O,Q) |:(h ()\ ) - h()\)) ((110'/()\[))\]' + aja’()\j))\l)}
+ %E(AA*%N(O,Q) [((h*(k*) — h(N)* + A) ajaza’(Aj)G’(Az)] :
= \Il?l(Q, a)
i (SS-ODEs)
= =Eaaavon | (") = h(N) a0’ ()X
. &M
= @5 (2 a)
da; -
o~ Eaano9) [(h (A*) = h(N)) U()\j)] :
=: ©%(Q,a)

Once the initial conditions are fixed, the trajectory drawn by these equations is completely de-
termined: the dynamics is deterministic, and the randomness of the training process has been
averaged out in the high-dimensional limit.

Remark 1.1. Note that, even though the Saad € Solla equations determine a deterministic trajec-
tory for the order parameters, the actual trajectory of the weights W' is still stochastic, and impossible
to characterize without knowing the specific realization of the training data x¥. The Saad € Solla
equations only describe the trajectory of the order parameters, and consequently of the population risk.

The formalization of the argumentabove, together with the proof of convergence of the stochastic

process to the deterministic one, was first given by Goldt et al. [ ]. The original theorem was
stated for matching student
Theorem 1.1 (Convergence of the Saad & Solla equations, [ 1). Suppose that and teacher networks, but

the proof extends straightfor-
(z) The function o is bounded, and its derivatives up to the second order exist and are bounded — wardly to the more general
case of a multi-index teacher
and a general student net-
work.

too;

(i) The function W* grows at most like a polynomial, i.e, |h*(X*)| < K (1 + ||X*||) for some

constants K and o;
(ii1) W™ is of rank k;
(iv) The initial macroscopic state Q0 is deterministic and bounded by a constant;
(v) The constants A, p, k and vy are all finite.

Then, for any T > O, the overlap matrix satisfies

maxo<,<7qE ||[(Q”,a”) — (Q (;g) a (;g)) H < C\%), (1.15)
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Figure 1.2: Excess risk R — A/2 = E[5(h — h*)?] against training time ¢t = v7y/(pd) for the
erf soft-committee machine (p = 8, k = 4,7 = 2,d = 2000). Left (A = 0): the order
parameters align with the teacher and the excess risk decreases monotonically toward zero. Right
(A = 1073): the variance term W, proportional to 7, pins the dynamics at a finite noise plateau
even ast — 00. The solid line is the deterministic Saad & Solla ODE; dots are a single online-
SGD run at finite d, started from the same initial condition.

where (Q, EL) is the unique solution of Equations (SS-ODEs), with the initial condition
(Q(O), a(b)) - (QO, ao) .

1.3.3 Anatomy of the equations: learning vs. noise

It is worth interpreting the actual content of the Saad & Solla equations; for this we follow the
nomenclature used by Veiga et al. [ ]. There are two types of terms:

(i) learning terms ®: these are the terms that drive the dynamics to align the student with the
teacher, and consequently to reduce the population risk; it can be shown that these same
terms are the only ones that survive in the gradient flow limit, and are therefore what drives
the learning.

(ii) variance term W: this is the term that arises from the stochasticity of the training process,
and it is responsible for the fluctuations of the order parameters around their mean tra-
jectory; notably, it is proportional to the learning rate v and does 7oz vanish for A = 0.
This is the crucial noise introduced by SGD, and is precisely what differentiates it from the
gradient flow limit.

When label noise is present (A > 0), the irreducible A-dependent contribution to the variance
term is responsible for the noise platean phenomenon [ ]: the order parameters converge to
a suboptimal fixed point and cannot reach the global minimum even as ¢ — 00; see Figure 1.2.

Practitioners often address this problem with a decaying learning rate, which effectively makes the
variance term vanish, combined with larger batch sizes, which reduce the variance of the stochastic
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gradients by averaging out the label noise. It is natural to ask how Equations (SS-ODEs) change
when the learning rate and the batch size are themselves allowed to scale with the dimension d;
this is exactly the topic of Chapter 4. Letting both scale as powers of d modifies the Saad & Solla
equations through zntra-batch, finite-d corrections to the otherwise dimension-free dynamics,
and uncovers a genuine time/complexity trade-off : a larger batch averages the gradient noise and
suppresses the variance term W, but beyond a critical size it no longer reduces the number of steps
and merely consumes more samples per step. The resulting phase diagram, in the 7, plane of
the batch size and the learning rate, separates a regime in which the network fails to learn, an in-
termediate regime on the edge of learning where the plateau persists, and a regime of successful
recovery, and it pinpoints the batch size that minimizes the training time.

1.3.4 Closed-form examples

Equation (SS-ODEs) can fully describe the dynamics only when it is actually possible to integrate
analytically the expectations on the right-hand side, arriving at a closed-form expression for ®
and W as functions of the order parameters. This depends strongly on the choice of the activation
function o and of the teacher function ~*; in the literature the problem is often tackled in the
simple setting of matching architectures.

Assume for simplicity that the zeacher is itself a two-layer network, with k& hidden neurons and
the same activation function o as the student (which has p hidden neurons):

Lk . |k
H(x) = p Z ajo | —2 or equivalently h*(A*) = z Z ajo(A})  (L.16)
j=1

The integrability of Equation (SS-ODEs) then boils down to whether we can compute, for a
generic covariance C), € PSDRP*P, the following expectations:

I3(Ch) = E(ay pon0.00) [0(21)0 (22)] (1.17)
I3(C2) = By o) (0,05) [0 (21)07 (22)] (L.18)
I3(C3) = sy 2y )~ (0,05) [0(21)0" (22) 23] (1.19)
I4(Cy) =By 2y 2g sy (0,00) [07(21)0 (22)0(23) 0 (24)] - (1.20)

Here I5*% appears in the expression of the population risk and ®%, I3 appears in the learning terms
®M and &9, while I5°¢ and I, appear in the variance term W&,

A substantial body of literature has been devoted to whether these expectations admit a closed
form, and hence to whether the asymptotic equations are exact, depending on the choice of the
activation function o.

* linear o(x) = x: this case is trivial, since the student and the teacher are then just linear
models, and the dynamics can be fully solved in closed form;

* error function o(x) = erf(¢/v2): this is the original setting of Saad and Solla [ I,
where the equations can be fully solved in closed form and the dynamics fully characterized;

Some of these activations
do not fully satisfy the as-
sumptions of Theorem 1.1,
yet they have been shown to
work empirically; the theo-
rem is, in all likelihood, not

tight.



Expanding in Hermite poly-
nomials along every dimen-
sion is essentially equivalent
to a tensor-product Gauss—
Hermite quadrature of the
correlated expectation; this
technique is used in Chap-
ter 6, in a slightly different
setting.
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* ReLU o(z) = max(0, z): this is the most common activation function used in practice,
but it has no closed-form solution for the expectation /4. The other integrals were studied
in Yoshida and Okada [ ] using results from Yoshida et al. [ 15

o phase retricval o(z) = 2°: the study of Equations (SS-ODEs) for this activation function
is the full content of Chapter 3. We determined the exact closed form of the expectations
and used it to study the number of samples needed to learn the teacher network;

* polynomial o(x) = p(x): the framework introduced in Chapter 3 can be extended to any
polynomial activation function. The code attached to that work can be used to compute
the exact closed form of the expectations, although the number of terms grows exponen-
tially with the degree of the polynomial, making it impractical for high-degree polynomials;

* GELU o(z) = x®(x), where ® denotes the standard Gaussian CDF: this is a smooth ap-
proximation of the ReLU function, and it has been shown to admit a closed-form solution
for the expectations I3 and I3 [ ].

The other activations commonly used in practice (such as sigmoid, tanh, and so on) do not admit
a closed-form solution for the expectations, and the dynamics can then only be studied numer-
ically, by approximating the expectations. One option is a Monte Carlo approximation of the
expectations, but in our experience this is rarely precise enough and often leads to worse results
than simulating SGD on the weights directly. A better option is to approximate the activation
function with Hermite polynomials, for which the expectations do admit a closed form; a more
advanced technique for approximating the expectations is discussed in Citton, Richert, and Biehl
[ ], where the authors expand both the activation function and the correlated Gaussian
measure in the Hermite basis to obtain a very precise approximation of the expectations for any
activation function.

Even though the Saad & Solla equations are not always analytically solvable, they remain a very
powerful tool for studying the dynamics of SGD around initialization: for small displacements,
any o and h* can be expanded in a series of Hermite polynomials, which again yields a closed-form
expression for the expectations and approximates the dynamics of the order parameters. This idea
is at the core of several chapters of this thesis, and we develop it further in the next section.

1.3.5 Beyond the high-dimensional limit

When deriving Equations (SS-ODEs), we took the infinitesimal time step to be 7/pd, which indeed
vanishes as d — oo. However, this is not the only way to obtain a vanishing time step:

* v — 0, d, p finite: this is the classical limit that, for online SGD, converges to gradient
Sflow | Is

* p — 00, d, finite: this is the infinite-width limit, sometimes called the mean-field limit,
studied for two-layer networks in [ s ; ; ].

The key observation is that the convergence of the overlap process to these equations is, more
generally, controlled by the effective time step 7/pd alone: a non-asymptotic refinement of Theo-
rem 1.1 due to Veiga et al. [ ] bounds the deviation from the deterministic trajectory by a
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Mean field limit

p—>
v,d = O(1)
@) L - 0+ O
Classical limit dp High-d limit
y— 0F d— o
d,p=0Q) 7,p = O(1)

Figure 1.3: The three limiting regimes of one-pass SGD and the regimes that interpolate them.
As long as the effective time step satisfies 7/pd — 0t, the order-parameter dynamics admits a
deterministic, low-dimensional description. The corners are the high-dimensional (d — o0),
classical gradient-flow (y — 0), and mean-field (p — o0) limits, while the edges and interior
interpolate between them; see Chapter 2 for details.

quantity that vanishes whenever 7/pd — 07, regardless of how that limit is reached. The deter-
ministic, low-dimensional description in terms of the order parameters is therefore valid beyond
the high-dimensional limit on which the original Saad & Solla analysis focused, and the three lim-
its above can be treated on the same footing. This equivalence holds, however, only on finite time
horizonst = O(log d): the bound of Veiga etal. [ ] carries a prefactor that grows exponen-
tially in time, so it controls the O(1)-time regimes treated here but not the much longer timescales
on which learning escapes its initial plateau. Those long-time results rest on separate stochastic
arguments rather than on the deterministic ODE, as discussed in Section 1.4 and quantified in

Appendix A.2.

In Chapter 2 we build on this observation to study the connection between the Saad & Solla
equations and the other two limits within a single framework, summarized by the phase diagram
of Figure 1.3. Its three corners are the high-dimensional, classical gradient-flow, and mean-field
limits, while the edges and interior cover combinations such as the high-dimensional gradient-
flow and high-dimensional mean-field limits, which are not captured by the classical Saad & Solla
equations.

The mean-field corner is the most delicate. Because Equations (SS-ODEs) track the O(p? + pk)
order parameters, they become intractable precisely in the overparametrized regime p — oo for
which the mean-field description [ ; s ; ] was devised. We bridge the
two by exploiting the fact that, throughout training, the student weights remain close to the low-
dimensional subspace spanned by the teacher directions: projecting the dynamics onto this sub-
space collapses the growing system of ODEs back to a description of constant dimension, recov-
ering a mean-field PDE while keeping the explicit dependence on d. This connects the order-
parameter picture of this section to the hydrodynamic, optimal-transport viewpoint of the mean-
field literature.



We are actually neglecting
the variance term W in the
self-overlap equation, which
is subleading in the small-
learning-rate regime that
governs the escape from
initialization; in Chapter 3
we keep it and show that the
derivation goes through.

14 CHAPTER 1. INTRODUCTION

1.4 Information exponent and beyond

The core question of this section is to characterize the sample complexity of learning a function
h*, given an expressive enough student. We show that the answer is controlled by a single integer,
the information exponent of Ben Arous, Gheissari, and Jagannath [ ], which measures the
flatness of the population risk at the initialization saddle. We then discuss two generalizations: the
leap exponent of Abbe, Adsera, and Misiakiewicz ] and Abbe, Adsera, and Misiakiewicz
[ ], which governs the multi-index case k& > 1, and the generative exponent of Damian et
al. [ ], which measures the hardness of the problem under a broader class of algorithms.

We focus for now on the single-index setting, where the teacher is a single-index model f*(x) =
h*(w* - x/V/d) and the student has the same shape f(z) = o(w - 2/V/d) with a different
activation function 0. The overlap matrices of Equation (1.8) then collapse to two scalars, the
self-overlap and the teacher overlap,

2 *
X ) 20

and the pre-activations are jointly Gaussian, (A, \*) ~ N (0, Q) with covariance

Q=(2m).

m 1
We make one more assumption on top of the setting of Section 1.2:

Assumption 1.1 (Projected SGD). The student is trained with projected SGD, where each step is
projected back onto the sphere ST (V/d); in other words, the update rule

v _ W =Vl (), 5)
[ =V l(f (@), 37)]

w

The effect of this is to keep the norm of the student weights fixed, ¢ = 1, so that the only degree of
freedom is the teacher overlap m. This technical simplification lets us focus on the true signal, the
correlation with the teacher direction, by decoupling it from changes in the student-weight norm,
which can alter the risk without contributing to recovery; see Chapter 3 for a detailed discussion.
The Saad & Solla equations (SS-ODEs) then reduce to a single ODE for m that naturally encodes
the spherical constraint

dm _ * [\ * / * * [\ K /
T _E[(h (A) = a(N) /(M) A } mE[(h (A = a(N) ' (A) A} (122)
drift spherical constraint
The equation above can be rearranged in a more compact and insightful form
dm 2 ! p * (K
T (1 =m*)C"(m) withC(m) = E[rR*(\*)a(N)]. (1.23)

The derivation is reported in Appendix A.1. The prefactor (1 — m?) is purely geometric: the
spherical Jacobian sin? § for m = cos . Hence the activations o and h* enter the dynamics only
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through C'(m), and the equation is exact for every m € [—1, 1], not merely near initialization.
On the sphere the marginal terms of R are frozen, leaving

R(m) = const — C(m), (1.24)
so that the overlap dynamics is gradient ascent on C.

Since one-pass SGD consumes one sample per gradient step, the sample complexity equals

d
n=—t,

so the time ¢ serves as a direct proxy for the number of samples up to the constant d/~y. Although
the ODE (1.23) is dimension-independent, its initial condition is not: at random initialization
w? ~ N(0, 1), the student-teacher overlap is a sum of d independent mean-zero terms, and is

The student starts nearly orthogonal to the teacher, and the dynamics must dragm from O(1/ Vd)
up to afinite, d-independent value before any meaningful alignment s established. This is the bot-

therefore tiny,

tleneck that determines the d-scaling of the total sample count; once 7 reaches a finite value, the
remaining optimization is fast and contributes only sub-leading terms. The relevant milestone is
therefore weak recovery.

Definition 1.1 (Weak recovery). We say that the student has achieved weak recovery of the teacher
with threshold 1 if the teacher overlap m has reached a finite value 1) independent of the dimension
d:

{w, w*)

m="00 s e (o), (1.25)

We denote by tea () the first time at which the solution to Equation (1.23) reaches m(tyeqt) = 1.
The sample complexity of weak recovery is therefore n = O4(d tyea (1))

In practice, we can take 17 small enough that Equation (1.23) is well approximated by its leading
order expansion around m = 0

%T < COO)m™,  ¢=min{j >1:CY)(0) £ 0}. (1.26)

We can better understand the meaning of this by looking at some examples.

Example 1.1 (Linear regression). For the linear regression target h*(N\*) = \* and the linear
activation 0(\) = A, the correlation potential is C(m) = m, so C'(m) = 1 and

dm

e 1 —m? St 1 withic m® ~ 1/\/& (1.27)

The solution is m(t) = m® + t, so the weak recovery time is 4 (n) = 1, giving a total sample
complexity of n = Og(d).

The actual factor in front
of m¢~1is not dependent
on d and does not affect the
final escaping complexity.
In the same way, the factor
(1 — m?) does not change
the leading order of the
expansion.



The predicted t e, (n) =
O(log d) is exactly the time
scale of the validity window of
Theorem 1.1; this passage re-
quires a more careful analysis,
see Appendix A.2.
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Figure 1.4: Correlation potential C(m) for three values of the information exponent. Each
panel plots C'(m) = E[h*(A*)o ()] as a function of the student—teacher overlap m € [—1, 1].
(a) £ = 1: both He;—Hey (linear regression) and erf—erf have a non-zero slope at m = 0, so
gradientascent on C' immediately pushes the student away from mediocrity. (4) ¢ = 2: Hea—Heo
and the phase-retrieval target x2—ax? differ by a constant, but since the ODE depends only on
C’(m) the dynamics is identical; both are flat to first order at m = 0. (¢) ¢ = 3: the potential
is cubic, flat to second order at m = 0, causing the longest search phase and hence the largest

sample complexity n = O(d*~1).

Example 1.2 (Phase retrieval). For the phase retrieval target h*(\*) = (X*)? and the quadratic
activation a(\) = (X\)?, the correlation potential is C(m) = 1 + 2m?, 50 C'(m) = 4m and

d m
d—Ttn =4m (1 —m?) St am o withic m® ~ 1/Vd. (1.28)
The solution ism(t) = mO e, so the weak recovery time is t et () ~ § log(nV/d), giving a total
sample complexity of n = Og4(dlogd). In Chapter 3 we carry out a finer analysis of the equation,
studying the precise constants and how they scale with the learning rate -y and the label noise /.

In summary: the flatter the correlation potential (equivalently, the population risk) at initializa-
tion, the harder the escape from the saddle at m = 0, and the more samples needed to achieve
weak recovery. Geometrically, in weight space, the population risk at w? is a strict saddle, flat along
all but one direction—a golf course with a single hole—so the student is stuck at mediocrity, only
weakly correlated with the teacher. In the space of the order parameter m, this translates into a
flat potential C'(m) at m = 0 (Figure 1.4), with initialization very close to the critical point.

The integer £ in Equation (1.26) is the information exponent of Ben Arous, Gheissari, and Ja-
gannath [ ], and it is the only quantity that matters for the sample complexity of learning
a single-index target with SGD. Expanding h* = >, ayHey and 0 = ), byHey, and using
the orthogonality of Hermite polynomials under a correlated Gaussian, E[He;(A\)Heg(A*)] =
8k k! mF; the correlation is then a pure power series in the overlap,

C(m) = klaybym"®, (1.29)
k>0

so that near the saddle R(m) — R(0) = — >~ kl agby mk.
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Assumption 1.2 (o excites the (-th mode). The student activation o is such that

by = %E[U Hey] # 0.

In other words, the student is expressive enough to excite the mode of any teacher.

The first term that bends the landscape is the lowest k with aj, # 0—which is exactly £. In words,
the information exponent is the order to which the population risk is flat at the mediocrity saddle:
R(m) — R(0) ~ — £! aphy m®. Near the saddle the geometric factor in (1.23) is 1 — m? = 1,
so the escape drift inherits the same order,

CETT =1 —m?)C'(m) ~ £Lagh;m' ™. (1.30)

We can now state the original definition of the information exponent.

Definition 1.2 (Information exponent [ 1). The information exponent L of a single-index
target W* is the lowest order of the Hermite expansion of h* with non-zero coefficient,

= min{j >1: aj = ]:,L!]EZNN(OJ)[}Z*(Z) HCj(Z)] 75 0} (1.31)

This Hermite-degree characterization has an early precursor in the Gaussian-space analysis of
single- and multi-index models by Dudeja and Hsu [ ], who showed that for Gaussian co-
variates the population landscape of the maximum-likelihood objective is free of spurious minima
and gave an iterative procedure recovering the index space with a sample complexity governed by
the degree of its first informative Hermite component.

The last piece of the puzzle is to understand how the information exponent controls the sample
complexity of learning. Integrating the deterministic drift (1.30) from m® = O(1/+/d) gives the
escape time, hence the number of samples:

1 =1,
Lescape < 4 logd {=2, (1.32)
d2=1 > 3.

However, the escape time predicted by Equation (1.30) is not sufficient to determine the sample
complexity for £ > 3. The obstruction is that Theorem 1.1 certifies the ODE as a faithful proxy
for the SGD process only over a finite time horizon. The theorem itself remains #7ue for every £,
butfor ¢ > 3 the escape occurs at tesape > log d, far outside this window: there the deterministic
ODE is simply no longer close to the SGD trajectory, so the exit time it predicts carries no meaning.
The deterministic drift captured by the ODE is only the mean of the stochastic dynamics, and the
potential is so flat that the fluctuations of the order parameter around the mean trajectory cannot
be neglected. Effectively, the dynamics can be divided in two parts:

e search phase: the student is stuck in the flat region around m = 0, and the dynamics is
dominated by the stochastic fluctuations of the order parameter; the escape time is there-
fore longer than predicted by the deterministic ODE (1.23) for £ > 3;

The convergence guarantee

degrades as eCt/\/g, the
sharp form of the bound is
derived in Appendix A.2.
Even for £ = 2 the stochastic
noise already dominates the
escape, yet the drift still fixes
the correct scaling.



Every information exponent
£ > 2 hides an extra polylog-
arithmic factor, present but
not proven sharp. Informally
we quote the sharp bound;
the formal proofs keep all log-
arithmic factors, a convention
we follow throughout the
thesis.

The bilinear read-out is dis-
played here for concreteness.
Chapter 6 establishes its re-
sults for a general reduction
map 11 : REXL 5 Rkou
where Koy is the attention
output dimension, distinct
from the teacher-direction
count k.
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* descent phase: once the student has escaped the flat region, the drift dominates and the
dynamics is well approximated by the ODE (1.23); the duration of this phase is therefore
well captured by the Saad & Solla equations (SS-ODE:s).

The search phase is the bottleneck that determines the scaling of the sample complexity with d,
while the descent phase always happens linearly in d and contributes to the sample complexity only
through sub-leading terms, for ¢ > 2. Capturing the search phase therefore demands tools that go
beyond the deterministic ODE. Ben Arous, Gheissari, and Jagannath [ ] track the overlap
directly through its noisy stochastic recursion, controlling it with a martingale decomposition of
the summary statistic together with a hitting-time analysis of the escape from the saddle; they
explicitly bypass the classical ODE method, which is blind to the search phase precisely because
there the martingale fluctuations outweigh the increments of the drift. This yields the following
theorem.

Theorem 1.2 (Informal version of Ben Arous, Gheissari, and Jagannath [

1). The sample
complexity of learning a single-index target with information exponent £ with one-pass SGD is

O(d) (=1,
n =4 O(dlogd) ¢=2, (1.33)
o= ¢>3.

The concept of information exponent is actually more general than the one presented here. Ev-
ery problem whose loss depends only on the scalar product (w, ) and is optimized by one-pass
spherical SGD has a well-defined information exponent that controls the sample complexity of
learning. This includes, for example, online PCA, spiked matrix/tensor estimation, or Gaussian
mixture clustering, as in the seminal work of Ben Arous, Gheissari, and Jagannath [ ].

Chapter 4 extends the exponent to the single-index case where 1, and y scale with d. The chap-
ter reveals a sharp threshold at ny, ~ d*/?: below it, scaling the learning rate proportionally to
the batch size reduces the number of gradient steps proportionally while keeping the total sample
complexity N = ny T = O(d*~ ') unchanged, offering a practical speed-up through parallelism.
Above the threshold, continuing to scale the learning rate this way makes the gradient signal dom-
inated by self-interaction terms that contract the correlation to zero, and standard SGD fails to
achieve weak recovery; holding the learning rate fixed at v = O(1) instead, SGD still weakly
recovers the target, but the number of steps stops decreasing with 7, and the sample complexity
growsto N = O(nyd"/>~1), so the extra samples per step are wasted rather than traded for speed.
A modified algorithm, Correlation Loss SGD, suppresses this self-interaction term and restores
the optimal sample complexity N = O(d*~') up to ny, ~ d*~!. Figure 1.5 shows the resulting
phase diagram.

Chapter 6 extends the exponent to a model that proxies the attention layer. The input X € RE*4

is now a sequence of L d-dimensional vectors, and our learned model is

f(X) = a] softmax (X + P) ww' (X + P>T agr
L \/g \/a )
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Figure 1.5: Time / Batch size trade-off for weak recovery (from Chapter 4). Phase diagram
of the weak-recovery time exponent ¢ = log,T" as a function of the batch-size exponent p =
log; np, for a target with information exponent £ > 3. At u = 0 (one sample per step) the
time exponent is £ — 1, the top of the accessible region. Increasing nj up to the point
ny, ~ d*/? trades iterations for parallelism at constant total sample cost N = O(d~1). Beyond
this, standard SGD’s optimal time plateaus at T = O(d*/?~ ) rather than continuing to fall, so
the extra samples per step are wasted; pushing the learning rate to shrink 7" further enters the

and not correlating region, where standard SGD cannot achieve weak recovery
atall. Correlation Loss SGD extends the accessible region to its point atny, ~ d~1,

where P is a fixed positional encoding, and ar,,ar € R% are the read-out vectors. The informa-
tion exponent is then defined as the smallest degree of the Hermite multivariate expansion of the
target function, now called the Sequence Information Exponent (SIE), and the sample complexity
obeys the same d-scaling hierarchy as (1.33) with £ replaced by the SIE. The order-parameter space
expands from the scalar m to the pair (e, m), where m = w* - w/d is the teacher overlap and
e = Pw/+/d encodes the alignment of the student weights with the positional encoding P; the
dynamics is described by a coupled ODE in (e, m), illustrated in Figure 1.6.

1.4.1 Leap exponent

When the teacher has more than one relevant direction (k > 1), the single-index picture extends
naturally. The teacher is now a multi-index model,

W*x
Vd

f(x) = h*( > . W= (wh,...,w}) " € R (1.34)

and the single overlap m of Equation (1.21) broadens to an overlap vector m € R,

r e (k] (1.35)
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Figure 1.6: Population loss of the Sequence Single Index Model in the (e, m) plane (from
Chapter 6). Working with two order parameters instead of one can produce richer loss landscapes,
including multiple local minima. Here the semantic minimum at (e, m) = (0, 1) is the global
one, yet SGD trajectories (yellow) are attracted to the local positional minimum at (e,m) =

(1,0).

The multivariate target h* : R* — R admits 2 Hermite expansion in the teacher pre-activations

A=W /V/d,

k k
R) =) ao [[Hea, V), o= éE W) [[Hea, A0 | - (136)

aeNFk r=1 r=1

Lifting the degree ¢ part to the ambient space R4 gives the Hermite tensor of order £,

=Y aa Sym(w;@m Q- @w;@’ak) € (RY®-. (1.37)
a€ENF
|a|=¢

Exactly as in the single-index case (1.30), the escape from initialization (1m ~ 0) is governed
by the leading non-trivial tensor. The population gradient drives the student weights along the
contraction of Ty with w itself,

%" x 0b TwPCD), £ = min{|al : aq # 0}, (138)

and the overlap vector follows by projection onto the teacher directions,

dm, 1 , dw

Here by is the /-th Hermite coefficient of &, and Ty[w®(~ 1] € R? denotes the contraction of
Ty with (£ — 1) copies of w; each such contraction brings down a factor (w}, w) = dmy, so
the drift of ™ is a polynomial of degree £ — 1 in the overlaps—the multi-index counterpart of
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the m*~! drift of (1.30). The integer £ = min{|a/| : aq # 0} is the multi-index analogue of the
information exponent, the lowest degree of the non-trivial Hermite tensors of f*, and, exactly as
in the single-index case, it fixes the cost O(d*~1) of the first escape from the flat saddle.

An equivalent formulation, direction by direction, makes the analogy with the single-index case
fully explicit. For each direction v in the teacher subspace V* = span(w7, . .., wy), define the
directional information exponent (see Chapter 5) as

by = min{j >1: E[yHej((v,a:))] + 0} : (1.40)

then ¢ = minyey+ £y, and the direction achieving the minimum is the one the student aligns

with first. When a single escape suffices, this exponent already coincides with the leap complexity
of Abbe, Adsera, and Misiakiewicz [ ] and Abbe, Adsera, and Misiakiewicz [ ];in
general, as we see next, the leap can exceed /.

Staircase dynamics Capturing the staircase dynamics requires the student to also have p > &

neurons,
1< wj - T
fx) =- a~a( J ) , (1.41)
P ; T\ v
each with its own overlap vector m; = W*w;/d € RF. Every neuron starts from an inde-

pendent random initialization and evolves according to Equation (1.38), so different neurons can
specialize to different teacher directions.

Multi-index learning unfolds as a staircase [ ; 3 ]. At initialization all
overlaps are O(1/+/d), so all terms in the expansion (1.36) vanish and the dynamics is flat in ev-
ery direction. Neurons first align with the direction v achieving the minimum ¢, = ¥, requiring
O(d"~1) samples. Once that direction is weakly recovered, its overlap m;. reaches an O(1) value
and henceforth acts as a constant multiplier: every coefficient a,, with ;. > 01in (1.36) now con-
tributes a finite term to the correlation rather than vanishing. This lowers the effective directional
information exponent of the remaining directions: the exponent that was £,y (minimum total
degree with a,y > 0) becomes the minimum degree in direction v’ alone, which can be strictly
smaller, and the next escape costs fewer samples. The dynamics progresses from saddle to saddle
in turn.

Example 1.3 (The staircase ] + ATAS + A\{ASA3). Consider the k = 3 target
R*(X*) = AT + ATA5 + ATASAS.
1ts only nonzero coefficients in (1.36) sit at
a € {(1,0,0), (1,1,0), (1,1,1)}.

Here 0 = 1, set by the linear rung N}, and since every rung adds a single new direction the leap is
Leap = 1 as well; the learning happens in 3 steps:

(z) the dynamics escapes the flat saddle along w7 in O(d) samples;
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Figure 1.7: Learning the staircase AT + ATA5 + ATA3A; with a matched student architecture:
online SGD (dots) matches the corresponding Saad & Solla equations (lines). Lefz, overlaps m,;
right, population risk. The staircase (solid) is an effective staircase—learned one direction after
another (my, then mo, then ms3); the bare monomial AJA5A3 (dashed) is too hard and learns
nothing.

(ii) once my = O(1), the quadratic rung reads as Ny N5 = mq \5: a linear signal in the second
direction, whose effective degree has dropped to one. So w3 is now leap-one and my escapes in

a further O(d);

(112) with my, ma = O(1), the cubic rung reads as N \5\5 ~ myma Nj and mg follows in a
Jfinal O(d). The three phases climb the staircase in O(d) samples in total.

The leap stays at one even though the target has degree three: each overlap, once recovered, lowers
the effective degree of the rung above it to one. The intermediate rungs are precisely what make the
dimb cheap: strip them away and the bare top monomial Ny N5 N5 bas leap three, costing O(d?).
Figure 1.7 illustrates both regimes numerically.

The overall cost is therefore set not by the first escape but by the hardest step along the way. Fol-
lowing Abbe, Adsera, and Misiakiewicz [ ], the leap is the largest number of new teacher
directions any single step must recover at once, minimized over the order in which the directions
are learned, equivalently, the maximal effective directional exponent met along the staircase. For-
mally, for a set S of already-recovered directions, the effective exponent of a remaining v is the
degree carried by the not-yet-recovered coordinates of the lowest monomial involving v,

65 = min { Zr:wms Qp ¢ G F 0, Qg > 0}, (1.42)
and the leap is the smallest achievable value of the worst step,
Leap = min max,¢y Ei’fl , Sr_1 = {w;(l), cey 'w;(r_l)}. (1.43)

TESK m(r)
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It is the leap, not the first-escape exponent /, that fixes the total sample complexity O(d™?P~1):
targets whose directions are all linearly connected (leap one) are recovered in O(d) samples, while
each additional unit of leap raises the cost in direct analogy with (1.32).

Example 1.4 (A disconnected leap: A\ + ASA3X)). The rung N} has directional exponent 1,
while the block N5 N3N}, sharing no coordinate with it, has exponent 3. The leap is the maximum,
Leap = 3, 50 the cost is O(d?) even though ming, £, = 1.

Example 1.5 (A nested leap: AT + N{ASA3N)). The first rung again has exponent 1, but condi-
tioned on recovering w7 the block reduces to my N5 N3N}, still three new directions at once, effective
exponent 3. So again Leap = 3 and the cost is O(d?), despite the monomial NfNSNN} having
Leap = 4 in isolation.

1.4.2 Generative exponent

Returning to the single-index setting, the population risk on the sphereis R (m) = const—C'(m)
(Equation (1.24)). The gradient with respect to the student weights is therefore

x
VR =—-Elyo' (A } )
wR=~E|yo'() 7
which is a correlational query: a functional of the input that is /izear in the label y. This is the
fundamental constraint of one-pass SGD: each gradient step can only ask “how correlated is y
with this function of @?”. It is shared by every algorithm that processes each sample exactly once.

The class of algorithms restricted to queries of the form E[y ¢(z)] for arbitrary ¢ : R? — R
is called the Correlated Statistical Query (CSQ) model. Damian et al. [ ] established a
CSQ lower bound: no CSQ algorithm can achieve weak recovery of a target with information
exponent £ with fewer than d*/? samples. This bound is strictly tighter than the d“~! rate of one-
pass SGD for £ > 3; the gap between the two arises from the stochastic fluctuations that dominate
the escape from the flat saddle, which loss smoothing suppresses. The CSQ bound d*/? is tight:
the partial-trace algorithm of Anandkumar et al. [ ] achieves it by directly estimating the
population Hermite tensor 7 via a spectral method (see Appendix A.3); Damian etal. | ]
propose a gradient-based algorithm on a smoothed loss that achieves the same bound. However,
itis still a CSQ algorithm: it correlates the raw label y linearly with a function of @, and therefore
cannot break the CSQ barrier.

Both one-pass SGD and the partial-trace algorithm are restricted to querying the label in its raw
form, without prior nonlinear transformation. The key question is: what if we first apply a non-
linear transformation g to the label, and then query E[g(y) ¢(x)]? The minimum Hermite de-
gree for which such a query can be non-zero defines a new exponent. Damian et al. ]
formalized this as the generative exponent:

Definition 1.3 (Generative exponent | 1).

0* = min {j >1:E,on01[9(h*(2)) Hej(2)] # 0 forsomeg : R — R} , (1.44)

where the minimization now ranges over all label transformations g as well as over the Hermite

degree.



The transformation g is
target-dependent, but can be
estimated from the data with
a few guesses, as explained in
the original work.

If p is positive the method is
known as extragradient, and
if p is negative it is known as
sharpness-aware minimiza-
tion.

Chapter 5 states the same per-

turbation with p = po/d;
that chapter works with the
raw pre-activation (w, &)
rather than the 1/v/d-
normalized \ used here,

and the two conventions
agree once the extra factor of
Vidfrom X\ = (w,x)/Vd

is accounted for.
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Since the choice g = id recovers Equation (1.31), one always has * < /; a nonlinear g can only
lower the exponent, and frequently does so strictly. Damian et al. [ ] showed that, when
the partial-trace algorithm is run on a transformed label g (), the sample complexity of recovering
the hidden direction is governed by ¢* rather than £: weak recovery is achieved in dv/? samples,
saturating the Statistical Query (SQ) lower bound. The algorithmic counterpart of this easy class
was characterized concurrently by Dandi et al. [
(O(d)) dataset even twice lets a two-layer network weakly recover any non-even single-index target
(exactly the generative-exponent-one £* = 1 family) in O(d) samples, whereas single-pass SGD

]: reusing each batch of an extensive

requires polynomially many more steps. The separation between £ and £* can be substantial, as
the following examples show.

Example 1.6 (Hes). He3 has information exponent £ = 3, yet because it is odd one can take
g(y) = sign(y) and correlate the transformed label with He, giving {* = 1. From a practical
standpoint, this means that even the optimal partial-trace algorithm recovers w in O(d®/?) when
restricted to linear queries of the label, but if it is allowed to first transform the label with g(y) =
sign(y) 2t can recover w in O(d). See Figure 1.8(a) for a numerical illustration.

Example 1.7 (Hey). Hey bas information exponent £ = 4, but taking g(y) = y? allows one to
correlate the transformed label with Hes, giving 0* = 2. The complexity drops from O(d*) under
CSQ to O(dlog d); see Figure 1.8(b) for a numerical illustration.

The generative exponent is composition-invariant: no further transformation of the label can
lower it; d"/?isa genuine barrier and not an artifact of the query class: problems with £* > 2 are
hard even for the best first-order method, approximate message passing [
in fact delivers more than the exponent: being optimal among first-order methods, approximate
message passing fixes the sharp weak-recovery thresholds, i.e. the exact critical sample ratio n/d
above which a target with £* < 2 becomes weakly learnable, and shows that no finite ratio suf-
fices once £* > 2.

]. That analysis

Displaced gradient SGD achieves the generative exponent rate
sets the complexity lower bound, but can a gradient-based algorithm achieve it agnostically, with-
out prior knowledge of the optimal transformation g? The key mechanism is remarkably simple:
data reuse. When the gradient step uses the same sample twice, as in the displaced gradient al-
gorithm of Chapter 5, the update direction becomes a nonlinear function of y. Concretely, the
displaced gradient first computes a perturbed weight W = w — p V4, £ and then evaluates the

The generative exponent

gradient at w on the same sample:

N T - (w,x)

Vol (f(x;w), y) = —yo' (\) —=, A=

wl(f(@:), y) = -y’ () = NG

With p = ©(1), the perturbed pre-activation A = A + py o’(\) ||z||?/d receives an O(1) per-
turbation that is a nonlinear function of y (because ||x||? /d — 1). Taylor-expanding ¢’ around
A generates higher-order correlational queries E[p(y) ¢ ()] for a polynomial p determined by the

activation

2

yo' ) +py? ' No" (V) + 5y o ()20 () 4+ |

Vol (f(a;9), y) ~ _%
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Figure 1.8: Information exponent vs. generative exponent: separation in sample complex-
ity (from Chapter S). Both panels plot the teacher—student overlap m as a function of the number
of gradient steps T, for one-pass SGD (crosses) and the displaced gradient algorithm (circles) at
several values of d. () Target Hes has £ = 3 but £* = 1 (the label can be sign-transformed to
produce a linear-exponent query): one-pass SGD requires O(d?) steps, while the displaced gra-
dient recovers the teacher in O(d). (b) Target Hey has £ = 4 but £* = 2 (it is even, so £* > 2):
one-pass SGD needs O(d?) steps, while the displaced gradient achieves recovery in O(d log d).

so the network implicitly synthesizes the label transformation, provided o has higher-order deriva-

tives. This result is formalized in the following theorem:

Theorem 1.3 (Informal version of Chapter S). The displaced gradient algorithm of Chapter 5,
which sees each sample exactly twice, achieves weak recovery of any polynomial single-index target

with generative exponent £* in
_fow
O(dlogd)

This is the same sample-complexity table as (1.33), with £ replaced by £*. Since £* < /, the

=1,

1.45
0* = 2. (145)

displaced gradient is always at least as efficient as one-pass SGD and strictly better whenever £* <

L.

In the multi-index setting, data reuse extends the staircase hierarchy. One-pass SGD follows the
CSQ staircase of Abbe, Adsera, and Misiakiewicz [ ]: each phase aligns with the direction
of smallest directional information exponent and the cost of each step scales as d~1. With the
displaced gradient, the staircase is governed by the generative exponent instead, enabling an SQ
staircase over a strictly larger class of functions.

The theorem is stated only
for £* < 2becauseif h* isa
polynomial, then £* < 2, as
proved in Chapter 5. There
is no guarantee of the exact
same sample complexity for
£* > 2,butit cannot be
better than the SQ lower

* /e 3
bound d?"/2 > d2 (the last
inequality holding because

£* > 3 in this regime).

The same object is called the
grand staircase by Troiani
etal. [ ], in the setting
of approximate message
passing; we keep SQ staircase
to stress that the climbable
hierarchy is the one set by the
generative (SQ) exponent.
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Figure 1.9: An SQ staircase that SGD cannot climb (from Chapter 5). Maximum cosine sim-
ilarity between the student neurons and each teacher direction—w?7 (blue), w3 (orange), w3
(green)—as a function of the normalized iteration time, for the displaced gradient on the target
h*(X*) = Heyq(A]) +sign(AfA5A3). Using repeated data gradient descent (EgD), the first direc-
tion is weakly recovered in O(d log d) steps through its generative exponent £* = 2; that overlap
then unlocks the remaining two in a further O(dlogd). One-pass SGD cannot start the climb
at all: the two components have information exponents ¢ = 4 and £ = 3, so no rung is CSQ-
accessible.

Example 1.8 (SQ staircase). A canonical example is
h*(X*) = Hea(A]) + sign(ATA3A3).

The Hey component hast = 4, 0* = 2, and the displaced gradient weakly recovers the first direction
in O(dlog d) steps; oncemy = O(1), the sign component, which bas € = {* = 3, becomes learnable
and is recovered in a second O(dlogd) phase. The same function is invisible to the CSQ staircase
because its first divection has Uy, = 4. A numerical illustration is shown in Figure 1.9.

Together, the three exponents trace the arc of this thesis: the information exponent fixes the cost
of one-pass SGD on a single-index target, the leap exponent lifts it to the multi-index staircase,
and the generative exponent marks the lower limit that becomes reachable once we step beyond a
single pass.



Chapter 2

From high-dimensional & mean-field
dynamics to dimensionless ODEs:

A unifying approach to SGD in
two-layers networks

Luca Arnaboldi, Ludovic Stephan, Florent Krzakala, and Bruno Loureiro

ABSTRACT. This manuscript investigates the one-pass stochastic gradient descent (SGD)
dynamics of a two-layer neural network trained on Gaussian data and labels generated by a
similar, though not necessarily identical, target function. We rigorously analyse the limit-
ing dynamics via a deterministic and low-dimensional description in terms of the sufficient
statistics for the population risk. Our unifying analysis bridges different regimes of interest,
such as the classical gradient-flow regime of vanishing learning rate, the high-dimensional
regime of large input dimension, and the overparameterised “mean-field” regime of large
network width, covering as well the intermediate regimes where the limiting dynamics is de-
termined by the interplay between these behaviours. In particular, in the high-dimensional
limit, the infinite-width dynamics is found to remain close to a low-dimensional subspace
spanned by the target principal directions. Our results therefore provide a unifying picture
of the limiting SGD dynamics with synthetic data.

2.1 Introduction

A detailed understanding of the performance of stochastic gradient descent (SGD) in neural net-
works is a major endeavor in machine learning, and significant progress was achieved in the con-
text of large two-layer neural networks. In particular the optimization over wide two-layer neu-
ral networks can be rigorously studied using a well-defined partial differential equation (PDE)
[ ; ; ; ]. A consequence of these results is the global convergence of over-
parametrized two-layer networks towards perfect learning provided that the number of hidden

27
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neurons is large, the learning rate is sufficiently small, and enough data is at disposal. This line
of work is commonly referred to as the mean-field limit of neural networks. The phenomenol-
ogy in this regime was also studied for synthetic data with simple target functions by [ ;

].

Interestingly, the SGD dynamics of two-layer neural networks trained on synthetic Gaussian data
was considered as early as in the seminal work of [ ; ; ], and has witnessed a re-
newal of activity over the last few years [ s ; ; ]. However, differently
from the mean-field limit, these works investigated the opposite limit of fzxed hidden layer width
and diverging data dimension, and studied the limiting SGD dynamics through a set of ordinary
differential equations (ODEs).

Given these different limits, one may naturally wonder what is the relation, if any, between these
sets of works. More generally, given data in dimension d and a two-layer network with p hidden
units trained by SGD with a learning rate 7y, one might inquire about the different regimes beside
the mean-field (p — 00) and high-dimensional (d — o0) ones. This is the question investi-
gated in this work. We consider a two-layer network trained on Gaussian data and labels given
by a similar, though not necessarily identical, two-layer neural network target (hereafter also re-
ferred to as the teacher), and investigate the one-pass stochastic gradient descent (SGD) dynamics
as a function of the relevant parameters d, p and . As summarized in Figure 2.1, we show that
as long as 7/dp — 0+, a unifying deterministic description can be provided. In particular, our
description recovers all the previously studied limits (mean field, high-dimensional and the classi-
cal gradient flow regime) and builds a bridge between them in a unified formalism. Namely, our
main contributions are:

¢ Starting from the general approach of [ ; ], we build on the non-asymptotic re-
sults [ ] and show how it allows to describe the entire phase space in Figure 2.1, that
interpolates between the high-dimensional, classical, and mean-field limits.

* We unveil a remarkable dimension independence in the classical gradient-flow limit: once
the initial conditions are given, the dynamics in terms of the sufficient statistics turns out
to be entirely independent of the data dimension d.

* We explicitly construct the mean-field solution starting from the ODEs in the mean-field
regime, bridging the hitherto different worlds of [ ; ] with the mean-field “hy-
drodynamic” approach. More precisely, for p — 00, we show how the ODEs simplify and
give rise to a mean-field PDE, thanks to a decoupling of the learning dynamics that is found
to remain close to a low-dimensional subspace spanned by the target principal directions.

* We further discuss how the SGD dynamics in the mean-field regime behave differently
whether the input dimension d is small or large, leading to different finite-d and high-d di-
mensionless PDEs. This generalizes the recent “dimension-free” results in [ 3 ].

¢ We provide a numerical solver for these equations. A GitHub repository with the code
employed in the present work is available on GitHub repository. Additionally, we discuss

the interesting case of quadratic activation that allows to drastically reduce the complexity
of the ODEs & PDEs.


https://github.com/IdePHICS/DimensionlessDynamicsSGD
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Mean field limit

pP—= >
y,d = O(1)
Classical limit High-d limit
y = 0 d— oo
d,p =0(1) y,p = O(1)

Figure 2.1: We discuss a unifying low-dimensional description of the one-pass SGD dynamics
Equation (2.3) for two-layers neural networks as 7/dp — 0T. This includes, in particular, the
mean-field (p — 00), the high-dimensional (d — o0) and the classical gradient flow (y — 0)
limits.

Related work —  Stochastic gradient descent was first introduced [ ] as a stochastic ap-
proximation method, and later applied as an approximation to population risk minimization in
[ ; ]. Its properties have been extensively studied for finite learning rate and input di-
mension in the strongly convex setting [ s ; s ], and more recently in
convex problems in the interpolating regime [ ; ; ; ], to cite a few.
High-dimensional limits of SGD were studied in [ ; ] for non-convex, single-index
models. Recently, [ ] has generalized and abstracted this discussion.

In the context of two-layer neural networks, the high-dimensional limit of SGD draws back from
the seminal work of [ ; ; ] and was subsequently studied by many authors un-
der different settings [ ; ; s s ; s ]. The infinite-
width (a.k.a. mean-field) limit of the SGD dynamics of two-layer neural networks was studied by
[ 5 5 s ], who proved global convergence under certain conditions on the
architecture and initialization. A bridge between these two limits was discussed by [ ], who
studied the joint limit where the hidden-layer width and the learning rate scale with the diverging
input dimension.

Closer to us, dimension-free limits of the mean-field equations have been derived by [ ]
for low-dimensional target functions in the hypercube and by [ ] for ReLU networks when
the target is invariant under certain symmetries. [ ] has proven global convergence of the
gradient flow dynamics at finite width for orthogonal input data.
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2.2 Setting

In this manuscript we consider a supervised learning regression task where we are given n inde-
pendent samples (2", 4"),¢[n] € R9*! from a probability distribution p. We are interested in
the problem of learning the training data with a (fully-connected) two-layer neural network:

1P
= - E aio(w] x), (2.1)
P

where © = (a,W) € RP*D denote the trainable parameters and 0 : R — R the acti-
vation function. Since one of our goals is to connect with this line of work, for convenience
we have adopted the mean-field normalization [ 5 ; ; ]. As usual, train-
ing is performed via empirical risk minimization, where the statistician chooses a loss function
0 (fo(x),y) € R? = U(fo(x),y) € Ry penalizing deviations from the true labels and op-
timizes the training parameters © by minimizing the loss over the training data. As it is common
in regression, we use the square loss £(7, y) = 1/2( — y)?, and focus on the gencralization error
or population risk:

R(O) = Eay-p | (foe) ~ 22)

Training algorithm: This empirical risk minimization problem being non-convex, different
optimization algorithms might reach different minima. Our goal is to characterize the training
dynamics of two-layer networks under one-pass stochastic gradient descent:

@V+1 =0 - ’YVQE(f@V (my)vyy)7 v<mn (23)

Note that in one-pass SGD, a fresh sample of data is used to estimate the gradient at each step,
and therefore the quantity of data seen by the algorithm coincides with the number of steps. In
particular, this means that at each step  we have a random unbiased estimation of the population
gradient which is uncorrelated to the previous step, defining a Markov chain. Itis useful to rewrite
Equation (2.3) by making explicit the effective noise of the process:

0" = 0" — VoR(O") + e, o= Vo [R(OY) — Lfor(@").y")]  (24)

which is a zero mean random variable. Therefore, characterizing the training dynamics of one-
pass SGD translates into characterizing this stochastic process.

Data model:  Stochasticity in Equation (2.3) is induced by the draw of samples (x,y) ~ p.
In the following, we will assume that the input " are Gaussian " ~ N (Od, 1/dId) while y” is
drawn from the following generative model:

Za w'x’)+ VA, 2 ~N(0,1) (2.5)
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In other words, the target function fg+ is itself a two-layer neural network with parameters ©* =
(a*, W*) € RF(FD and activation o*. This setting, commonly refereed to as the teacher-student
scenario, provides a rich data model for studying generalization, and has been employed both in
the analysis of one-pass SGD [ ; ; ] but also more broadly in high-dimensional
statistics [ ]. In particular, we will be mostly interested in the realizable scenario where k& <
p, and therefore the minimum of the population risk in Equation (2.2) is achieved by perfectly
learning the target.

Technical assumptions: We assume that the SGD dynamics remains in a bounded subset of
RP4;

Assumption 2.1. On an event with high probability, the SGD iterates are bounded in the following
sense: for some K > 0, we bave

vielpl, |[lwi]®<K. (2.6)

This assumption can be easily checked on either the simulations or their deterministic approxi-
mations (see below), or otherwise enforced with a weight decay (as in [ 1).

Assumption 2.2. The student activation function o is twice differentiable, with |0 || < K
fori = 0,1, 2. The teacher activation 0™ is also upper bounded by K.

Note that in some plots, we will sometimes use the function o(z) = 2, which does not satisfy
this assumption. However, Assumption 2.1 ensures that we stay in a bounded subset of R? hence
we can replace o by 0 A K for K sufficiently large.

Simplifying assumptions:  Since most of the interesting phenomenology happens at the hidden-
layer, to lighten the discussion in the following we will focus on the case in which ay = 1 and
a? = 1 are fixed throughout learning and p is divisible by k. All of the discussion that follows
can be readily generalized to the case in which a" is learned and p > k generically. We shall also
assume that the teacher matrix W* is full rank; this can be avoided with a more careful definition
of projections, but complicates the analysis.

2.3 The three limit regimes and their dimensionless description

As discussed before, the optimization problem introduced in Section 2.2 defines a non-convex
optimization problem. Moreover, modern neural networks operate in a regime where both the
data dimension d and the number of parameters in the network p are large. Therefore, charac-
terizing the evolution of the weights ©¥ € RP (d+1) amounts to studying p(d + 1) non-linear,
coupled, non-convex stochastic process - a challenging problem even for numerical methods. As
motivated in the introduction Section 2.1, in this section we derive a tractable, low-dimensional
description for SGD in different regimes of practical interest.
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2.3.1 Main concepts

Sufficient statistics: A first observation is that the performance of the predictor (0"), <y, at
iteration v < n only depends on the statistics of the student and teacher pre-activations

AV =Wz’ e RP, A" =W’ cRF (2.7)

Moreover, since " is Gaussian and independent of (W", W*), the pre-activations are jointly
Gaussian vectors (XY, A*") ~ N (0,1, ) with covariance:

v [ QM LaWrWe T 1wt (p+k) X (p-+h)
0 = <M1/T P - l/dW*WVT l/dW*W*T € R¥ P (28)

which is the sufficient statistics matrix for the population risk in Equation (2.2). Massaging Equa-
tion (2.3), we can derive a closed set of stochastic processes governing the evolution of the suffi-
cient statistics:

M= My = o ONNE

v 14 ’y v 14 v v 14 ’7 Y 14 14 12
@y @y =2 (00X + o) e+ LB e

where we defined for convenience the displacement vector

(2.9)

k p
1 1
l/ *1/ 14
E E - )\ — ; JE )\ —+ v Z (210)
Note that so far we have made no approximations: these equations are exact, and allow us to trade
the p(d + 1) dimensional process for ©" in Equation (2.3) for a p(k + p) dimensional process

for (M¥, Q”). This can be particularly convenientif d > k, p.

The process in Equation (2.9) has been previously studied in difterent limits and particular cases.
Forinstance, [ ] studied the stochastic dynamics in particular case of k = p = land o(x) =
22, also known as phase retrieval, and [ ] extended this discussion for arbitrary o. More
important to our work, [ ; ] has shown that this process admits a deterministic limit
when d — o0 at fixed p, v, characterized by the following ODE:

dM dQ vy
—= M = _yEH) + Ly 2.11

where the right-hand side functions are defined by the following equations.
v (Q) = EAA)~N (0, 1.02) [0 N)ARE]
ED() = B ynto, e | (/A +0/(4)h) €] (212)
T(Q) = B ) (0, 14.0) [U'(/\i)UI()\j)SQ}

As will be discussed later in Section 2.3.2, the superscript notation for the right-hand side is sug-
gestive of their interpretation. This convergence was made rigorous by [ ]and [ ],
who showed the following non-asymptotic result:
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Theorem 2.1 ([ 1). We place ourselves under Assumptions 2.1-2.2. Let 2" be the random
process of Equation (2.9), and Q(t) the solution to the ODE (2.11) with starting point Q(0) = Q.
Define the step-size 0t = 7 /pd, and assume that vy /p = O(1). Then there exists a constant C > 0
such that for anyv > 0,

QO — Quit)||os < %, | L 2.1
19~ Q0o < 2 1)
[ ] also described the behavior of €2 for various choices of v and p. In particular, when

v/p < 1, Equations (2.11) reduce to the following simpler ones:

dM oo dQ _ en)

i v(Q), il U (Q) (2.14)
Our key observation is that the deterministic description above is valid beyond the high-dimensional
limit d — oo on which previous works [ ; ; ] have focused. Indeed, Theo-
rem 2.1 is non-asymptotic in (d, p,y), and can thus be applied in any setting where 7/pd < 1.
This is leveraged to provide a tractable, low-dimensional description of SGD in different scenarios
of interest which we summarize in Figure 2.1.

2.3.2 The classical regime

The first and most well-studied scenario is the classical regime in which v — 07 at fixed dimen-
sions d,p = O(1). Defining the continuous weight ©” = ©(vdt) via linear interpolation, a
classical result from stochastic optimization [ ] is that one-pass SGD converges to gradient
flow on the population risk:

do(t)

= = —Ver(O(1) (215)

Or in words: the effective SGD noise €, in Equation (2.4) is subleading in this limit. Note that
this is a deterministic ordinary differential equation of dimension p(d + 1). Since d,p = O(1),
if they are small Equation (2.15) provides a computationally efficient description of the SGD dy-
namics, since it can be easily implemented and solved in a computer. Nonetheless, an alternative
description can be derived from the sufficient statistics of Equation (2.8). Indeed, Theorem 2.1
guarantees that in the limit 7y — 07, the stochastic process in Equation (2.9) converges to the
deterministic limit of Equation (2.14). This ODE can be easily seen to be equivalent to the one
of (2.15), through the following identity:

d<’w1;, wj> . dwj dwz
T _<w“dt T\

This gives rise to ordinary differential equations in p(k +p) parameters. Therefore, depending on
the values of (d, p), it can offer a more compact description of the evolution of the performance
of the predictor than Equation (2.15).

As it was previously hinted by the notation, Equation (2.14) also provides an intuitive interpreta-
tion of the right-hand side of the stochastic process (2.9). Indeed, the terms proportional to 7/pd
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in Equation (2.9) correspond exactly to the terms inside the expectation in Equation (2.14), and
correspond to the projection of the population gradient along the weights (O, ©,.). The remain-
ing term, which is proportional to 7 /p*d, comes from the variance of the effective noise €, which
is subleading in the limit v — 0. This agrees with the characterization of the terms given in
[ ], where an additional Brownian motion correction term at finer scales is also derived.

In Figure 2.2 (left) we plot the trajectories of individual neurons in the space spanned by the
two target neurons (k = 2); Mjr/\/Q;;P, is the (normalized) scalar product between w; and
wy'. While, initially, all neurons are moving towards the superposition of the two teacher weights
((v2/2,v2/2), yellow dot), in the last phase of learning they “specialize” and split evenly to one of
the two ((1,0), (0, 1), red squares). Note how the ODE trajectories closely follow the simulated
ones, given the specific initialization.

Finally, our results imply a remarkable dimension independence property: Differently from
(2.15), the alternative description (2.14) turns out to be independent of the data dimension d.
Given the initial conditions of the sufficient statistics (the overlaps), then the trajectories will be-
have exactly in the same way whether d is large or small (see the illustration in Figure 2.2 (right)).
This remarkable property is a direct consequence of the Gaussianity assumption on the data.
Note, of course, that dimensionality still plays a crucial role through the initialization. Indeed,
for the typically employed random initialization 9? ~ N(04,5%14), the initial correlation be-
tween the hidden-units and the target, parameterized by ij ~ 1//d, explicitly depends on d.
Since M = 0 is often a fixed-point of the dynamics, d = O(1) or d > 1 will lead effectively to
different behaviors.

2.3.3 The high-dimensional regime

Modern machine learning practice often involves high-dimensional data. As early as in [ ;

] it has motivated the study of the d — oo limit of the SGD dynamics (2.4), under the
assumption of fixed learning rate and model complexity p,y = O(1). This setting has wit-
nessed a renewal of interest recently [ ; ; ; ]. In particular, a remark-
able phenomenon arises: differently from the classical limit Equation (2.14) discussed above, in
high-dimension the variance term induced by the SGD effective noise yields an explicit contribu-
tion to the limiting dynamics (2.11). This term can yield a finite risk contribution at large times
even for architectures for which the population gradient flow would otherwise converge to zero
population risk (i.e. perfect learning of the target fg+), so that the large time dynamics plateau at
finite risk (see for instance [ ; ]). This is a major difference between the classical and
high-dimensional regime.

For strongly convex problems, it is known that SGD with fixed learning rate v converges to a sta-
tionary distribution of variance oc 7y [ ; ], leading to an asymptotic risk that closely
resembles the one observed by [ ] in the high-dimensional regime. This suggests a similar
phenomenology in the basin of the global minima, although making this statement precise is chal-
lenging due to the non-convexity of the risk for two-layer networks. As noted by [ ], this
noise term is subleading in 7/p, and can be mitigated by either taking v — 07 (i.e. seeing a lot of
data) or overparametrizing p — 0o. However, since Equations (2.11) are a system of p(p + k)
ordinary differential equations, they become intractable in the limit p — oo, which is a major
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Figure 2.2: Dimension independence of the dynamics in the classical regime: Comparison
between the simulated SGD dynamic and the analytical one obtained by integrating the differen-
tial equations. All the plots are using 0 = erf("/v/2). (Left) Trajectories for the cosine similar-
ity between each network neuron and the target; time evolution in simulation is blue to green,
ODE trajectories in orange (k = 2,p = 10,7 = 5 x 1072, A = 0). (Right) Different low-
dimensional simulations, starting from the same identical initial condition (k = 5,p = 10,y =
5x1072,A =1073).

shortcoming of this description.

2.3.4 The overparametrized regime

In both the classical and high-dimensional regimes, the effective description of the SGD dynamics
rely on quantities which scale with the hidden-layer width p, and therefore they are not adequate
to wide models. Yet, in many scenarios of interest we need to deal with wide, overparametrized
networks. The problem of finding an effective low-dimensional description of one-pass SGD for
the overparametrized regime p — 00 was first addressed by [ ; ; ; ]. The
key idea in this line of work is to define an empirical density over the weights 87 == (a?, wY):

p

(8 = 3266 67) (2.16)

=1

and to derive a closed-form update for the density /i (6) from the SGD update of the weights,
Equation (2.4). In thelimit p — oo, those works have shown that the empirical density converges
to an asymptotic density over R4, which for sufficiently small learning rate satisfies a partial
differential equation (PDE) that became known in the literature as the mean-field limit. Drawing
from the theory of PDEs and optimal transport, this description allowed for the derivation of
important mathematical guarantees on the dynamics, such as the global convergence of SGD for
two-layer neural networks.
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However, the empirical measure /i, is defined on RA+1

, 50 a problem still remains when d is large.
Indeed, as remarked in [ ] it remains challenging to draw quantitative results from this de-
scription except for considerably low-dimensional data. However, since in our setting the target
function (2.5) only acts on a low-dimensional subspace of R, itis possible to exploit the symme-
tries of the problem to derive an approximation of constant dimension. This low-dimensional
equivalent stems from invariance properties of mean-field equations, which were also used in
[ ] and studied in depth in [ ]. However, [ ] only considers the d — oo
limit, while we derive a limit that is valid for any value of d. [ ], on the other hand, is closer
to our work (see e.g. their Lemma 4.2), but only handles the approximation of the dynamics by

PDEs instead of ODEs.

Decomposing the dynamics: The starting point of this low-dimensional description is the
decomposition of W as

W = Wpeoj + W, (2.17)

where Wi,j is the orthogonal projection on the teacher vectors W*. This projection can be ex-
pressed using the sufficient statistics defined in Equation (2.8):

W =MP'W*+ W+, (2.18)
Similar to (2.7), we can then define the orthogonal pre-activations and its covariance matrix:

AL =Wty (2.19)
Qt =1awtWwhHT=Q-MP M. (2.20)
Since we are in a regime where v/p < 1, the ODE approximation of SGD corresponds to Equa-

tion (2.14). From there, with a little algebra (see Appendix B.2), we can derive the corresponding
equations for Q+:

Q3
dt

= E(}\L})\) |:(U/()\1)Aj_ + O'/()\])AZJ_> g:| = \I/ZJ;(Q) (2.21)

Low-dimensional approximation: Informally, the interesting part of the dynamics happens
in a low-dimensional space: the one spanned by the target weights W*. The remainder of the
dynamics only depends on the student-student vector interactions, which are orthogonally in-
variant. We therefore make the following assumption to enforce this invariance at the start:

Assumption 2.3. The initial vectors (w1, . . ., wy) are drawn i.i.d from an orthogonally invari-
ant and K2 Ja-subganssian distribution o, for some constant K > 0.

We show in the appendix how we can then approximate the dynamics by only tracking the evolu-
tion of M and diag(Q"), and using the following ansatz:

wi ~\/dg} - gi, (2.22)
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where g; are i.id uniform random variables on S?~*~1 independent from the ¢;:. More pre-

cisely, we consider the reduced parameters O = (M, q) € RPF+D and the following mean-field
equivalent of the overlaps:

~ Q M ~ _ -
Q:(MT p| @Q=MP'M"+DgED 4 (2.23)

where D /5 is the diagonal matrix whose entries are the /g;, and = is a random matrix with inde-
pendent entries such that

Ei=1, Ey=/(g,g') with g,g"~ Unif (Sd_k_l)

Then, the mean-field ODEs read

dM ~ dg; ~
g g Y _ g (gt
” E= [\If (Q)] i E= [\Ilu (Q)} . (2.24)
Similarly, given the parameters ©, the risk is computed as
R(O) = Ex {R(Q)] (2.25)

The consistency of this approximation is given by the following theorem:

Theorem 2.2. Under Assumptions 2.2 and 2.3, let Q(t) and O (t) denote the solutions of the ODES
(2.14) and (2.24), respectively. Then with probability at least 1 — e~ * on the initialization:

sap [RA(0) = RAO)| < Ce (ogluT) + =) /v

t€[0,T]

The proofis given in Appendix B.3. It uses key elements from the mean-field study of [ ].
Indeed, both the solutions of (2.14) & (2.24) can be viewed as the “particle dynamics” approxima-
tions (see e.g. [ 1) of two mean-field PDEs 4, fi; on the space of network weights w € R
and the space of reduced parameters (m, q) € R¥+1, respectively. In turn, the invariance prop-
erty of f4 extends to fi; for every ¢ > 0, which implies that R(11;) = R(fir).

Remark 2.1. Wedo not imply in any way, shape or form that Equation (2.22) represents the actual
distribution of the ’wiL, or that (as in (2.23)) the entries of QF are independent. Rather, it is the
structure of the update equations that allows for this approximation to hold.

The high-dimensional limit of mean-field: When d — oo, the off-diagonal entries of the

matrix = are of order 1/v/d, which suggests that they can be neglected safely. We therefore define
the following equivalent of €2, which does not depend on auxiliary random variables:

Q= <J\?T Aﬁ) , Q=MP'MT + diag(q) (2.26)

The following lemma then holds:



38 CHAPTER 2. A UNIFYING APPROACH TO SGD IN TWO-LAYERS NETWORKS

=0 ® Simulation
S — p=100

Q — p=200

= p = 1000
1072 p = 2000

107!

1072

® Simulation d = 1000, p = 1000
—— ODE p = 100
—— ODE p = 1000
. —— ODE p = 2000

1072 10! 100 10! 10% 10% 10! 10° 10 10%
t t

Figure 2.3: The mean-field regime: Comparison between population risks of the simu-
lated learning dynamic and the corresponding deterministic evolution, for (left) mean-field low-
dimensional regime with squared activation function (k = 2,d = 5,7 = 1, A = 0) and (right)
mean-field high-dimensional regime. Apart from finite size effects, there is agreement between
ODEs and simulated dynamics (k = 5, d = 1000, v = 10).

Lemma 2.1. Forany (M, q) € RPEHD) e have:

B= [000(@)] - \If(M>(Q)HOO < \%d

’EE [qf(i)(ﬁ)] - xpu)(Q)HOo < \%.

(2.27)
We thus define the high-dimensional equivalent of (2.24):
dM ~ dg; ~
AV () (g Wi _ gLiq). 2.28
W _won@ g .29
The same propagation of perturbations arguments discussed in Appendix B of [ ], and the

Lipschitz property of the risk, easily imply the following theorem:

Theorem 2.3. Under Assumptions 2.2 € 2.3, let Q)(t) and O (t) denote the solutions of the ODES
(2.14) and (2.28), respectively. Then with probability at least 1 — e~ on the initialization:

. (& O log(pT)+z 1
te[D?T]\R(Q(t)) ROM)| <C (\/ﬁ +\/&>

This approximation eliminates the need to compute expectations in (2.24). We now argue that
this phenomenon is not only a consequence of rotation invariance, but also a simple concentration
result. Indeed, irrespective of Assumption 2.3, we show the following result:

E [ n B 1 L ||QJ'||OP
A* AL~ (0,2) o(Xi)A; 5} — Exc xLton(0,0) [U()‘ip‘i 5} <\ Q- Ta

(2.29)
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For a random sub-gaussian initialization, classical matrix concentration arguments (see [ 1,

Theorem 4.4.5) imply
p
@4 =0 (1+5)

and common sense arguments (the presence of an attracting force towards Q* = 0)indicates that
this quantity stays within the same order of magnitude. On the other hand, by Assumption 2.1,
the );; (and hence the QZLZ) remain bounded by an absolute constant during the trajectory. We
therefore expect, using standard results from ODE perturbation, that

12(t) — Q(t)[|oo < (\/Z+ \/D : (2.30)

Contrary to the low-dimensional regime and the theorem above, this derivation does not require
any rotation invariance of the 'wiL ; simply, the averaging properties of UM) are enough to show
direct concentration properties on the dynamics.

Itis instructive to look at a concrete example where the phenomenology discussed above becomes
explicit. Perhaps the simplest one is given by the square activation o(z) = %, for which the ex-
pectation in Equation (2.12) can be explicitly expressed in terms of polynomials of the covariance
matrices (Q”, M, P) (see Appendix B.5 for the derivation):

W(M)(Q)=2(W—W>M+4<MP_W)

k p k p
¥H (@) = 4 (Trk[P] B TriQJ) Q+8 (MZ’IT _ g) (2.31)
v = (FH - T ot 2 (ae + ).

Similarly, the population risk as a function of the sufficient statistics reads:

TP aTepy TPITIQI 2T MM R aTeql] A
N 2k?2 B pk + 2p? +5'
(2.32)

R(€)

The high-dimensional mean field limit is then particularly simple. Recalling the definition of Q
in Equation (2.26), we obtain the explicit equations by replacing €2 with Q. The situation is,
however, different for the low-dimensional mean-field limit, due to the randomness introduced
by matrix Z. The ODEs and the risk, given the parameters C:), are

E= [\IJ(M) (Q)- — \II(M) (Q) E= [\I/(noise) (Q)] — \Il(noise) (Q)
~ ] = 8 szl ] q.]
Ez |0 (Q)| = Oh(Q) - S=Ehizid
= [ ()] = V5 (Q) o dok ¢ (2.33)
-~ = 1 D i 2o ot 0
E= Q)| = Q = Jj=1,j#i .
= [RO)] = R( ) "
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In this case, the low-dimensional corrections are therefore just additive terms. As expected, these
corrections vanish when d — oo, where we fall back to the high-dimensional mean-field. Con-
versely, when d = £ the correction diverges, but we don’t need to track ¢ anymore since the
teacher weights are spanning the whole space R? and the orthogonal space is null; hence QL =0
and this is a stable point of the dynamics. In Figure 2.3 we show some numerical experiments
using this activation function; for a more detailed discussion see Appendix B.6.

2.4 Conclusion

Our work provides a comprehensive analysis of the one-pass SGD dynamics of two-layer neural
networks. The study bridges different regimes of interest, offers a unifying picture of the limiting
SGD dynamics, sheds light on the behavior of neural networks trained on synthetic data and, we
believe, provides a useful tool for further investigations of the performance of these networks.
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Chapter 3

Escaping mediocrity:
how two-layer networks learn hard
generalized linear models with SGD

Luca Arnaboldi, Florent Krzakala, Bruno Loureiro, and Ludovic Stephan

ABsTRACT. This study explores the sample complexity for two-layer neural networks to
learn a generalized linear target function under Stochastic Gradient Descent (SGD), focus-
ing on the challenging regime where many flat directions are present at initialization. It is
well-established that in this scenario n = O(d log d) samples are typically needed. However,
we provide precise results concerning the pre-factors in high-dimensional contexts and for
varying widths. Notably, our findings suggest that overparameterization can only enhance
convergence by a constant factor within this problem class. These insights are grounded in
the reduction of SGD dynamics to a stochastic process in lower dimensions, where escaping
mediocrity equates to calculating an exit time. Yet, we demonstrate that a deterministic ap-
proximation of this process adequately represents the escape time, implying that the role of
stochasticity may be minimal in this scenario.

3.1 Introduction

In this manuscript we are interested in the supervised task of learning the following target func-
tion:

Y = 0y (wjx) +VAz, x ~ N(0,1/aly), z ~N(0,1). (3.1)

This target belongs to a general class of models known as single-index or generalized linear mod-
els, where the labels depend on the covariates z € R4 only through its projection on a fixed
direction w, € RY followed by a non-linear real-valued function o, : R — R. Despite its
apparent simplicity, the study of single-index models with Gaussian i.i.d. covariates has been at

41
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the core of the recent theoretical progress in machine learning [ s ; : ;

]. Note thatif 0, (x) = z, learning could be achieved efficiently by linear methods such
as ridge regression or PCA. The presence of a non-linearity o, makes it perhaps the simplest target
for which a non-linear hypothesis class is required. Moreover, the choice of isotropic covariates
x ~ N(0,1/dl;) means that all structure in the target is in learning a representation of o and a
particular direction wy. The popularity of this model is that different separation results can be
shown in the high-dimensional limit where d >> 1:

* In the well-specified setting where we fit an isotropic single-index model with the same hy-
pothesis class (i.e. fg(z) = o, (w ' x)), it has been shown that the sample complexity of
one-pass SGD! is determined by the first non-zero Hermite coefficient of the target o, also
known as the information exponent | ]. Problems with non-zero first Hermite have
information exponent¢ = 1,and w, canbelearned atlinear sample complexityn = O(d).
Instead, problems with zero first and non-zero second Hermite coefficient have informa-
tion exponent ¢ = 2, requiring instead n = O(dlogd) samples [ ; ]. Note
that this is a factor log d higher than the Bayes-optimal sample complexity of n = O(d)
[ ; ], hence defining a class of hard problems for SGD.

* For fully-connected two-layer neural networks fo(x) = a'o (W), several results are
known under different assumptions. For fixed first layer weights W € RP xd (3.k.a. ran-
dom features model) and large enough width p, learning the k-th order Hermite coeffi-
cient of 0 requires n = O(d¥) samples [ ], implying a sample complexity of
n = O(d?) for a quadratic problem, e.g. o,(z) = 2. Recently, it was shown that wide
networks (p — 00) can achieve the well-specified sample complexity of n = O(d) under
one-pass SGD, provided that all Hermite coefficients of both o, o are non-zero | ].
In particular, this assumption covers only problems with information exponent £ = 1, ex-
cluding hard cases such as quadratic problems. Finally, for o(z) = o, (z) = 22, | ]
has shown that for p large enough, full-batch gradient flow achieves sample complexity
n = 2d, although at a running time of t = O(log d).

With the exception of [ ], the works mentioned above cover the scaling of the sample com-
plexity in the high-dimensional limit. Our goal is, instead, to derive sharp results for the sample
complexity of learning (3.1) with a fully-connected two-layer neural network in the challenging
case where o, has a vanishing first Hermite coefficient. As discussed above, this case violates the
“standard learning scenario” of [ ], and can be seen as a proxy for hard learning problems
for descent-based algorithms. For concreteness, in the following we focus on the purely quadratic
case:

Yy = (wjx)Q +VAz, w, € ST (Vd) (3.2)

Learning the target (3.2) consists of learning the non-linearity o, (z) = 22 and the direction ws.
In this work, we focus our attention in the second part, considering the following architecture

"Which we recall the reader is equivalent to the convergence rate.
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with squared-activation:

12
fo(x) = 5 Z ai(w, z)2. (3.3)
i=1
where © = (a, W) is the set of trainable weights, which are trained with one-pass stochastic
gradient descent (SGD):
0" = 0¥ —yVel(y", for(x")) (3.4)

with square loss £(y, ) = 1/2(y — x)? and initial condition ©° = (a’, W?). Note that at each
step v, the gradient is evaluated at a fresh pair of data (z*,4") € R4*! drawn from the model
(3.2). In particular, this implies that after v € [n] steps, the algorithm has seen n data points.

Learning in this problem is hard, and can be compared to finding a needle in a haystack. Indeed,
with the exception of one direction that points towards +w,, the population risk at (random)
initialization is mostly flat. This slows down the dynamics, which takes a long time to establish a
significant correlation with the signal - a scenario we refer to as escaping mediocrity.

At first, the particular case of purely quadratic activation might appear too specific. Indeed, as
we will see later the population risk for this task has a global maximum at initialization and a
degenerate set of global minima. The choice of more general o, and o with zero first Hermite but
not necessarily zero higher-order coefficients might give rise to other critical points such as saddle-
points, giving rise to a more complex SGD dynamics. However, since the focus of this work is on
escaping mediocrity, our conclusions will hold, up to constants, to more general activations with
information exponent £ = 2.

Summary of results — Our main contributions in this manuscript are:

* We derive a deterministic set of ODEs providing an exact and analytically tractable descrip-
tion of the one-pass SGD dynamics in the high-dimensional limit d — oo, and characterize
the leading order stochastic corrections to this limit.

* We provide an analytical formula for the number of samples required for one-pass SGD to
learn the phase retrieval target in high-dimensions at arbitrary network width. We show
that overparameterization can only improve convergence by a constant factor for phase re-
trieval.

* Finally, we compute the leading order stochastic corrections to the exit time, and show
that stochasticity does not help to escape the flat directions at initialization. This suggests
that the deterministic description is enough to fully capture the phenomenology of the
dynamics in this problem.

All the codes used for numerical experiments are provided in this GitHub repository.

Further related work —  The investigation of a deterministic high-dimensional limit of one-
pass SGD for two-layer neural networks draws back to the seminal works of [ s ; ],
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and was followed by a stream of works that span decades of research [ ; ; ; ;

; ; ; ]. More recently, the stochastic corrections around fixed points

of the dynamics have been investigated by [ ]. In a complementary research line, [ ;

; ; s ] have shown that an alternative deterministic description of SGD

can be obtained in the infinite width-limit, a.k.a. mean-field regime. High-dimensional reduc-

tions of the mean-field equations have been studied by [ ; ; ; ]. Re-

cently, [ ; ] has shown that these apparently different limits of one-pass SGD can
be unified in a single description.

There has been a recent surge of interest in studying how increasing degrees of complexity in the
target function are incrementally learned by SGD [ ; ; ; ; ],
with an emerging staircase picture where complexity is sequentially learned in different scenar-
ios. This picture, however, is bound to classes of targets where SGD develops strong correlations
with the target directions at initialization, a notion which was mathematically formalized by the
so-called information exponent £ by [ ]. Instead, targets for which the landscape at initializa-
tion is mostly flat (¢ > 2) are hard for SGD at high-dimensions, translating to very slow dynamics.
This is precisely the case for the phase retrieval problem (¢ = 2), a classic inverse problem arising
in many scientific areas, from X-ray crystallography to astronomical imaging [ ; ].
Phase retrieval has been widely studied in the literature as a prototypical example of a hard inverse
problem [ ; ; ; ; ; ; ], providing a simple yet
challenging example of a non-convex optimization problem which is hard for descent-based algo-
rithms | ; ; ; ; ; ; ; I

3.2 High-dimensional limit of SGD

In this section we introduce our key theoretical tool, which consists in low-dimensional reduction
of the projected SGD dynamics (3.4) in the high-dimensional limit d — 00 of interest.

Sufficient statistics — The key observation is to notice that the population risk only depends
on the hidden-layer weights W € R? xd through the second layer weightsa € R” and the weights’
correlation matrices:

_(Q M\ _ [ Vaww'  1aWw, (p+1)x (p+1)
Q“(MT 1) \a(Ww,)" 1 € REEET, (35)

The explicit expression of the population risk is:

R(©) =E [(y, fo(z))]

CA+3 1

1 & (3.6)
- - _Z a; (ij + 2m32»> + TpZ Z a;a;(Q;Qu + 2Q§Z)
ji=1

2 P

Notice that the matrices M, @) are precisely the second moments of the pre-activations (A, \) =
(w, x, Wz) € RPTL. Therefore, to characterize the evolution of the risk throughout SGD, it is
sufficient to track the evolution of the second layer weights a; and the correlation matrices m, @,
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which consists of p(p + 1) parameters. As shown in Appendix C.1, starting from Equation (3.4)
we can derive a set of self-consistent stochastic processes describing the evolution of (a, m, Q):

v+1 v __ YV o2
m¥ il = ]% M(a, M, N),  Mj(a, A, A) = 28%a M\ (3.8)
Qi -y = ]% Qji(a, M, A),  Qjila, A, A) = 2" (aj + ar) AN + 4%5'/2H$V|\2%a1)\j)\1
(3.9)
where we have defined the displacement vector
v *V\2 1 - V)2 v
g = (\Y) —];Zaj(Aj) + VA, (3.10)
j=1

and we used 7/d as the learning rate of the second layer, in order to have the same high-dimensional
scaling.
High-dimensional limit — As of now we have not made any assumptions on the dimension

of the problem; the stochastic processes defined in (3.7) are exact, with the right-hand side de-
pending implicitly on (m, Q) through the moments of (A, \). However, our goal is to study
this process in the high-dimensional limit d — 00 where learning is hard and simulating (3.4)
can be computationally demanding. Defining a step-size dt = 7/pd and a continuous extension
of (a”,m”, Q") to continuous time (a(vdt), m(vdt), Q(vét)) by linear interpolation, it can be
shown thatin the high-dimensional limit d — oo the sufficient statistics (a(t), m(t), Q(t)) con-
centrate in their expectation (a(t), m(t), Q(t)), which satisfies the following system of ordinary
differential equations (ODEs):

da,; 2

dT] = E)~N(0p41,9) [5&-}

dm;

T = BOAN 0p.0) MM N)] = 05 () (3.11)
dQji

= EOAN©0p1.0) [t A N)] = 25 (Q)

with initial conditions given by (@(0),m(0), Q(0)) = (a°,1/aW w,, 1/dWOWUT). The ex-
plicit expression of these expected values can be found in Appendix C.1. As discussed in the re-
lated works, the high-dimensional limit of one-pass SGD for two-layer neural networks have been
studied under different settings in the literature [ s s ; ; s s

; ]. However, to our best knowledge our work is the first to derive and study these
equations for the squared activation in the high-dimensional limit.

Initialization and mediocrity — In the noiseless case A = 0, it is easy to check thata; = 1
and wj; = *w, (m; = £1land Q;; = 1) is indeed a stationary point of (3.11) that corresponds
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to two degenerated global minima of the population risk (3.6). Adding a noise A > 0 only shift
these values. Similarly, it is easy to check that m; = 0and Q;; = 0 for i # j are also stationary
points. These correspond to taking w; L w; L w, forall j # [in (3.11), and is a global
maximum of (3.6). This stationary point plays an important role in the dynamics. Indeed, in the
absence of knowledge on the process that generated the data (3.2), it is customary to initialize the
weights randomly:

When d — o0, the weights are being orthogonal with high probability. In terms of the sufhicient
statistics:

Qjj ~ Dirac(1),  j#1:vdQY = N(0,1) and  VaM? L2 A0, 1),

(3.13)
Therefore, since the variance of (m°, Q°) decays as 1/d, the higher the dimension, the closer a
random initialization is to a stationary point of the dynamics. Moreover, of all the d directions,
there exists d — p — 1 directions orthogonal to w, and {w? } je[p) along which the population risk
(3.6) remains constant. The proliferation of flat directions close to initialization severely slows
down the SGD dynamics at high-dimensions, which typically requires n = O(dlogd) steps to
develop a significant correlation with the signal in order to escape this region. This scenario, which
we refer to as escaping mediocrity, is common to many hard learning problems [ ]. In the
following, we leverage the exact description (3.11) derived in this section to estimate precisely how
much data is required for SGD to escape mediocrity in the prototypical phase retrieval problem

(3.1).

Spherical constraint — A phenomenon that is observed when starting from the initial condi-
tions above is a change in the norms of the weights w; without effectively correlating with w,. In
this phase, sometimes referred as norm learning, m =~ Qj; ~ Ofor j # [, while () ;; changes con-
siderably, resulting in a slight decrease in the population risk towards a plateau that reflects medi-
ocrity. Since the focus of this study is precisely on escaping mediocrity (i.e. developing non-zero
correlation with the signal), in the following we will fix the norm of the weights w? € S¥1(1/d)
at initialization and throughout the dynamics v € [n]. This assumption, which was also the fo-

cus of [ ], amounts to imposing a spherical constraint at every step of SGD, also known as
projected SGD:
wY — YV LYY, for(x?
w?+1 _ i T YV, (v, for(z")) V. (3.14)
Hw§ =YV, £(y”, for (fv”))H

The high-dimensional limit of these equations lead to the following ODE: for the evolution of
the sufficient statistics (M, Q):

=¥;(Q) - %%(Q), dc?tﬂ =o;(Q) - % (,;(Q) +2(Q)) . (3.15)

dmj
dt

Note that Q;; = 1is consistently fixed.
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3.3 Escaping mediocrity in the well-specified scenario

As a starting point, we consider the well-specified case of p = 1. As we are going to see, this case
captures almost all the phenomenology of interest, and is helpful to build an intuition for how
SGD escapes mediocrity. Moreover, despite its apparent simplicity, this case has been the subject
of several works in the literature [ ; ; ; ]. In particular, [ ]
established a convergence rate t = O(logd) for randomly initialized gradient descent on the
population risk. In our setting (3.4), this corresponds to the vy — 07 limit, and translates to a
sample complexity of n = O(dlogd). | ] provided a refined analysis that accounts for the
stochasticity in one-pass SGD, reaching a similar n = O(d log d) rate for escaping mediocrity, in
agreement with the general information exponent characterization of [ ].

In this section, we show that in the high-dimensional limit, the sample complexity constant for
one-pass SGD can be well estimated from the deterministic reduction (3.7). In particular, we
show that the stochastic corrections from a finer analysis of the process (3.7) can be neglected.

3.3.1 Population risk landscape

As previously discussed, one-pass stochastic gradient descent can be seen as a discretization of
gradient flow on the population risk [ ]. Therefore, understanding the geometry of the
population risk can provide useful insight into the behavior of SGD. For p = 1 and imposing
the spherical constraint, the population risk (3.6) considerably simplifies since everything can be
expressed in terms of a single, scalar sufficient statistics m = 1/aw, w € [—1, 1]:
A

R(w) — 5 = 2(1 — m?) (3.16)
From this expression, it is easy to see that we have two global minima m = %1 (corresponding to
w = Fw,) and one global maximum m = 0 (corresponding to w L w,). Indeed, the spherical
gradient of the population risk can also be computed explicitly (see Appendix C.7.1 for details):

gradgg_1 R(w) = 4m (mw — wy) (3.17)

which confirm that these are the only critical points. Finally, we can also compute the spherical
Hessian exactly:

Hessga-1R(w) = 4 [mQId + mww, — waw, (3.18)

Note that for w = w, (m = =%1) the Hessian is proportional to the identity, hence positive
definite as expected for a minimum. Instead, forw L w, (m = 0), the Hessian becomes a
rank-one matrix with d — 1 zero eigenvalues and a single negative eigenvalue with eigenvector
proportional to w,. Hence, m = 0 also corresponds to a strict saddle, i.e. the landscape is flat
along most of the directions, except for one that points towards the signal. Note that with high
probability, we have precisely m ~ 0 for an uninformed random initialization in high-dimensions
d — oo.

This provides a typical picture of mediocrity in high-dimensions, where the landscape resembles
a flat golf course with a single hole, see Figure C.3 in Appendix C.7.
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3.3.2 Exit time from deterministic limit

We now move to the description of the one-pass SGD dynamics. Our key goal in this section
is to determine how much data / how long SGD takes in order to find the signal in the high-
dimensional limitd — 00. Aswe have discussed in Section 3.2, in this limit the sufficient statistics
concentrate, with its evolution being described by the following deterministic ODE:

dm(t

th() = m(t) [4(1 —67)(1 —m2(t)) — 2¢vA| with m(t) € [~1,1] (3.19)
with initial condition 71(0) = 1/aw, w°. See Appendix C.2 for an explicit derivation. Figure 3.1
(left) compares the evolution of the risk predicted from solving the high-dimensional ODEs (3.19)
with different finite size (d = 3000) simulated instances of the problem, showing a good agree-
ment between the theory and the averaged population risk over the different runs.

Given the spherical constraint, the population risk is now simply given by R (m) = 2 (1 — m?)+
A /2. From this expression, it is clear that m = %1 are global minima and m = 0 is a global maxi-

mum. Therefore, the information theoretically minimum achievableriskis R (1) = min R (m)
A2,

We start with two immediate observations that can be drawn from (3.19). First, we have a neces-
sary upper bound on the learning rate for learning to occur: 7y < 1/6. Moreover, from fixed-point
stability analysis we can get the value where m converges for large times, and, consequently, the
asymptotic excess population risk achievable in this setting is:

Jim RUn() - 8= 2

(3.20)

The presence of an asymptotic risk plateau for the excess risk is consistent with previous results
for the high-dimensional limit of two-layer neural networks [ ; ]. Note that in the
population gradient flow limit v — 0T, SGD converges to the minimal risk [ ]. Indeed,
the presence of a finite excess risk even in the well-specified setting is an intrinsic correction from
the SGD noise in the high-dimensional regime where 1/a < 7y [ ], and can be related to the
radius of the asymptotic stationary distribution of the weights around the global minima [ 3

1.

We now move to our main problem: estimating the time SGD takes to escape mediocrity at ini-
tialization. Let T € [0, 1] be the relative difference with respect to the initial value of the risk, and
let Zex be the time when the risk exits the region above the threshold 7', see Figure 3.1 (right) for
an illustration. By construction, fex can be found by solving the following equation:

-1 (R(m(o)) _ ) _ R (1 (te)) — 2. (321)

The above can be exactly solved by numerically integrating (3.19) and then finding the root of
(3.21). However, an analytical expression for the ODE exit time can be found from the following
two observations:
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* From the discussion around Equation (3.13), initializing at random in high-dimensions
imply that m(0) = € < 1, so we can consider the linearization of equation (3.19) in €
and solve it analytically. For small enough 7', this will lead us to an accurate result;

* Even if the ODE trajectories are deterministic, the exit time Z.y is a random variable of the
random initialization.

Note that these lead to two natural notions of average exit time over the initial conditions. The
first one is obtained by taking the expected value over initial conditions before solving the cross-
threshold equation
t(anl) _ IOg [Td + (]. - T)]
o 8(1—67) —4vA

Borrowing the jargon from statistical physics, we refer to tﬁ_i?) as the annealed exit time. The

second option is to take the expected value exit time obtained from solving (3.19) over a fixed

(3.22)

initial condition:

log | L+ (1-T
t(qnc):E 98 | o +( )

ext po~x2(1) 8(1 _ 6")/) —4vA (3.23)

. . . N . . nc . .
Again, borrowing the jargon from statistical physics we refer to tg}t ) as the quenched exit time.
Some comments on this result are in order:

* By concavity of the logarithm function, we have tﬁﬁt“ ) > tﬁi?l).

* For both notions, we have tex, = O(logd) implying n = O(dlog d) samples are required

to escape mediocrity, consistent with the rates in the literature [ ; ; ].

* Both exit times are monotonically increasing in both v € [0,1/6] and A > 0. Recalling
that 6t = 7/d, this implies the existence of an optimal learning rate Yope = 1/(12+ A) that
minimizes the number of samples required to escape mediocrity.

3.3.3 Does stochasticity matter?

Note that the initial correlation parameter at random initialization (3.12) is given by:
m® = O(1/vad) (3.24)

Therefore, in the high-dimensional limitd — oo in which the ODE description (3.19) is exact, we
have m(0) = 0. This is a fixed point (3.19), which suggests that strictly in the high-dimensional
limit SGD is trapped forever at mediocrity. However, in practice we always have d < 00, mean-
ing that at initialization we always have a non-zero correlation with the signal md =¢e¢ < 1.
Moreover, at high but finite dimensions, (3.19) is just an approximation to the actual stochas-
tic dynamics (3.7). Indeed, this is precisely what we used in order to estimate the exit time from
the deterministic ODE (3.19). While the stochastic corrections to the high-dimensional limit do
not radically change the convergence rate scaling [ ] (and hence the mediocrity picture), it is
important to ask whether it leads to important corrections on the precise exit time.
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Figure 3.1: Multiple run of the simulated SGD and the numerically integrated SDE, always start-
ing from the same initial condition, with d = 3000. All the ¢ presented are obtained by solving
numerically (3.21). The SDE captures the variance that the ODE doesn’t exhibit, but the tey do
not change considerably.

Stochastic corrections to the deterministic high-dimensional limit of one-pass SGD have been re-
cently discussed in a broad setting by [ ]. In particular, this work has shown that close to
a fixed point the process for the sufficient statistics (3.7) can be well approximated in the high-
dimensional limit by a diffusion process with drift potential given by the corresponding deter-
ministic ODEs. We follow a similar strategy, and consider the following process specialized in the
casep = 1:

dM; = \Ifl(Q) dt + \/ZO’M(Q) -dB;
(3.25)

dQq1 = ®11(Q) dt + \/ZO’Q(Q) -dBy

where d B is a 2-dimensional Wiener process, and oy and o are defined as

oM\ _ Var(oa )~ (0p41,0) (M1l Covinn)~n(0,.1,0) [Mi, Qi1
oq) CovOn) N (0p51,0) M1, Qu1]  Varp xyono,50,0) [Quil )

(3.26)
The stochastic corrections are analogous with the ones obtained by [ ]; in Appendix C.6
we present an alternative derivation of them, following their approach, and we highlight the fact
that our formulae generalize their result. Notice that the stochastic correction is proportional to
\//d, consistent to a first order correction to the deterministic limit. Similarly to the discussion
in Section 3.3.2, the spherical constraint can be imposed by projecting the process in the sphere.
This is discussed in detail in Appendix C.2, and for p = 1 reads:

dM;

dar = <\I’1(Q) - 1\;1(1)11(9)) dt + z <UM - WUQ) -dB; (3:27)

d 2
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Figure 3.1 compares different instances of finite size simulations with instances of the SDE (3.27)
with the same initial condition. Although the stochastic correction offers a better description of
the process at large but finite dimensions, we find that quite surprisingly they have a small impact
in the exit time. Hence, the formulas (3.22) & (3.23) derived in the Section 3.3.2 for random
initialization provide a good approximation to the exit time. In Appendix C.4 we discuss how to
derive an exit time formulae with the stochastic corrections, both annealed and quenched one.
As just shown, the new formulas do not offer any improvements compared to the deterministic
ones, nevertheless the stochastic process can describe the dynamics even when the initialization is
exactly m = 0, that is a fixed point of the ODE.

To summarize, in this section we have shown that the deterministic ODEs provides a good approx-
imation for the precise number of samples required for escaping mediocrity in high-dimensions.
In other words, stochasticity does not help in navigating the flat directions at initialization and
correlating with the signal.

3.4 The role of width

Thus far our discussion has focused on the well-specified case. We now discuss the role of width
in escaping mediocrity. Our starting point are the deterministic ODEs (3.11) for the sufficient
statistics derived in Section 3.2. As in our previous analysis, we focus on the spherical setting
where w; € S1(/d), implying Q;; = 1, see Appendix C.2 for a detailed derivation. First,
we derive analytical expressions for the exit time for arbitrary width p > 1 in the particular case
where the second layer is fixed at initialization ag = 1,Vj € [p]. The role played by the second
layer is then discussed in Subsection 3.4.1.

Differently from the p = 1 case, the process cannot be described by a single sufficient statistic,
and instead we have to track »(» — 1) /2 non-diagonal entries of Q (it is a symmetric matrix), and
p components of the vector M. Note that equation (3.21) remains valid to define tcy, and can
be solved numerically. An analytical expression for the exit time can be derived under similar
assumptions to the ones discussed in Section 3.3.2, although the derivation is significantly more
cumbersome. Full details can be found in Appendix C.3. The final expressions for the annealed
and quenched exit times are given by

T(p+1)d+(p+1)(1=T)
) _ 1 [ 2p }

ext , (3.28)
8[1;<1+;+;2+§)}
Tp(p+1)d+(2p0p—70)(1-T)
(qne) IOg |: 2uop :|
texe  =E (3.29)

o,To~Pg . L4 A
8[1—p<1+p+p2+2>]
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Figure 3.2: Ratio between the measured tex from simulations and the corresponding analytical
formula (square = annealed, circle = quenched). We average over many initial conditions, for
different values of p. The ratio 7/p has been kept constant for different simulations.

With the distribution of the variables 79 and pq given by

P p P
10, TO ~ Pz‘f where Pg = dZ(uj ~v)2,2dz Z (uj - w)? | withwv,uj ~ ST1).
j=1 j=11=j+1

Notice that ¢y is a monotonically decreasing function of the width. Nevertheless, forany p > 1,
the leading order dependence in the dimension is texc = logd. Hence, despite helping to escape
mediocrity, increasing the width cannot mitigate it. This can be contrasted to other aspects in
which overparameterization can significantly help optimization, for instance with global conver-
gence [ ]. Interestingly, the minimal escaping time

1 T 1)d H1-T
tgtﬂ) i lOg( (p+ ) + (p+ )( )
4 2p

)

, obtained by choosing the learning rate that minimizes the sample complexity for escaping, has
the same pre-factor for any width p > 1, with the only differences being the dependence in p
inside the logarithm and in the time scaling ¢ = ¥7/pd. At infinite width p — o0, this simply
amounts to a factor 122;‘? with respect to p = 1. Details of this computation can be found in

Appendix C.3.4.

Figure 3.2 compares our analytical formulas (3.28) and (3.29) with real one-pass SGD simulations.
The simulation are averaged over many different instances of the initial conditions, and the ratio
7/p is kept constant when varying p, for not having discrepancies due to the different learning rate
scaling. It’s interesting to notice how the two different formulas give the same outcome for large
width p > 1. Moreover, for narrow networks they essentially differ by a d-independent constant.
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Figure 3.2 also suggests that, as for p = 1, the stochasticity can be neglected in the estimation of
the exit time. In Appendix C.5 we provide further evidence of that.

3.4.1 Training the second layer

In the previous section, we have derived analytical expressions for the exit time in the particular

0
. . j .

second layer does not significantly change our conclusions.

case of fixed second layer weights a7 = 1. Here, we provide numerical evidence that training the

The key challenge is that by training the second layer we can’t measure fey as the time needed to
escape the risk at initialization. Indeed, from equation (3.21) it can be seen that in the very first
steps of the learning the vector a changes slightly to adapt to the initial conditions, thereby fitting
the noise. In this scenario, instead of looking directly at the risk, we can instead use the largest
component of the correlation vector 1 as a measure on how much the network has learned. At
random initialization, this is of order 1/v/d and grows to 1 as the neural network correlates with
the target weights. A natural choice for initializing the second layer weights is a? =1,Vj € [p].
In principle, this initial condition guarantees that the risk at initialization is exactly equal to the
case where a; is fixed. On the other hand, as we already point out, the initial plateau where the dy-
namics gets stuck depends on the particular second layer initial condition. Even for other choices
of initialization, e.g. a; ~ Bernoulli(1/2), the dynamics quickly goes to a plateau, so it does not
really matter which a? is used. Therefore, for simplicity we choose a homogeneous initialization
a? = 1. Figure 3.3 compares the evolution of the maximum correlation when learning the second
layer or not, for different values of p.

It is important to stress that we are not claiming that the time needed to reach the minimum of
the population risk is the same when training or not the second layer, as can be seen in Figure 3.3.
Instead, our result highlights that the time needed to escape the flat directions at initialization are
close. In fact, after the two layer neural network has escaped mediocrity, the dynamics can be very
different whether the second layer weights are trained or not. For instance, a could become sparse
with just a few neurons contributing to the output, or it could remain close to homogeneous
a; = 1, and with all neurons correlating with the target. Although studying the dynamics after
escaping mediocrity is surely an interesting endeavor, it’s out of the scope of this manuscript.



54 CHAPTER 3. ESCAPING MEDIOCRITY

100F — [— 10°F ‘ .F—

£ g
X x
© I I © I I
€ f0-4 103 1072 107! S fo-4 103 102 107!
10-1L 107t | ]
104 1073 102 1071 10° 104 10-3 1072 10-! 10°
t t

Figure 3.3: p = 20 (left), p = 50 (right), d = 1000. Comparison between the growth of maxm
throughout the learning process, when the second layer is fixed (blue) and trained (green). The
dynamics is obviously different far from the starting point, but when we zoom close to the exit
point, the two processes have the same behavior, ¢y included.

3.5 Conclusion

In this work we have derived a sharp formula for how many samples are required for a two-layer
neural network trained with one-pass SGD to learn a quadratic target in the high-dimensional
limit. In particular, we have shown that increasing the width can only improve the sample com-
plexity by a pre-factor, with the overall scaling with the dimension remaining of the same order
n = O(dlogd). Therefore, for this target overparameterization does not significantly help op-
timization, providing a prototypical example of a hard class of functions for learning with SGD.
Our results rely on a low-dimensional description of SGD in terms of a stochastic process describ-
ing the evolution of the sufficient statistics in the high-dimensional limit. Surprisingly, we have
shown that deriving the sample complexities from the deterministic drift of this process with small
initial correlation with the target provides a fairly good approximation of the exit time as com-
puted from the full process with zero initial correlation, showing stochasticity does not play a
crucial role in escaping mediocrity for this problem.
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Chapter 4

Online Learning and Information
Exponents: On The Importance of

Batch size, and Time / Complexity
Tradeoffs

Luca Arnaboldi, Yatin Dandsi, Florent Krzakala, Bruno Loureiro, Luca Pesce, and
Ludovic Stephan

ABSTRACT. We study the impact of the batch size ny on the iteration time 7" of training
two-layer neural networks with one-pass stochastic gradient descent (SGD) on multi-index
target functions of isotropic covariates. We characterize the optimal batch size minimizing
the iteration time as a function of the hardness of the target, as characterized by the infor-
mation exponents. We show that performing gradient updates with large batches np S d‘’?
minimizes the training time without changing the total sample complexity, where £ is the in-
formation exponent of the target to be learned [ ] and d is the input dimension. How-
ever, larger batch sizes than n, > d'’? are detrimental for improving the time complexity
of SGD. We provably overcome this fundamental limitation via a different training proto-
col, Correlation loss SGD, which suppresses the self-interaction term in the loss function.
We show that one can track the training progress by a system of low-dimensional ordinary
differential equations (ODEs). Finally, we validate our theoretical results with numerical
experiments.

4.1 Introduction

Descent-based algorithms, such as Stochastic Gradient Descent (SGD) and its variations, are the
backbone of contemporary machine learning. Their simplicity in implementation, efficiency in
operation, and notably effective performance in practice highlight their importance. A mathe-
matical understanding of SGD’s effectiveness remains a key focus in the field. Recent progress
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has been particularly noteworthy in the realm of shallow neural networks. A sequence of works
demonstrated that optimizing large width two-layer neural networks can be mapped into a convex
optimization problem over the space of probability measures of weights, the so-called mean-field
analysis [ ; ; ; ]. Following this breakthrough, a large part of the theo-
retical effort has shifted to describing what class of functions can be efficiently learned by SGD,
i.e. time and computational complexities required to learn a given class of functions. This has
been, in particular, thoroughly analyzed in a series of recent works focusing on isotropic distribu-
tions (e.g. Gaussian, spherical or in the hypercube) and targets depending only on a few relevant
directions (a.k.a. multi-index models). A key result from this literature is that the time complex-
ity of SGD scales with the covariates dimension according to the so-called information exponent
[ ] for single-index and leap complexity [ ; ] for multi-index targets, spark-
ing increasing interest from the theoretical machine learning community over the last few months
| ; ; ; ; ; ; ; I

Our work follows this thread, focusing instead on the effect of batch size 1y, parallelization, and
sample-splitting into the overall complexity required to learn a multi-index target. Instead of look-
ing at data one-by-one, as is common in theoretical studies, we investigate the finite n; problem,
and characterize the time/complexity tradeoff when learning with one-pass SGD. Our central goal
is to paint a complete picture of how fast generalized linear models and two-layer neural networks
adapt to the features of training data as a function of 1, and the structure of the target function.

Our analysis sheds light on a fundamental limitation of one-pass (or online) SGD, namely that
for batch sizes larger than the input dimension, the dynamics of the training algorithm is domi-
nated by negative feedback terms that do not permit to reduce the time iterations needed to learn
the target. Therefore, we provide a rigorous solution to this fundamental limitation of SGD by
considering gradient updates on the correlation loss. Our approach, drawing inspiration from the
summary statistics method employed by [ s ; ], concentrates on the overlaps of
neurons with the target subspace and their norms. This differs from recent studies, such as those
by [ ]and [ ], which focus on the full gradient vector.

4.2 Setting, contributions, and related works

Consider a two-layer neural network with activation function ¢ and first and second layer weights
Y ¥ g
given by W € RP Xd and @ € RP respectively:

12) = =3 ajo((z,w;)). (4.1)
P =

We are interested in studying the capacity of f tolearn from trainingdataD = {(2",y"),¢n] €
R4+1}. In the following, we work under the following setting.

Data model —  As hinted in the introduction, we focus on the case the (noisy) labels depend
on the covariates only through a projection over a k-dimensional subspace:

y =W (W*2") + VAL, 2~ N(0,1g) (4.2)
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Figure 4.1: Time / Batch size tradeoff for weak recovery: Phase diagram illustrating different
SGD learning regimes as a function of the batch size exponent 1 = log, ny, and weak recovery
time exponent ! = log, T'. The analysis is dependent on the target’s information exponent £, this
particular plot is valid when £ > 3. Not correlating region: SGD is not able to achieve weak re-

covery. SGD s not able to perform weak recovery, but Correlation loss

SGD overcomes this limitation. Weak recovery region: SGD successfully achieve weak recov-
. . . 14 e e s

ery. Note that it exists an at batch size n, = O(d"/?) that minimizes the number

of iterations needed by SGD, and another optimal point at ny, = O(d*~1) for Correlation Loss.
The critical line where nj, = Q(d*~!) is not addressed by our formal. See details about the other
two regions (Poly-log Regime and One-step regime [ ]) in Appendix D.4.
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where W* = {w} },¢p) € R¥*4 are the target weights, h* : R¥ — R is a non-linear activation
function, £&¥ ~ N(0,1) is the label noise with variance given by A > 0. We focus on the
case where k& = O(1) and d is large, i.e. the label only depends on a few directions of a high-
dimensional ambient space. The target function f*(z) = h*(W™*z) is often referred to in the
literature as a multi-index model.

Note that the setting above where we assume a generative model for the data and study the ca-
pacity of a model to learn is also known as teacher-student model in the literature. We adopt this
terminology and refer to f* and f as the teacher and the student functions, respectively. Similarly,
we refer to W* and W as the teacher and student weights.

Hardness of the learning task —
by two-layer networks is arguably one of the key questions in theoretical machine learning. The
pivotal work of [ ] provably describes that for & = 1, the hardness of the learning task is
encoded by a single number, the information exponent £. More precisely, given the activation h*
in (4.2), £ is the lowest degree of the Hermite polynomials {He; } jcn appearing in the Hermite

Characterizing what class of targets are efficiently learned

expansion of h*. This notion generalizes direction-wise for multi-index models (K > 1), where £
is known as leap complexity [ I

Definition 4.1 (Information Exponent [ .

¢ =min{j € N: Ecpno1) [ (§)He;(€)] # 0} (4.3)

Training algorithm —  Given the training data D, we consider the training of (W, @) under a
sample splitting scheme: the data is partitioned D = U?zl Diinto T = LN /an disjoint batches
Dy of size ny, which are used, one every iteration, to train the network. We consider a common
assumption for the training algorithm that is to decouple the training of the hidden weights W
and the second layer weights a. By keeping fixed the second layer weights at initialization a = ay,

the hidden layer weights W are estimated using (projected) SGD:

’wj7t — ’Yijtht

Wi 41 = A vt € [T],Vj € [p] (4.4)
H'wj,t - ’Yij,th ‘
where:
. 1 &
Ry = o Z(?JV - f(z")?, vt € [T] (4.5)
v=1

is the empirical risk over a batch of data. Two comments are in place. First, the gradient at each
step is computed using the empirical loss given by fresh, previously, unseen samples coming from
D;. Each gradient is thus an unbiased estimator of the true gradient, which means that on average
this algorithm minimizes the population risk over W:

R =By |50~ 1)) (46)
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Second, the spherical projection allows us to focus just on the direction learned by the network,
putting aside the effect of the change of the norm of the weights. Note that in equation (4.4) we
have kept the read-out layer a fixed. Optionally, the second layer could also be trained with SGD,
as the first layer, or even with the Moore-Penrose pseudo-inverse solution; In this paper, however,
we consider it fixed and focus on the feature learning step, i.e., the recovery of the low-dimensional

space spanned by WW*.

High-dimensional regime — We focus on the high-dimensional regime where d — oco. Of
particular interest is the case where the batch size ny, scales with the dimension d. Indeed, in mod-
ern machine learning, and in particular in the realm of distributed and federated learning, scenar-
ios with large batches, a single pass, and few iterations often become the norm [ ; ]
(as for instance when training large language models), further underlining the relevance of this
scenario.

More precisely, we assume a scaling of the relevant parameters, i.e., learning rate and the batch
size, with d, as follows

v = 'yodf‘; and ny = ned”, (4.7)

with ¢t > 0 and 0 could possibly be any real value. The exponents (0, 1) characterize the Time /
Complexity tradeoff illustrated in the phase diagram (Figure 4.1). More precisely, the figure shows
the time complexity T = Tpd? as a function of the batch size exponent y1. The time exponent
() is linked to the learning-rate exponent (§) and the information exponent (£), and determining
this relation is the main object of analysis of the following sections.

Weak recovery of the target — The central object of our analysis is to characterize the time
iterations needed for the SGD dynamics defined in Equation (4.5) to learn the low-dimensional
features W*. More precisely, we are interested in studying the number of steps to achieve order
one correlation with the target weights W*. We refer to this condition as weak recovery of the
target subspace, formalized in the following definition.

Definition 4.2 (Weak recovery). The target subspace V* is defined as the span of the rows of the
target weights W*:

V* = span(wy, ..., wg) (4.8)

We define the following weak recovery stopping time for a parametern) € (0, 1) independent from
d:

th =min{t > 0: [WW*T||p > n} (4.9)

Our key objective is to characterize the largest affordable batch size 14, to achieve weak recovery
of the relevant target subspace V* while minimizing the training time iterations 7". Indeed, the
updates of one-pass SGD in Equation (4.5) consist of sums of independent terms that can be
parallelized efficiently with decentralized learning protocols.

Our main contributions in this paper are the following:
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* We study how the batch size influences the number of steps required to learn a target func-
tion, for different information exponents of the problem. We introduce a schematic phase
diagram describing the different learning regimes, see Figure 4.1.

* We show that performing gradient updates with large batch sizes can reduce the training
time without changing the total sample complexity to weakly recover the teacher subspace
only up to ny < d/? samples per step, with d the data dimension and £ the information
exponent of the target. Beyond this limit, larger batch sizes are detrimental for one-pass
SGD.

* We characterize that it is possible to improve over this fundamental limitation of one-pass
SGD by using gradient updates on the correlation loss, namely Correlation loss SGD. We
provably show that the number of steps needed to weakly correlate with the target with
this new training protocol can then be pushed down to 7' = polylog(d) when using batch
sizes ny, = O(d*~1), with £ the information exponent. Additionally, we provide sharp
prescription on how to scale the learning rate with batch size and input dimension, in order
to achieve the best time-memory tradeoff.

* We show that the asymptotic training dynamics is described by a system of Ordinary Differ-
ential Equations (ODEs) that can be solved exactly. We leverage on the ODE description
to characterize the different learning phases of two-layer networks when initialized with
non-vanishing initial correlation with the target direction to be learned (warm starts). Fur-
thermore, we also discuss finite d corrections to the asymptotic dimension-free description.

* Finally, we validate and illustrate our theoretical results with numerical experiments.

The code to reproduce representative figures is available in our GitHub repository. We refer to
Appendix D.5 for details on the numerical implementations while the rigorous proofs of the main
results are detailed in Appendix D.1.

Other related works — The dynamics of Stochastic Gradient Descent (SGD) in two-layer
neural networks, particularly when trained on synthetic Gaussian data, have been a topic of in-
terest since the seminal works in the mid-1990s | ; ; ; ]. This area has experi-
enced a resurgence in recent years [ ; ; ; ; ; ; ;
; ; I
Many theoretical efforts highlighted the class of functions that are efficiently learned by two layer
neural networks. In the context of single-index targets, [ ] introduces the notion of infor-
mation exponent to quantify the hardness of the learning task. Similarly, for multi-index models,
[ ; ], building on their earlier work [ ], demonstrated how the leap com-
plexity of target functions dictates the amount of training samples needed from two-layer net-
works in the mean-field limit to learn the target. Note that [ ] also considered the case of
ny S O(d). Numerous theoretical studies devoted to the understanding of the feature learn-
ing regime in two-layer networks often assume an asymptotically vanishing initialization for the
second layer weights ag in Equation (4.1), see e.g. [ ; ; ]. Although this
assumption is amenable for theoretical characterizations, our analysis provably shows that a care-
tul reasoning on the second layer magnitude is needed to offer a complete portrait of the learning
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dynamics of SGD. More precisely, we describe a sharp divergence when the batch size ng, > d?
between the dynamics of SGD when optimizing the MSE loss (vanilla SGD), in contrast to the
correlation loss £ = n%, Zue[nb} 1 —y” f(2") (Correlation loss SGD). The latter training proto-
col is indeed equivalent to consider an asymptotically vanishing second layer weights a at initial-
ization in the optimization routine, e.g. see [ ].

Closer to us, the analysis of the fz7:s¢ gradient descent step with large 7y, has been discussed in detail
in recent papers [ ; ; 1. [ ] showed that a single large learning rate gra-
dient step allows beating kernel methods when the number of training samples is proportional to
the input dimension. While their results are limited to single-index target and to a single gradient
step, [ ] further showed that with n = w(d?) samples, two-layer nets can learn multi-index
target function with zero first Hermite coefficient (¢/=2). [ ] extended their conditions
on the sample complexity to general £ > 1, showed this complexity is optimal for single-step
learning, and extended the results to higher information exponents. Although motivated from
different objectives, [ ] heuristically sketch a phase diagram for the performance of SGD on
realistic datasets as a function of the algorithm’s relevant parameters, i.e. batch size and learning
rate.

A common assumption in theoretical studies is to consider sample-splitting schemes for the train-
ing protocol. At each iteration, the optimization algorithm is run using a fresh batch of observa-
tions of the model, drawn independently of past iterations; this routine has been used extensively
in the analysis of iterative algorithms (see e.g. [ ; ; ; ; 1).

4.3 Time / Complexity tradeoffs

In this section, we characterize the intertwined dependence between the batch size and the hard-
ness of the learning task in determining the number of one-pass SGD iterations needed to achieve
weak recovery of the teacher subspace as in Definition 4.2. We offer a detailed picture of the trade-
offs to consider in order to minimize the training iteration time 7", compactly illustrated in the
phase diagram in Figure 4.1.

Network initialization — We consider random initialization for the hidden layer weights of
the network (4.1), while the second layer weights are kept fixed:

wjo ~ Unif(S™Y), ajo=1  j€p (4.10)

We will refer to this situation as cold start, since the initial network correlation with the target
directions is vanishing when d — +4-00.

Generalized Linear Models — The seminal work of | ] studies the weak recovery prob-
lem for Generalized Linear Models (GLMs), i.e. p = 1, when learning single-index targets (k =
1). Starting from randomly initialized networks as defined in (4.1), the time iterations needed
for one-pass SGD (with one sample per batch) to achieve weak recovery of the target direction
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respects:

od=1  ift>2
I(0)=X O(dlogd) ift=2 (4.11)
o) ift=1

where £ is the information exponent of the target f*.

As far as weak recovery of the target subspace is concerned, the characterization of multi-index
targets follows the same lines of thought just replacing the information exponent by the leap in-
dex of the target, e.g. see Definition 3 of [ ] or Definition 1 of | ]. Similarly to
the information exponent definition, the leap index is the lowest rank of the tensors appearing
in the Hermite expansion of the target f*. Therefore, we choose to study in the following the
training dynamics for the p = k = 1 scenario for general batch sizes . This assumption is
useful to provide rigorous guarantees as it largely reduces the complexity of the projected SGD
dynamics. However, we argue (supported by numerical simulations in Appendix D.5.1) that the
same phenomenology will hold for larger values of p and k.

4.3.1 Weak recovery with one-pass SGD

Consider the gradient descent dynamics defined on the hidden layer weights by Equation (4.4).
We focus on the description of the time evolution of the correlation between the network’s hidden
layer weight and the target direction:

my = <wt,w*> (412)

Our first main result is to characterize the time to achieve weak recovery of the target direction w™
as a function of the batch size and the information exponent of the target. We make very weak
assumptions on the activation and labeling functions, namely only assuming a sub-polynomial
growth:

Assumption 4.1 (Polynomial growth). The activation function o is differentiable everywhere,
except maybe at a finite set of points. Both o' and [* are sub-polynomial, i.e. there existsa q > 0
and a constant C such that forany v € R

lo'(z)| < C(1+2)? and |f*(z)] < C(1+x)? (4.13)
Assumption 4.2 (Well-posedness). Lez (cy,) >0 and (cf) x>0 be the Hermite coefficients of o and
h*, respectively. Then cg # 0, and if U is even, then coc; > 0.

Assumption 4.3 (Initialization). There existsa k > 0 such that mg > K/ V. Further, if { is
odd, then my is such that
cecymo > 0

Assumption 4.2 ensures that the optimization problem is achievable for gradient flow on the pop-
ulation loss R. Indeed, one can show that when m ~ 0,

R = Ry — 0! cpcym® + o(m?);



4.3. TIME/COMPLEXITY TRADEOFFS 63

as a result, if £ is even and cycj < 0, then m = 0 is a local maximum of R and weak recovery is
impossible. When £ is odd, the point m = 0 is always a strict saddle, so Assumption 4.3 ensures
that we start on the correct side of the saddle. Under the initialization scheme described by Equa-
tion 4.10, the first condition is satisfied with arbitrarily high probability upon decreasing x, while
the second is a 1/2-probability event.

We are now in the position to formally state the result:

Theorem 4.1 (Projected SGD weak recovery). Consider the projected SGD algorithm with square
loss (Equations (4.4), (4.5)), and suppose that Assumptions 4.1-4.3 hold. There exist absolute con-
stants ¢y, Cy such that if

4
v < ¢y min <1,nbd_(2\/1) Iog(d)_CW> )

then for large enongh d we have with probability 1 — ce~clog(n)”

th < Cfld(g’l)“] log(d). (4.14)

4.3.2 Illustration of Theorem 4.1

The phase diagram in Figure 4.1 exemplifies Theorem 4.1. We identify three learning phases:
SGD learning, Correlation Loss SGD learning, and SGD impossible. These regions are explored
by varying the batch size and learning rate exponents d, y. Our theory characterizes the optimal
learning rate to achieve the lowest possible time iterations of SGD to weakly recover the target
direction w* when the batch size respects n, = o(d*~!):

L if p < tf2
Fuy=] 270 el (4.15)

0 otherwise
Weak recovery region — In the region 15, < d*/? there is a net benefit in using larger batch sizes
in the SGD optimization. This section shows a similar phenomenology to [ ]z if we opti-

mally choose the learning rate exponent 6* (1), the number of time iterations needed to weakly
recover the teacher direction w* is simply T'(np) = 1(4) /n,, rescaling straightforwardly the time
complexity of the n, = 1 case in Equation (4.11). By considering higher values for the learning
rate (0 < 0*(u)) SGD is not able to weakly recover the signal as the dynamics is dominated by
terms contracting the network / target correlation to zero, defining the SGD impossible region.
Vice versa, if one takes into account lower learning rates (6 > 6*(u)), it is certainly possible to
weakly-recover the target, but at a higher time complexity cost.

Self-interaction regime — Conversely, the region d? < ny < a1 does not adhere to
the same straightforward paradigm. Indeed, standard SGD is not able to achieve weak recovery of
the teacher direction using 7'(ny,) = 1(6) /n, time iterations, but a simple modification of it - that
we call Correlation Loss SGD - is able to. The number of steps needed to weakly recover the target
with this new training protocol can then be pushed down to T = polylog(d) when using batch
sizes np = O(d™*=11)) We refer to the next section for a detailed analysis of this regime.
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One-step regime — Recent works have discussed the role of one large learning rate gradient

descent step (gzant step) when training of two-layer networks [ ; ; ]. More
precisely, [ ] sharply characterizes the section ny, = Q(d*) where it is possible to learn
the teacher direction in just one step by setting the learning rate to 5giam_step (1) = %ﬁg

4.3.3 The self-interaction regime

Surprisingly, when the learning rate becomes extensive (y = w(1)), the usual SGD algorithm
struggles to achieve weak recovery. This can be explained by writing the gradient update as

w; — ygr = (1 — v(gy, wy))w; — 7g;-,

where gy, g;i- are the gradient at time ¢ and its component orthogonal to w;, respectively. As a
result, projected gradient descent can be seen as a version of spherical SGD with a random weight
decay v(g¢, wi). When v = w(1), this weight decay also becomes of order w(1), which leads to
very unpredictable behavior of the process (w¢);>0.

In this section, we study a modified version for the training protocol, in which the self-interaction
term (g, wy) is much smaller; we will refer to this new algorithm as Correlation loss SGD (see e.g.

[ 1), as it effectively amounts to gradient updates on the correlation loss:
~ 1
(= — 1—y"f(2" .
- > 1-yf(zY) (4.16)
vE[np]

The above-described protocol is equivalent to consider a vanishing initialization scale for the sec-
ond layer weights ag of the network 4.1. Such assumptions are often considered in different theo-
retical efforts (see e.g. [ ; ; ]). However, Figure 4.1 illustrates that a careful
analysis of the initialization scale a is needed to paint an exhaustive description of the SGD dy-
namics. Indeed, considering Correlation loss SGD allows to overcome the limitations highlighted
by Theorem 4.1 for projected SGD. In particular, Correlation loss SGD is able to access the yellow
region depicted in Figure 4.1 where the time complexity can be reduced again to T'(np) = 1(0)/n,
using the optimal learning rate 6* (1) = /2 — i even for 1 > /2. This is precisely stated in the
following theorem.

Theorem 4.2 (Correlation Loss SGD weak recovery). Consider the projected SGD algorithm with
correlation loss (Equations (4.4), (4.16)), and suppose that Assumptions 4.1-4.3 hold. There exists
absolute constants c.,, Cy such that if

£
7 < ¢y log(d)” min (nbd‘(”l), T;)

Then if d is large enongh, we have with probability 1 — ce™° log(n)?

£ < Cmax (1,71d(5_1)vo log(d)) . (4.17)
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, SGD SGD Correlation loss SGD ~ One step
withny < d'/2 with d*/? < ny < d™E=11)  withny = o (dmax“*lvl)) with ny = O(d")
T = O(d/n,) T =0(1) T = O(d/n,) T=1
N = 0(d) N = 0(d) N = 0(d) N = 0(d)
, T=0( i) T =0(ogd) T = O(dlogdfn,) T =1
N = O(dlogd) N = O(dlogd) N =0(dlogd) N =O0(d?)
9 T =0(d"/ny) T = O(d>1) T =0(d"/ny) T=1
N =0(d"?) N = O(npd”*1) N =0(d) N =0(d")

Table 4.1: Time / Complexity tradeoffs: Number of iterations 7" and the total number of sam-
ples IV needed to achieve weak recovery of the target for different training protocols in high dimen-
sions. Left: One-pass SGD of batch size nj, = d"?, in this regime the optimal time complexity is
obtained rescaling by 7, the result of [ ] for ny, = 1, i.e. by choosing the optimal learning
ratey = O(npd~?). Center-left: One-pass SGD with batch size d'/? < ny, < d™(=11) for
hard problems (¢ > 2) the sample complexity is significantly increased with respect to the n, = 1
case up to N = O(npd”>~1). The learning rate cannot be increased proportionally to n in this
region, fixed to be v = O(1). Center-Right: Correlation loss SGD with nj, = o(d™*(*=1,1)),
this training protocol overcomes the limitation of SGD when 13, > d/? and ¢ > 2; the total sam-
ple complexity is N = O(d’~1). The learning rate is fixed again to be proportional to the batch
size ¥ = O(nyd~"/?). Right: The target is weakly recovered with one GD step of nj, = O(d")
batch. The learning rate is chosen as y = O(d" ~ V) for the One Step routine [ ].

The derivation of Theorems 4.1 and 4.2 generalizes | ] which studies the ny, = 1 case. In-
formally, the result is obtained by analyzing the stability of the equation for the correlation my,
along with the requirement on the step-size for the suppression of the effects of the noise across
time. However, there is a major difficulty introduced by the large step-size regime: when the gra-
dient updates become larger, the Taylor-inspired bounds used in [ ] become vacuous. We
work around this problem by showing that in this regime, there is a one-step improvement which
jumps directly to meaningful correlation with the target vector. All details can be found in Ap-
pendix D.1. We provide in Table 4.1 a representative summary of the results in Theorems (4.1.4.2)
characterizing the time/complexity tradeoffs to achieve weak recovery of general single index tar-

get f*.

The theoretical predictions of Theorem 4.2 are evaluated in Figure 4.2. The plot compares the
student-teacher weight correlation (m; = (wy, w*)) achieved by vanilla projected SGD and Cor-
relation Loss SGD as a function of time. The teacher activation h* is fixed to be the third Hermite
polynomial (¢ = 3), and the batch size varies, effectively changing the region of the phase diagram
considered. In agreement with Theorem 4.2, the figure shows that Correlation Loss SGD is always
able to achieve faster weak recovery with respect to SGD. Furthermore, the batch size that can be
used with Correlation Loss SGD in combination with the optimal learning rate 6* (1) = ¢/2 —
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Figure 4.2: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGD and the Correlation Loss SGD, in difterent regions of the phase diagram, and for differ-
ent sizes d. The plot shows the test error as a function of the optimization steps. Both the teacher
and the student activation functions are fixed to 0 = h* = Hes, so the information exponent
is ¢ = 3. In all the three plots we vary the value of 1, while § = ¢/2 — p. Theorem 4.2 predicts
that the Correlation Loss SGD weakly recovers the target direction while SGD fails when § < 0,
in accordance to what is shown in the plot. Note that the numbers of steps needed for the target
recovery drastically decrease when p becomes large in accordance with Theorems 4.1,4.2.

is larger, as presented in the phase diagram of Figure 4.1.

Remark 4.1. Theorem 4.2 does not claim superiority of Correlation Loss SGD with respect to
plain SGD when trying to fully learn the target, but only for achieving weak-correlation faster (Def-
inition 4.2). As Figure 4.2 shows, Correlation Loss SGD escapes the initial dynamical plateau
faster, but is then limited by a loss function not designed properly to reach the global minimum.
In Appendix D.5 we investigate the possibility to combine both the algorithms sketched in Figure 4.2,
namely escaping the initialization plateau with Correlation loss SGD and then learn the function
with SGD; we refer to this protocol as Adaptive SGD. Moreover, as Figure 4.1 and Table 4.1 illus-
trate, the benefits of using Correlation loss SGD are limited to settings in which £ > 2. Indeed, the
Self-interaction regime (depicted in yellow in Figure 4.1) is not present for € < 2.

4.4 Exact asymptotic description

We now characterize the exact asymptotic description of the dynamics of two-layer networks
trained with SGD. In Figure 4.3 we sketch a representative phase diagram as a function of the
relevant parameter of the algorithm, i.e. the learning rate and the batch size. The plot identifies
different regions of parameters defining the network’s learning efficiency.
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Figure 4.3: Exact asymptotic description: Exact asymptotic characterization of the dynamics of
two-layer networks trained with SGD as a function of the batch size (n) and the learning rate (-y).
Left: Illustration of the different dynamical regimes in a compact phase diagram. Population
flow region: The dynamics is equivalent to population gradient flow. Noise learning region:
The high-dimensional noise terms dominate the dynamics. Saad & Solla line: The learning dy-
namics attains a plateau characterized by the noise variance [ ].

The deterministic low-dimensional description of the Equation (4.20) is not valid. Right: The
figure shows a comparison of numerical simulations (dots) and theoretical prediction (continu-
ous lines) for three instances (0, 11) associated with different learning regimes (identified by the
corresponding colors). For both theory and simulations, the test error is plotted as a function of
SGD iterations. We consider a matching architecture problem, i.e. h* = o = erfactivation, and
hidden unitsp = 2, k = 2.

Sufficient statistics — Our study, like many other efforts [ ; ], is based on the
concentration of the neurons’ overlaps with the target subspace and their norms. This approach
only requires the knowledge for every optimization step t € [T'] of the above defined overlaps,
often referred to as sufficient statistics. Let the pre-activations be defined as:

>\t = WtZ and AN =W*z (4.18)

Thanks to the Gaussian nature of the data, the pre-activations at any time step ¢ are jointly Gaus-
sian vectors (A¢, A*) ~ N (0p4, ) with covariance Q; € RPHR)x(p+k),

_(Q M)\ _ (ww, T wwrT
= (MJ P \ww, wrwrT (4.19)
We refer to My, Q) as the order parameters.

4.4.1 Closed form equations

We are now in the position to state our proposition that provides a set of deterministic ODEs to
describe one-pass SGD in high-dimensions. This portrayal depends ultimately only on the values
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of the learning rate and the batch size, as quantified by the exponents (0, 11).

Proposition 4.1. Consider QU(t) the solution of the system of ordinary differential equations

dM, M,
o =Yir(Q) - 5705(9)
o 0 (4.20)
il il
de =®;(2) — 7] (®55(2) + ()
where we introduced:
U, () :1{620ﬂ26+u21}%aj¢jr
VY
D;i(2) :1{620ﬂ26+p21}£ <GJ¢JG1F + al¢szF) (4.21)

2
70 HD
+ 154 u>1 0264 p<1) g ajaigy

and auxiliary integrals bearing expectations over N'(0, ):
Vjr =E [0/ (A)A7E]
o =E [0/ (X)) NE]
0 =K [0'()0" (W)€?]

€ =0 () = 3 ajo(N
j=1

Then, there exists a constant C' independent from the input data dimension, such that the discrete
stochastic process for the covariance {Q }1en in Equation (4.19) induced by projected SGD dynamics

is approximated by the deterministic covariance matrix QU(t) with precision:

E||Q: — Q(tA7)|| < e“ VAT (4.22)
withT = tAT and At = qmax(=0:-20+1—p)
We refer to Appendix D.2 for the informal derivation of the above result.

In Figure 4.3 (left) we summarize the results of Proposition 4.1 in a compact phase diagram. The
following dynamical regimes appear:

* Population Flow: The dynamics of the sufficient statistics described by a deterministic
set of ODE:s (4.20) is equivalent to population gradient flow.

* Noise learning: The dynamic is dominated by high-dimensional noise, and consequently
the algorithm does not learn the target; the behavior is reflected in the ODEs.

* Saad & Solla line: The ODE description in Proposition 4.1 is equivalent to the piv-
otal work on 2LNNs [ ]. In particular, the original work corresponds to the point
(0, ) = (1,0). The learning dynamics is blocked on a plateau characterized by the noise
variance in the labels.
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* Large batch interaction: The dynamics is given by population gradient flow combined
with thelarge-batch corrections terms, i.e. contributions coming from interaction between
samples z¥, 2’ in the same batch. This region corresponds in parameter space to § =
O,u>1.

* Phase coexistent point: The point & = 0,1 = 1 is the only point in parameter space
where all term in the equations are not negligible.

* Dynamics not defined: For a broad range of values of (, 1) the SGD dynamics is not
effectively described by a set of low-dimensional deterministic ODEs.

In the right panel of Figure 4.3 we present a numerical investigation of three particular instances
of the regimes presented above. The plot shows a comparison of numerical simulations versus
the low-dimensional exact asymptotic characterization given in Equations (4.20). The values of
the learning rate and the batch size used for SGD training are varied to probe different regions of
phase diagram 4.3.

Remark 4.2. When the target’s leap index is £ > 1, the dynamic of SGD is dominated by a first
extensive search phase to achieve weak recovery of the teacher direction (Theorem 4.1). Therefore,
in order to probe interesting dynamical regimes for general single index teachers, we assume non-
vanishing initial correlations of the network’s hidden layer weights with the teacher’s ones when d —
+-00.

In Appendix D.5 we study the tightness of the exponential bound Equation (4.22); we argue supported
by numerical illustrations that (on the practical side) the low dimensional ODE description is valid

well beyond. the extents of Proposition 4.1, as already observed by other works [ s ] in
different context.
Non-asymptotic corrections —  Proposition 4.1 unveils a surprising result for the exact asymp-

totic description of two-layer networks. Indeed, the ODEs written in Equation (4.20) coincide
with the analogous ones for the single sample per batch case (n;, = 1), modulo trivial rescaling
of the parameters [ ]. However, a careful consideration of the self-interaction term in the
gradient is needed for correctly describing the low-dimensional process of the order parameters:
np
Yo )N )EE (2, 2) (4.23)
v'=1,v'#v
The asymptotic form of this term can be exactly computed to be (using Proposition 4.1 nota-
tions):

5 =E {U'(/\j)g (/\*)T} PIE [o'(M)ENT] + (4.24)
E |:0'/()\j)8()\J_)T:| (QL)_l E {a’()\l)é’/\ﬂ (4.25)

with AX = A= MP " A\*andQt = Q — MP'M". Although the contribution of the
above term is asymptotically vanishing in the ODE description (4.20) when d — 00, any the-
oretical description at finite d will effectively depend on gi)?lc . In Appendix D.5 we provide ad-
ditional numerical investigation on the importance of (4.24) and the role of large batch sizes for
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non-asymptotic corrections to the characterization in Proposition 4.1. Moreover, we note that
taking into account the presence of large batch size is pivotal to illustrate the time / complexity
tradeofts for weak recovery of the target subspace, as thoroughly discussed in Section 4.3.

4.5 Conclusions

In this manuscript, we have explored the intricate relationship between batch size and the effi-
ciency of learning multi-index targets using one-pass SGD on high-dimensional input data. Our
findings defy the conventional belief that larger batch sizes invariably lead to better results and re-
veal a critical batch size threshold, beyond which the advantages of larger batches wane in terms of
computational complexity. Applying gradient updates on the correlation loss one may, however,
navigate this limitation. Finally, we also provide a system of low-dimensional ODE to describe the
exact asymptotic of the SGD dynamics with arbitrary batch-sizes. Moving forward, we hope this
research paves the way for deeper inquiries into the optimization behaviors of learning algorithms,
prompting further examination of deeper networks and alternative loss functions.
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Chapter 5

Repetita Iuvant: Data Repetition
Allows SGD to Learn High-Dimensional
Multi-Index Functions

Luca Arnaboldi, Yatin Dandi, Florent Krzakala, Luca Pesce, and Ludovic Stephan

ABsTRACT. Neural networks can identify low-dimensional relevant structures within high-
dimensional noisy data, yet our mathematical understanding of how they do so remains
scarce. Here, we investigate the training dynamics of two-layer shallow neural networks
trained with gradient-based algorithms, and discuss how they learn pertinent features in
multi-index models, that is target functions with low-dimensional relevant directions. In the
high-dimensional regime, where the input dimension d diverges, we show that a simple mod-
ification of the idealized single-pass gradient descent training scenario, where data can now
be repeated or iterated upon twice, drastically improves its computational efficiency. In par-
ticular, it surpasses the limitations previously believed to be dictated by the Information and
Leap exponents associated with the target function to be learned. Our results highlight the
ability of networks to learn relevant structures from data alone without any pre-processing.
More precisely, we show that (almost) all directions are learned with at most O (d log d) steps.
Among the exceptions is a set of hard functions that includes sparse parities. In the presence
of coupling between directions, however, these can be learned sequentially through a hierar-
chical mechanism that generalizes the notion of staircase functions. Our results are proven
by a rigorous study of the evolution of the relevant statistics for high-dimensional dynamics.

5.1 Introduction

Gradient Descent-based algorithms such as Stochastic Gradient Descent (SGD) and its variations,
are a fundamental tool in training neural networks, and are therefore the subject of intense the-
oretical scrutiny. Recent years have witnessed significant advancements in understanding their
dynamics and the learning mechanisms of neural nets. Significant progress has been made, in

71
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particular, in the case of two-layer networks thanks, in part, to the so-called mean-field analy-
sis [ ; ; ; ]. A large part of the theoretical approach focused on one-
pass optimization algorithms, where each iteration involves a new fresh batch of data. In partic-
ular, in the mathematically solvable case of high-dimensional synthetic Gaussian data, and a low-
dimensional multi-index target function model, the class of functions efficiently learned by these
one-pass methods has been thoroughly analyzed in a series of recent works, and has been shown to

be limited by the so-called information exponent [ ] and leap exponent [ ; ].
These analyses have sparked many follow-up theoretical works over the last few months, see, e.g.
[ 3 5 H 5 5 s ; ], leading to a picture

where SGD dynamics is governed by the information exponent, that is, the order of the first non-
zero Hermite coefficient of the target.

A common point between all these works, however, is that they considered the idealized situation
where one processes data one sample at a time, all of them independently identically distributed,
withoutany repetition. This is, however, nota realistic situation in practice. Indeed, most datasets
contain similar data-points, so that repetition occurs (see e.g. for repetition and duplicate in CI-
FAR [ ]). Additionally, it is common in machine learning to repeatedly go through the same
mini-batch of data multiple times over epochs. Finally, many gradient algorithms, often used in
machine learning in Lookahead optimizers [ ], Extragradient methods [ ], or Sharp-
ness Aware Minimization (SAM) [ |, explicitly take a few gradient steps over the exact same
data-point. Itis thus natural to wonder if using such extra-gradient algorithms, or simply reusing
many times some data, would change the picture with respect to the current consensus.

There are good reasons to believe this to be the case. Indeed, it has been observed very recently
[ ] that iterating twice over large (O(d)) datasets was enough to alter the picture reached
in [ ; ; ]. Importantly, [ | showed that there exist functions that
can be learned over few (just two) batch repetitions, while they require a much larger (i.e. poly-
nomial in d) number of steps otherwise. While the set of function considered in this work was
limited, the conclusion is indeed surprising, thus motivating the following question:

Can data repetition increase the efficiency of SGD when learning any multi-index functions?

We establish a positive answer to the above question by the analysis of more realistic optimization
schemes with respect to the standard One-Pass SGD. Indeed, the hardness exponents developed
in the seminal works [ ; ] are substantially bound to the idealized training scenario
that considers i.i.d data. Slight modifications to this training scenario toward a more realistic set-
ting starkly change the global picture. Such slight modifications include:

(i) non-vanishing correlations between different data points, that is a natural requirement for
real datasets;

(ii) processing the same data point multiple times in the optimization routine, i.e., a standard
step in any algorithmic procedure when looping over difterent epochs.

We consider a simple yet analytically tractable single-pass training scheme: processing one Gaus-
sian sample at a time, but repeating the gradient step twice. This minor adjustment, common in
Lookahead optimizers [ ], Extragradient methods [ ], and Sharpness-Aware Mini-
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mization (SAM) [ ], significantly boosts efficiency. In fact, we will see that this approach
matches the performance of our best algorithms in most cases.

We show in particular that most multi-index functions are learned with total sample complexity
either O(d) or O(dlog d) if they are related to the presence of a symmetry, without any need for
preprocessing of the data that is performed in various works (See e.g., ; ; ;

]). Our results thus demonstrate that shallow neural networks turn out to be significantly
more powerful than previously believed [ ; ; ; ] in identifying rele-
vant features in the data. In fact, they are shown in many (but not all) cases to saturate the bounds
predicted by statistical queries (SQ) [ ] (rather than the more limited correlation statis-
tical queries (CSQ) bounds that were characteristic of the former consensus [ ; 1.
Equivalently, it roughly mirrors the prediction of the approximate message passing analysis in
[ ]. Our conclusions follow from the rigorous analysis of the overlaps between the trained
weight vectors with the low-dimensional relevant subspace that draws inspiration from the pivotal
works of [ ; ; ; I

Concurrently with the present work, [ ] also studies the properties of SGD under data
repetition in neural networks. We discuss the differences between our works in Section 5.3.2.

5.2 Setting and Main Contributions

Given a dataset of IV labeled examples {2”, 4" },¢[n] in d dimensions, we analyze the learning
properties of fully connected two-layer networks with first layer weights W = {w; } j¢[,), second
layer @ € RP, and activation functiono : R = R

V4
f(zW,a) = ;Zaja ((z.w;)) (5.1)
=1

We consider target functions that are dependent only on few orthogonal relevant directions k& =
O4(1) encoded in the target’s weight matrix W* = {w;} },¢x) € RFxd,

y' = f1(z") = hr(Wr2Y) (5.2)

This model for structured data is usually referred to as a multi-index model. Our main objective
will be to analyze how efficiently two-layer nets adapt to this low-dimensional structure during
training. To ensure that all necessary Gaussian expectations exist, we make the following non-
restrictive assumption on o, h*:

Assumption 5.1. The functions o and h* have at most polynomial growth, in the sense that there
exists a constant C' > O such that forall v € R, x € R,

lo(@)] < C(L+[2)C and [P*(x)] < O+ |])°. (5.3)

Training algorithm —  Our goal is to minimize the following objective:

R(W,a) =E., [L(f(2, W, a),y)] (5.4)

In this chapter the input co-
variate is denoted 2, playing
the role of @ in the rest of the
thesis.

The target f* plays the role
of the teacher and the net-
work f that of the student
from Section 1.2; we switch
to target/network here be-
cause f* and f no longer
share the same architecture.



This chapter departs from
the discrete/continuous time
convention of Section 1.2:
here t denotes the discrete
SGD step (called v there),
since v is reserved for index-
ing the individual samples
zv.
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where £ : R x R — Risaloss function, and the expectation is over the data distribution.

This objective is non-convex, and we do not have direct access to the expectation over the data.
A central question in Machine Learning is therefore to quantify the properties of the weights
attained at convergence by different algorithms. In this manuscript we consider a specific class
of one-pass training routines to minimize the empirical risk. First, we partition the dataset in
disjoint mini-batches of size g, i.e. D = Useir{2", ¥” }veftny+1,....(t+1)ny } Where T is the total

number of iterations considered. For each algorithmic step, we update the hidden layer neurons
W = {wj} e[y with the program A : (w1, 7, p, ) € RI*3 — wy g ; € RY

Algorithm 5.1 (Optimizer Main Step).

wiy1j = A(ws, v, p,np) = wyj — u Z Vw, ;L (f(zV; Wt(ﬂ)ﬂo%?/”)

" e (5.5)
ﬁj@j(p) = w; — pth,j‘c (f(zy; Wi, ao), yy)

This class of algorithms defined by the optimizer step A(+, 7, p, np), in which we consider the final
gradient update after taking a linear combination of the current iterate and its current gradient
(noted as W; (p) in the above), is broadly used in different contexts. Indeed, routines with positive
p parameters correspond to Extragradient methods (EgD) [ ], while with negative p have
been recently used in the context of Sharpness Aware Minimization (SAM) [ ]. For clarity,
we present our theoretical results with the above, easily interpretable, Algorithm 5.1. However,
our theoretical claims are valid in a more general setting; we refer to Appendices E.2 and E.4 for
additional results on more general optimizer steps.

As previously stated, the central object of our analysis is the efficiency of the network to adapt to
the low-dimensional structure identified by W*. Therefore, we focus on the learned representa-
tions by the first layer weights W; while keeping the second layer weights a; = ag fixed during
training. This assumption is favorable to performing the theoretical analysis and is largely used in
the theoretical community (e.g., [ s ; 1).

Numerous theoretical efforts have been devoted to understanding the sample complexity needed
to learn multi-index targets. However, an important aspect of many algorithmic routines consid-
ered is to exploit a clever warm start to initialize the iterates [ ; s H ].
We show in this work that such preprocessing of the data is not needed to learn all polynomial
multi-index functions in 7" = O(dlog d) with the routine in Algorithm 5.1. Instead, we con-
sider a fully agnostic initialization of the network:

Assumption 5.2. Foreach j € [pl, the initial first-layer weight wy ; is initialized according to
the uniform measure on the sphere:

wo,j i Unif(Sd_l ) .
The second-layer weights are drawn i.i.d in {—1,1}:

ao; "% Unif({—1,1}).
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Weak recovery in high dimensions — The essential object in our analysis is the evolution
of the correlation between the hidden neurons W' = {wj} ¢, and the target’s weights W,
as a function of the algorithmic time steps. More precisely, we are interested in the number of
algorithmic steps needed to achieve an order one correlation with the target’s weights W*, known
as weak recovery.

Definition 5.1 (Weak recovery). The target subspace V™ is defined as the span of the rows of the
target weights W*:

V* = span(wy, ..., wj) (5.6)
We define the weak recovery stopping time for a parametern € (0, 1) independent from d as:

th =min{t > 0: [WW*T||p>n} (5.7)

From Information Exponents to Generative Exponents — Recent works have sharply theo-
retically characterized the weak recovery stopping time for a variety of multi-index targets learned
with one-pass SGD. [ ] for the single-index case, then [ ] for the multi-index one
have unveiled the presence of an Information Exponent ¢ characterizing the time complexity
needed to weakly recover the target subspace V*, defined in the single-index case as

¢ =min{k € N: E, n01) [*(z)Hi(x)] # 0}, (5.8)

where Hj, is the k-th Hermite polynomial [ ]. Under this framework, the sample com-
plexity required to achieve weak recovery when the link function has Information Exponent £ is

[ ]

o@d~—") ift>2

T) = O(dlogd) ifl =2 (5.9
O(d) ifl =1.
These bounds have been improved by [ ] up to order d*/2; the latter matches the so-called

Correlated Statistical Query lower bound, which considers queries of the form E [y¢(2)].

However, this Information Exponent is not the right measure of complexity for low-dimensional
weak recovery. Some iterative algorithms, for instance, are known to perform drastically bet-
ter[ s ; ; H s ]. Recently [ ] introduced a
new Generative Exponent £* (generative exponent) governing the weak recovery time scaling for
algorithms in the Statistical Query (SQ) or Low Degree Polynomial (LDP) family. This exponent
is defined as

" =min{k € N: E, 0,1 [f(h*(2))Hy(z)] # 0 forsome f : R — R}, (5.10)

which allows for the application of arbitrary transformations of the labels before performing the
queries. Under this definition, the “hard” problems with £* > 2 are also impossible to learn for
the best first-order algorithm, Approximate Message Passing [ ]



76 CHAPTER 5. REPETITA IUVANT

We discuss in this work the extension of the generative exponent to the multi-index setting and
investigate the dynamics of specific gradient-based programs (Algorithm 5.1) as a function of
the freshly defined hardness exponent £*. These theoretical findings match the recent one of
[ ] on the computational efficiency of SGD in learning sparse k—parity (associated with

0 = k).

When the optimal transformation f is known, a simple SGD algorithm on (z, f(y)) achieves
the Generative Exponent lower bound. However, one problem remains: does there exist a class
of SGD-like algorithms that can achieve this lower bound agnostically?

Achieving lower bounds with data repetition — Although the performance of single-pass
SGDislimited by the Information Exponent of A*, the situation drastically changes when multiple-
pass algorithms are considered. Recently, [ ] proved that non-even single-index targets
are weakly recovered in 7' = O(d) when considering extensive batch sizes with multiple pass.
This begs the question of how good can a “reusing” algorithm be. We answer this question for

We quote the sharp bound; the class of polynomial link functions:
the additional, not-provably-
optimal polylogarithmic Theorem 5.1 (Informal). There is a choice of hyperparameters such that if h* is a polynomial

f‘act()r at gCHCl’atiVC CXP()nCnt b A . 1 . . 1
> 215 suppressed here and function, Algorithm 5.1 achieves weak recovery in O(d log d) samples.

carried in full (d log(d)?) by

the formal Theorera 5.2. This shows in particular that a simple gradient-based algorithm, which only requires seeing the

data twice, is optimal—in terms of SGD performance—for weak recovery of any polynomial tar-

gCt.

Learning representations — Learning relevant features from data is a fundamental property
of neural networks. However, much theoretical work has focused on lazy training in two-layer
networks [ ], where features are not effectively learned. In this regime, shallow networks be-
have as kernel machines, which struggle to adapt to low-dimensional structures in data [ ].
Understanding representation learning and corrections to the kernel regime is thus a key challenge
in machine learning theory [ ; 5 s 5 ]. In this manuscript we
provably characterize the number of iterations needed from Algorithm 5.1 to learn the relevant
features of the data, i.c., attain weak recovery of the target subspace. Our results provide the scal-
ing of the relevant hyperparameters (7, p) with the diverging input dimension d. The minibatch
size will be fixed to ny = 1 in the main body, and we refer to Appendix E.4 for the extension to
larger batch sizes.

Summary of Main Results

* We prove for single-index targets that one-pass gradient-based algorithms surpass the Cor-
relation Statistical Query (CSQ) limits established by the Information Exponent [ ]

* We unveil that the dynamics of the family of Algorithm 5.1 are governed by the generative
exponent [ ], with an additional polynomial restriction on the transformation of
the output.

* We generalize the notion of generative exponent to multi-index targets. As in the single-
index case, one-pass gradient-based algorithms can overcome CSQ performance dictated
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by the Leap Coefhicient [ ]. Our definition is consistent with the one of | ].

* We prove that all polynomial multi-index functions are learned by Algorithm 5.1 either
with total sample complexity O(d) or O(dlog(d)?) if associated with the presence of a
symmetry.

* The implementation of Algorithm 5.1 does not require pre-processing to initially correlate
the estimation with the ground truth, and learns the meaningful representations from data
alone. This is in contrast numerous findings (e.g., [ ; ; ] for single
index targets or [ ] for multi-index ones).

* We characterize the class of hard functions not learned in (almost) linear sample complex-
ity. We show, however, that such functions can be learned through a hierarchical mecha-
nism that extends the CSQ staircase first developed in [ ] to a different, larger set,
of functions.

* We validate the formal theoretical claims with detailed numerical illustrations. The code to
reproduce representative figures is available in the project GitHub repository.

5.3 Single-Index Model

5.3.1 Main results

We first consider, for simplicity, the class of single-index models, in which & = p = 1. This
corresponds to a mismatched setting of Generalized Linear Models, in which we want to learn

y = ((w* 2)), with f(z,w,0) = ao((,2)).
In this section we rigorously characterize the number of iterations needed for the class of Algo-

rithms 5.1 to perform weak recovery (as in Definition 5.1) in the context of single-index targets.
We establish a clear separation between the learning efficiency of the algorithmic family 5.1 and

One-Pass SGD, limited by the Information Exponent of the target to be learned [ ].
We start by introducing a restriction of the generative exponentin [ ] to polynomial trans-
formations.

Definition 5.2 (Polynomial Generative Exponent). We define U}, as the smallest integer k such
that there exists a polynomial p : R — R with:

E,n0,1) [P(h* () Hy(z)] # 0, (5.11)

Our assumptions on the SGD implementation and the target function are as follows:

Assumption 5.3. Algorithm 5.1 is run with single-sample steps (ny, = 1), and uses the correlation
loss

L(y,9) =1—yy.
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We also consider a spherical version of Algorithm 5.1, with

w; — YV L (f(z7w:(p), a0), ")

(5.12)
‘wt — V&L (f(z%;w:(p), a0), y¥)

Wi41 = ‘

where VL f =V f — (V f, w)w is the spherical gradient.

Assumption 5.4. The activation o is analytic almost everywhere, and o™ satisfies the polynomial
growth assumption (5.3) forn € N (possibly for different constants Cy, ). Further, for alln > 1, we
have

E,n) |0 (2)0' ()" £0 and E,opon |20 ()0’ ()" #0

We are now ready to state our main result.

Theorem 5.2. Supposc that Assumptions 5.1-5.4 hold, and let p = pod~'. Then, under an event
of probability 1/2 on the initialization (ag, wo), for each 6 > 0, there exist constants vy(9) and
C(6) such that the following bolds:

* Ifly =1, choosingy = Y0(8)d ™1, then Pty < C(9)-d) >1-9,
o If 05 = 2, choosing y = ~0(0)[d log(d)] ™!, then P(t} < C(5) - dlog(d)?) > 1—6.
The above holds for almost every choice of po under the Lebesgue measure. In particular, in a network

with p = O(log %) neurons, at least one of them achieves weak recovery with probability 1 — 6.

Proof Sketch — We provide here the proof sketch for Theorem 5.2. For any vector w, under
the correlation loss, we have

vw‘c(f(z; w, CLO), y) = _aoyal«wa Z>) ) (513)
so the gradient is aligned with z. As a result, we have

VL (f(z; ’lI)(p), ao),y) = —aoyU'(<’wa z> + aopya/(<w, Z>) HZ||2) = (5.14)
i

This expression for the gradient exhibits two important properties:

* Even though p < d—1, since the gradient lies along z, the additional dot product with z
amplifies the signal by a factor of d,

* The resulting gradient (5.14) is a non-linear function of y, as opposed to the linear one of
(5.13).

The latter property enables us to show that the dynamics driven by equation (5.14) can imple-
ment all polynomial transformations of the output y, for almost all choices of pg. Subsequently,
the SGD algorithm on the transformed input p(y) can be studied with the same techniques as
[ ], but with an information exponent equal to £,.
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5.3.2 Discussion

Significance and necessity of the assumptions — Assumption 5.3 simplifies Algorithm 5.1
to a more tractable version. In particular, the normalization step allows us to keep track of only
one parameter, the overlap between w; and w*. We expect however Theorem 5.2 to hold in the
general setting of Algorithm 5.1.

Assumption 5.4 is a regularity Assumption, ensuring that some quantities of interest in the proof
are non-zero. The first part is satisfied by virtually every activation function; the second is more
restrictive, but we show that it is satisfied for biased activations:

Lemma 5.1. Let 0 be a non-polynomial analytic function. Then the second part of Assumption 5.4
is true for the function x — o (x+Db) for almost every choice of b (according to the Lebesgue measure).

Finally, although we state our result as an almost sure event over py, it can be reformulated into an
event on the second layer weight ag, in which the randomness comes from the initialization step.

Learning polynomial functions —  Although our definition of the Polynomial Generative Ex-
ponent is more restrictive than the one in [ ], we show that it is enough to allow learning
of alarge class of functions, namely polynomials:

Theorem 5.3. Assume that h* is a polynomial function. Then the Polynomial Generative Expo-
nent of W is always at most 2, and is equal to 1 whenever W* is not even.

This theorem implies that the Extragradient algorithm class allows us to match the sample com-
plexity of the algorithm of [ ], without the need for ad hoc preprocessing.

Beyond Algorithm 5.1 — A succinct summary of the proof goes as follows: the first time we
see a sample z, we store information about y along the direction of z. The second time we see the
same sample, the component along z in w interact zon-linearly with y, which bypasses the CSQ
framework. Importantly, we expect that this behavior also appears in SGD algorithms where we
do not see the data twice 7z a row, but across multiple epochs! Indeed, upon small enough correla-
tion between the 2", seeing multiple examples before the repetition of z should not interfere with
the data stored along this direction. We are therefore not claiming that Algorithm 5.1 is superior
to other classically-used methods; rather, it provides a tractable and realistic setting to study data
repetition in SGD, which was ignored in previous theoretical works on the topic.

5.3.3 Numerical illustrations

We illustrate in Figure 5.1 the stark difference between the weak recovery dynamics of One-Pass
SGD and Algo. 5.1 for single-index targets. The Cosine Similarity between the learned weight
w; and the ground truth informative direction w; is shown as a function of the time steps ¢ for
different target functions. Two optimization routines are considered to exemplify the learning
behavior:

(i) Extragradient Descent (EgD), corresponding to the family of Algorithms 5.1 with positive
p parameters;
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Figure 5.1: Learning single-index targets — Evolution of the Cosine Similarity attained by EgD
(dots) and SGD (crosses) as a function of the normalized iteration time. (dashed horizontal line
ﬁ is a visual guide to place random performance). (a) (¢, ¢*) = (1, 1): both algorithms learn in
linear time. (b) (¢, ¢*) = (2,2): both algorithms learn in O(dlog d) time. (c) (¢, £*) = (3,1):
EgD learns in linear time, while SGD requires O(d?) time. (d) (¢, ¢*) = (4,2): EgD learns in
O(dlog d) time, SGD requires O(d?) time (Details in Appendix E.5).
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(i) One-Pass SGD, corresponding to vanilla SGD, or equivalently Algorithm 5.1 associated
with p = 0 hyperparameter.

The scaling of (, p) as a function of the input dimension d and exponent £* are given in The-
orem 5.2, while the mini-batch size is fixed to ny, = 1 (See Appendix E.4 for extension to larger
ny,). For all plots, we take o = relu and we refer to Appendix E.5 for details.

* SGD-easy non-symmetric targets (¢ = {* = 1) — The Left section of Figure 5.1 shows
h*(z) = relu(x). Here both SGD and Algorithm 5.1 learnin 7" = O(d).

* SGD-easy symmetric targets (¢ = ¢* = 2) — The Center-Left section of Figure 5.1
shows h*(z) = Hea(z). Here both SGD and Algorithm 5.1 learnin T' = O(d log d).

* SGD-hard non-symmetric targets (¢ > 2,/* = 1) — The Center-Right section of
Figure 5.1 shows h*(z) = Hes(x). Here Algorithm 5.1 learns in 7' = O(d) while One
Pass SGD suffers from the limitations detailed in Equation (5.9),i.e. T' = O(d*") with
£ = 3 for this case.

* SGD-hard symmetric targets (¢ > 2, /* = 2) — The Right section of Figure 5.1 shows
h*(z) = Hey(z). Here Algorithm 5.1 learns in T = O(dlog d) while One Pass SGD
suffers from the time scaling law detailed in Equation (5.9) T' = o(d=1).

5.4 Multi-Index Model

We now investigate the superiority of Algorithm 5.1 over the idealized One-Pass SGD training
scheme when learning multi-index targets. In this setting, the networks weights can align with
only a few select directions from V*. To quantify this behavior, we define directional versions of
the Information and Generative Exponents (see also [ 1):

Definition 5.3. Lerv € V*. The Information Exponent Uy, (respectively Polynomial Generative
Exponent €}) of y in the direction v is the smallest k such that

E [yHy((v,2))] # 0 (respE [po(y) Hi((v, 2))] # 0)

fora polynomial p,. Wealsolet{ = ming £y, and 6;, = miny, . The minimal subspaceU* C V*
is defined as the smallest subspace U such that £y, > L (resp. £y > £7) for everyv € U L

The identification of the class of hard functions has been subject of intense theoretical scrutiny
[ ; ; ; ; ; ]; and for the problem of initial align-
ment it was shown to depend on the Information exponent defined above. Thus, similarly to the
single-index scenario, the time complexity needed for Algorithm 5.1 to weakly recover the target
subspace follows the law in Equation (5.9) for the multi-index information exponent £. A natural
question is thus to ask whether the class of Algorithm 5.1 also allows us to bypass this require-
ment. We show that this is indeed the case. Consider a neural network as in Equation (5.1); we
assume that the internal learning rate p is chosen independently for each neuron:

Assumption 5.5. Foreach j € [pl, the parameter py ; is chosen independently from all other neu-
rons, according to a symmetric distribution which is absolutely continuons w.r.t the Lebesgue mea-
sure.
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Theorem S.4. Let§ > 0, and I1* the projection operatoron V*. There exists constantsyy(9), C(0)
depending only on & such that if we take p > C(0)k and

« ifls=1,7=0(0)d " and T = C(6)d,
© if 05 =2,y = 0(6)(dlog(d)) " and T = C(8)dlog(d)?,

then with probability 1 — 0, there exists at < T such that at least a positive proportion of the vectors
wy ; satisfy||[ITwe ;|| > 0. Further, if by =1, then the vectors {I1*wy ; } i) span the minimal
subspace U*.

5.4.1 Numerical investigation with multi-index target

We illustrate the results of Theorem 5.4 numerically by comparing the performance of One-Pass
SGD with Algorithm 5.1 in Figure 5.3. We measure the maximal cosine similarity between the
hidden layer neurons and the different rows of the target’s weight matrix W* as a function of
the iteration time. Furthermore, we set without loss of generality the target’s directions to the
standard basis of R to ease the notation. The algorithms considered are again EgD and vanilla
One-Pass SGD (See Appendix E.5 for details).

* SGD-easy non-symmetric targets (¢ = (* = 1) — Figure 5.3, left, shows h* (21, z2) =
x1+2122. Hereboth SGD and Algorithm S.1learnin 7" = O(d) the directions (w7}, w3).

* SGD-easy symmetric targets ({ = ¢* = 2) — Figure 5.3, center left, shows h* (21, z2) =
x122. Hereboth SGD and Algorithm 5.1learnin T' = O(d log d) the directions (w7, w3).

* Non-symmetric targets with SGD-easy and hard directions (¢, > 2,0; = 1) —
Figure 5.3, center-right, shows h* (21, 2) = x1 + Hes(z2). Here both SGD and Algo-
rithm S.1learn in 7' = O(d) the direction w7, that satisfies £yyx = (3, « =
since ng = 3 while ﬁ;; = 1, One-Pass SGD suffers from the limitations detailed in Equa-

1. However,

tion (5.9) and requires €2(d?) samples to learn the second direction wi. This contrasts with
the behavior of Algorithm 5.1 that learns also w3 in T' = O(d) steps.

* SGD-hard symmetric targets (¢ > 2,/* = 2) — The right section Figure 5.3 shows
h*(z1,x2, x3) = x12223. The Information Exponent is £ = 3, hence vanilla SGD does
not learn any direction in the target subspace in T = O(dlogd) iterations. However,
Algorithms 5.1learnsin 7" = O(d log d) steps all the three directions {w7, w3, w3} since
the Generative Exponents 61‘0: are all equal to two.

5.4.2 Learning hard functions through a hierarchical mechanism

The investigation of the hierarchical nature of SGD learning has attracted noticeable attention
[ ; ; ; ]. In this paper, we portray a completely different picture
in terms of computational efficiencies when data repetition is considered in the algorithmic SGD
routine. One may wonder if there is a generalization of such a hierarchical learning mechanism to
the present novel setting. Indeed for optimal AMP algorithm, a different picture emerges, (called
Grand staircasein | ]). Here we show that coupling between directions can hierarchically
guide the learning process as well with SGD.
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Figure 5.2: Hierarchical learning — Evolution of the maximum Cosine Similarities with dif-
ferent target directions {wy: },.c[y] are identified by different colors: w7 (blue), w3 (orange), w3
(green) as a function of the normalized iteration time. (a): both the algorithms learn w7 in linear
time, but only EgD can also learn w3 in O(d) via a staircase mechanism; SGD requires another
O(d?) steps to take advantage of the staircase and learn wj. (b): EgD performance for the target
function fg; (dots) and fg,,(squares); we plot in separate subplots the overlap with different
directions to highlight the presence of hierarchical learning mechanism. Learning the first target
direction w7 triggers the hierarchical mechanism and EgD is able to weakly recover the full target
subspace Span (w7, w3, w3) in O(dlog d), while this does not happen when removing Hea (1)
from the target. See Appendix E.S for additional details.
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Figure 5.3: Learning multi-index targets — Evolution of the maximum Cosine Similarities at-
tained by EgD (crosses) and SGD (dots) as a function of the normalized iteration time. The Dif-
ferent directions {w;: },.¢[x] are identified by colors: w7 (blue), w3 (orange), w3 (green). (dashed
horizontal line ﬁ is a visual guide to place random performance). (a) (¢,¢*) = (1,1): both
algorithms learn the first direction in linear time, as well as the second one in O(d) steps using
the staircase mechanism. (b) (¢, £*) = (2, 2): both algorithms learn the two directions simulta-
neously in O(dlogd) steps. (c) ({uw, 5;5) = (3,1): both algorithms learn w7 in linear time,
but only EgD learns w3 in O(d); SGD instead requires O(d?). (d) (¢, %) = (3,2): EgD learns
all 3 directions simultaneously in O(d log d) steps, while SGD needs O(d?) time (details in Ap-
pendix E.5).
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Figure S.4: Hierarchical learning — Evolution of the maximum Cosine Similarities attained
by EgD with different target directions {w; },¢[) are identified by different colors: w7 (blue),
wj (orange), w3 (green) as a function of the normalized iteration time. The target function is

sqstair(2) = Hea(21) + sign(z12223), that is an SQ-staircase (or grand staircase), not a CSQ-
staircase. EgD learn w7} in O(dlogd) steps and use the information to learn the other two di-
rections in another O(dlogd) steps. SGD (not showed in the plot) cannot take advantage of
the staircase mechanism since Hey(21) and sign(212223) have information exponent £ = 4 and

£ = 3 respectively. (See Appendix E.5).

The Left panel in Figure 5.2 shows an example of the so-called staircase functions [ ],ie.
[*(2) = 21 + z1He3(22). While one-pass SGD needs to learn hierarchically first the direction
w}inT = O(d) and then w} in T = O(d?), Algorithm 5.1 easily learns both in linear time.
This observation could lead to infer that hierarchical learning mechanisms are not present when
more realistic training scenarios are considered.

To refute this, we illustrate in the right panel of Figure 5.2 a scenario that precisely exemplifies
the presence of hierarchical mechanisms within Algorithm 5.1. We run this algorithm on two
different target functions, fj,,(2) = sign(z12223) and fq,;:(2) = Hea(21) + sign(z12223).
We show in Appendix E.2 that 3-sparse parities of the form sign(z; 2223) are hard functions even
for SGD with data repetition (Algorithm 5.1), and indeed they are not learned in (almost) linear
time. On the other hand, for the function fg,;,, our simulations predict that the first direction
w islearnedin T = O(d log d) iterations (see the rightmost panel of Figure 5.3). However, once
the direction wy islearned, it can be used to obtain order-one correlation with {w3, w3 } again in
T = O(dlogd) steps. While the latter example belongs to the class of “CSQ” staircase function
depicted in [ ], novel “SQ” hierarchical mechanisms arise in our framework, such as for
) (z) = Hea(21) + sign(z12223) (see Figure 5.4).

instance the function f& i

The staircase picture in terms of generative exponent was discussed for AMP-type algorithm in
[ ]. Our study indicate that this new class (they called grand staircase) is not restricted to
AMP: We anticipate that grand staircase functions can be efficiently learned by two-layer networks
when data reusing is permitted, whereas only standard staircase ones emerge under single-pass
SGD. Additional recent results by [ ] align with this perspective.
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5.5 Conclusions

We have pushed in this paper the boundaries of learning multi-index models in high-dimensional
settings using gradient-type algorithms, and shown that, contrary to what was believed, they are
very efficient in doing so. We argue in this manuscript with a simple analytically solvable model
how to bypass the limitations of the CSQ framework: we process the same sample twice. Cru-
cially, a similar phenomenon appears also in standard SGD when training over multiple epochs,
with the only difference being that the same data is not seen consecutively. We believe that the
model proposed in this manuscript paves the way for the analysis of more realistic training sce-
nario where correlation in the data is taken into account, surpassing the limiting i.i.d. scenario.

Upon completion of this work, we became aware of the interesting paper from [ ] showing
strong recovery with similar sample complexity, also by exploiting the reuse of training data. Our
work was conducted independently and simultaneously
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Chapter 6

Asymptotics of SGD in
Sequence-Single Index Models and
Single-Layer Attention Networks

Luca Arnaboldi, Bruno Loureiro, Ludovic Stephan, Florent Krzakala, and Lenka Zdeborovd

ABSTRACT. We study the dynamics of stochastic gradient descent (SGD) for a class of se-
quence models termed Sequence Single-Index (SSI) models, where the target depends on
a single direction in input space applied to a sequence of tokens. This setting generalizes
classical single-index models to the sequential domain, encompassing simplified one-layer
attention architectures. We derive a closed-form expression for the population loss in terms
of a pair of sufficient statistics capturing semantic and positional alignment, and character-
ize the induced high-dimensional SGD dynamics for these coordinates. Our analysis reveals
two distinct training phases: escape from uninformative initialization and alignment with
the target subspace, and demonstrates how the sequence length and positional encoding in-
fluence convergence speed and learning trajectories. These results provide a rigorous and
interpretable foundation for understanding how sequential structure in data can be benefi-
cial for learning with attention-based models.

Stochastic Gradient Descent (SGD) is the core optimization tool driving modern machine learn-
ing. Recent years have seen substantial progress in understanding its dynamics, particularly in
two-layer networks [ ; ; ; ; ; ]. While global convergence is
qualitatively well-understood when the network is wide enough, quantitative results are scarcer.
A particularly fruitful body of recent theoretical work addressing this gap has focused on deriving
precise convergence rates for particular model classes on synthetic data, such as high-dimensional

Gaussian single and multi-index models [ ; ; ]. These advances have sparked
a wave of follow-up studies [ ; ; ; ; ; ; ;
; ; ; ], deepening our understanding of what problems are hard

to learn for neural networks trained under SGD.

87
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While multi-index models have served as a cornerstone in theoretical analyses of learning, they
remain far from the architectures driving recent breakthroughs in machine learning. Modern
advances in learning from sequential data — particularly in natural language processing — are in-
creasingly dominated by attention-based models such as the Transformer architecture [ ].
These models introduce a paradigm shift through self-attention mechanisms, which dynamically
reweight the influence of each input token based on its relevance to others. Through successive
layers of attention, Transformers capture intricate dependencies across sequences, enabling state-
of-the-art performance in tasks ranging from machine translation to large-scale language model-
ing [ 5 1

The main goal of this work is to extend our theoretical understanding of learning with SGD on
multi-index models to attention-based architectures and sequential data. Inspired by [ ;

], our focus will be on the following class of single-layer, tied attention models:

fuw(X) =TI | softmax ((X + \Z) ww' (X + \Z>T> : (6.1)

wherew € R%are the trainable weights and I is the reduction map, which allows passing from an
L x L matrix to a kqu,-dimensional vector. As detailed in Appendix F.1, this model is a reduction
of the standard attention mechanism, where

(i) key and query matrix are tied, and dpe,g = 1: Q = K = X -w € RLx1,

(ii) since we are considering a single layer attention, and we do not need to learn a new repre-
sentation of the sequence, the value matrix is the identity: V' = I.

In this work, we will be interested in the optimization properties of the model in Equation (6.1)
when trained under (spherical) one-pass stochastic gradient descent (SGD) from a random initial

condition w® ~ Unif(S?!(v/d)):

vl _ W = AVul(XY, Y fu)

pr— v . 6.2
h Hwy_'Yvwg(XV,yV§fw)H‘|w | (62)
with the squared loss:
2 k(\u( 2
UX, Y5 fuw) = [[y = Fo(O[; =D (4 — fu(X)) (6.3)
=1

Note that for one-pass (a.k.a. online or streaming) SGD each sample is only seen once, meaning
that the sample complexity of the algorithm coincides with the convergence rate. The spherical
constraint is considered to simplify the mathematical analysis, a common assumption in the anal-

ysis of SGD for single-index models [ ; ].

To derive a sharp characterization of the sample complexity and convergence rate of SGD for the
single-layer attention mechanism in Equation (6.1), we assume that the sequence data (X, y) is
generated from the following Gaussian sequence single-index (SSI) model:
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Assumption 6.1 (Data distribution). We assume training data (X,y) € REXd x Rbou
independently drawn from a Gaussian Sequence Single Index (SSI) model:

. (X) =g(X - w,) (64)
where X € RY*4 45 4 Gaussian matrix with entries N'(0,1/d), g: R — RFew 45 4 vector-

valued link function that depends only on the scalar product of the input with a fixed vector w, €
Sé-1 (\/&) and Koy is an integer that does not depend on d or L.

Recent work by [ ; ; ] has shown that the single-layer tied attention model
in Equation (6.1) is a particular instance of a class of sequence multi-index (SMI) models, creating
a bridge between single-index analysis and attention-based learning. This mapping implies that
model Equation (6.1) can learn at best a predictor in this class, justifying the choice for training
data. The SSI model class was introduced by [ ] in the context of studying phase transi-
tions for the attention mechanism. These results position the SMI model as a signature synthetic
model to study the interplay between attention mechanisms, data structure, and the dynamics of
learning algorithms. Despite this progress, the learning dynamics of SMI models under SGD re-
main unexplored. Prior studies [ ; ] analyzed the empirical risk minimizer through
the heuristic replica method, while [ ] rigorously studied the Bayes-optimal estimator for
SMI models. However, a theoretical understanding of the population landscape and SGD dy-
namics in this model is missing. Our work addresses this gap, providing the first rigorous char-
acterization of SGD dynamics in SMI models by leveraging techniques developed for single and
multi-index models.

Main results —  Our main methodological contribution is the generalization of analytical tools
to study multi-index models to variants that process sequences of tokens rather than simple vector
inputs. Our contributions can be summarized as follows:

* We introduce the notion of sequence information exponent (SIE), as a generalization of the
information exponent for single-index models [ ]; the SIE has a direct correspon-
dence with the sample complexity of SGD. We also discuss the implications of the posi-
tional encoding on the sample complexity, proving it could help SGD to learn faster.

* We analyze the speed-up introduced by the attention mechanism when learning sequential
data, compared to models not adapted to treat sequence structures, e.g. fully connected
networks. For many problems, we show that the gain is proportional to the sequence length
L and in some cases even larger.

* We investigate the interplay between the positional and semantic structure of the data fol-
lowing the setting from [ ], showing that SGD dynamics is not always able to dis-
entangle the two and that a rich phase diagram arises describing the structure of the corre-
sponding population loss and the performance of SGD.

All our formal claims are supported by rigorous proofs, as well as numerical experiments; the code
developed is available at this GitHub repository.
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Further Related works — There has been much activity discussing SGD with synthetic
data on multi-index models over the last decades or so, seee.g. [ ; ; ; ;

s s ] and references therein. Information and generative exponent have
been the topic of many works over the last few years [ ; ; ; ; ].
Here we discuss and adapt these notions for sequence models [ ].

On the theory of transformers, [ ] has shown that transformers can approximate certain
sparse averaging (qSA) tasks independently of the sequence length, while fully connected net-
works require a width scaling with thelength. [ ] derived sample complexity upper bounds
for g-Sparse Token Regression (qSTR) tasks, a random version of qSA. [ ] showed that
the separation between transformers and fully-connected networks also hold under GD for the
qSTR task. While the qSA and qSTR tasks are not directly comparable to the SSI model, both
model a sparse dependency of the task in the sequence. [ ] introduced a model that can
be seen as a sequence two-index model. While we assume the input data to be i.i.d. Gaussian they
assume a spiked covariance structure in the data which makes their results not directly comparable
to ours.

Convergence guarantees for a single layer transformer were studied by [ 1. [ ] stud-
ied the convergence of GD for simple architectures and highlighted the existence of suboptimal
local solutions. [ ] point out that rapid convergence does not guarantee meaningful learning.
[ ] give sample complexity bounds for a shallow vision transformer. [ ] studied be-
nign overfitting in transformers trained by SGD. | ] derived sample complexity upper bounds
for next token prediction tasks based on the complexity of the hypothesis class, and showed that
the out-of-sample error depends on the sequence mixing properties. Compared to these work we
move beyond convergence results to study how the data structure, e.g. sequence structure and
positional encodings, affect sample complexity and behaviors of the population loss and recovery
dynamics in the high-dimensional limit.

6.1 Setting and definitions

Let (XV,y") € RLX4 x Rk denote v = 1,...,n samples drawn from the Gaussian se-
quence single-index model with weights w, € R? and link function g, defined in Equation (6.4).
As motivated in the introduction, our goal in this work is to characterize the sample complexity
of learning the sequence task (X", y") with a tied single-layer attention trained under one-pass
(spherical) SGD defined in Equation (6.2). Note that while the model might appear as too sim-
plified because of the lack of correlation between the tokens, we will show that it is sufficient to
capture the main features of sequence models.

As shown in the classical result by [ ], one-pass SGD can be understood as a noisy discretiza-
tion of gradient flow on the population risk (also referred to as population loss):
R(w) = Ex.opr(0,10/a) |UX, Far(X); fw)| - (6.5)

Therefore, in order to understand the dynamics in Equation (6.2) it is important to understand
the landscape of the risk above. The key property of single-index models underlying the conver-
gence rate analysis of [ ] is that rotation invariance of the population risk implies that it
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only depends on a single parameter: the correlation between the target weights and the predic-
tor weight, also known as an order parameter or sufficient statistic. A similar property holds for
the family of SSI models defined by Assumption 6.1. Indeed, conditionally on the weights, the
following projections

P
z, =X -w, e R and z:(X—i—>weRL, (6.6)

Vd

define joint Gaussian variables, which can be fully characterized by their means and covariances:

E[z:] =0, Elz]=e¢

(6.7)
Cov (Z*,i7 Z*,j) = (Sl'j, Cov (Zz', Zj) = 5@', Cov (Z*’i, Zj) = 5ijm,
where we have introduced the sufficient statistics:
T
w, w Pw
m=—= and e=—. (6.8)

d Vd

These play exactly the same role as the overlap between target and predictor weights in the standard
single-index model. Therefore, the population risk can be written as a function of these statistics:

R(w) = R(evm) = IE(z,k,z)

g(z,) — 11 [softmax (zzT)} (6.9)

F

Note that this formulation reduces the problem of understanding the landscape geometry of R
in the w € RY space to understanding it in (e, m) € RE+! — asignificant simplification when
the token size d is large with respect to the sequence length L, the regime we will focus on this

work. Note that, given the fixed norm constraint on w, the sufficient statistics are constrained
inside the unit ball of RZ1: ||(e, m) || < 1.

Escaping mediocrity —  As previously discussed, studying the convergence rate of one-pass
SGD is akin to studying the population risk landscape. In the standard single-index model, the
picture arising from [ ; ] is rather simple: the only critical points of the population
risk are single global minima at the target weights and (possibly) a strict saddle at zero correlation.
Therefore, the convergence rate of one-pass SGD from random initialization is dominated by the
time taken to escape this saddle-point, a scenario commonly referred to as escaping mediocrity

[ I.

Asweshall see, the risk landscape of sequence models is richer, with in particular the presence of lo-
cal minima. Nevertheless, these models share the common property of mediocrity at initialization,
with the convergence rate dominated by the flatness of the initial saddle-point. Therefore, we start
our discussion by formalizing this notion in the context of SSI models. In the high-dimensional
scenario where d is large, the initial weight w?is approximately orthogonal to the target direction
Wy, as well as the positional embedding P. Quantitatively, the sufficient statistics are distributed
as

lim Vd(e’,m®) ~ N(0, I11). (6.10)

d—+00
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Namely, the initial value of the sufficient statistic is (€”

O(1/vd). For the model in Equation (6.1), (e, m) =
dynamics is divided in two phases:

mY) 2 (0, 0), with fluctuations of order
(0,0) is a saddle-point of risk, and the

* The escape from the initial condition, where the model develops a weak correlation with
the target direction w, and/or the positional embedding P;

¢ Full recovery where it reaches a complete overlap with either the target direction w, and/or
the positional embedding P: || (e, m)|| ~ 1.

As previously discussed, the first phase is the one that requires the most number of gradient steps
[ ; ]: the sample complexity required for the first phase is always greater or equal
to the one required for the second phase; after having reached a small correlation with the target,
the attention decays exponentially fast to a complete overlapped state.

Definition 6.1 (Weak recovery). Letn) € (0, 1) a parameter independent from d. We say that
the model has weakly recovered the target when H (e,m) H > 1. The weak recovery time is then

Vf?"eak =min {v > 0: ||(e”,m")|| = n}.

We use this definition of weak recovery as a proxy for identifying the learning has happened, since
the subsequent strong recovery will be faster. Figure 6.1 shows some examples of population loss
surface: apart from initialization, there are no other critical points where the dynamic can get
slowed down.

Finally, for simplicity of the discussion we will make the following assumption on the spherical
one-pass SGD dynamics in Equation (6.2).

Assumption 6.2 (Gradient flow approximation). Weapproximate the training dynamics of Equa-
tion (6.2) via the following ODE, which corresponds to an order-2 Taylor expansion in y:

d 2

= —E |Vil(X,y. fo)| - JE ﬂ)vtax, v, fu)| ] w, (611)
where Vg, = (I — ww ")V, is the spherical gradient. The time scaling corresponds tov = t /7,
that is, a continuous time t is reached aftert /Y gradient steps.

As shown in [ ; ], such an ODE captures both the right weak recovery time for a
fixed 7y, and the maximal value of y for which the dynamics do not stay trapped in the uninfor-
mative region.

6.2 The sample complexity of SGD

In this section, we focus on understanding the complexity of the SGD algorithm, i.e., how the
number of total gradient steps n scales with the dimension d of the token embeddings, in the
high-dimensional limit d >> 1; for simplicity of exposition, we focus on the case ko, = 1, but
the same arguments can be repeated for each of the components of the output.
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No positional encoding — We first focus on the case without positional encoding: P =
0 implies that the only relevant sufficient statistic is m. An analogy with single-index models
for networks can be done: For single-index models, the information exponent fully characterizes
the sample complexity of the SGD algorithm [ ]. The definition can be generalized for
sequential data.

Definition 6.2 (Sequence Information Exponent (SIE)). Given fp SSUy sequence single-index model,
let g be the function that acts on the local field z,, we define the sequence information exponent as

L
SIE(FSY) == min Zkl>0 ke NV E, v || []Hew () | 9(z)| #0757,
=1 =

where Hey, is the k-th order Hermite polynomial.

In Appendix F.2 we provide more details on Hermite polynomials. Let us give some examples of
SIE for different SST models:

* g(zy) =21+ 22+ -+ 2z hasSIE= 15

® g(z*) = Zx,1%%,2 = Hel(z* 1)H€1(Z* 2) has SIE = 2
(z*) (Z* 1)HC4(Z* 2) =+ HCQ(Z* 3)H62(Z*74) has SIE = 4;
* g(z4) = Hl 1 Hep, (241) has SIE = Z

The main feature of the information exponent s that it can be connected to the sample complexity

of the SGD algorithm; we prove an equivalent result for the sequence information exponent. Here we quote the sharp
SSI bound: at SIE > 2an
Theorem 6.1 (Informal). Lez £ (X) be a sequence single-index model, and let SIE be its sequence  additional, not-provably-

. X . . . _ optimal polylogarithmic
information exponent. If the model faw bas a rich enough Hermite expansion, then the sample com Fetor (2 log d at STE. — 2)1s

plexz'ty Qfl/]é’ SGD ﬂlgorz'thm s suppressed. The formal proof
in Appendix F.3 carries it in

Or(d) if SIE =1 full,
vyt =S Op(dlogd) fSIE=2.
Op(dSFE=1) i SIE > 3

A formal statement of the Theorem and the proof are given in the Appendix F.3. It relies on the
following connection between the flatness of the landscape near initialization and the sequence
information exponent:

Proposition 6.1. Define the flatness index £ fu, fay.) of the model as
K(fuos £1) = min {k > 0: VFR(0,0) # 0} :

where R is the reduced population loss defined in Equation (6.9). Then, if the model fv, bas a rich

enou gb Hermite expansion,
i (S F0) = SIE(£31).
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Intuitively, a higher value of x implies that the landscape of R is flatter around the initialization
point (0, 0), and thus the number of gradient steps needed to build a weak correlation along either
the e or m directions is higher.

In Figure 6.1, we show some examples of the population loss landscape for different values of the
SIE. Figure 6.1 focuses on even SIE because the symmetry of Equation (6.1) restricts the possible
targets to even functions; in the Appendix F.4 we discuss how to surpass this limitation, and we
present settings with odd SIE.

The effect of positional encoding —  Despite the fact that positional encoding only acts on
the trained model, and not the target function, it changes the population loss, potentially chang-
ing the dynamic at initialization. In particular, adding positional encoding increase the expressiv-
ity of the model, and can ultimately lead to faster weak-recovery of the SGD.

Lemma 6.1. Let fu, be a model with P = O that learns a target [y (X)) with a given SIE. If we

w
add a positional encoding P to the model, and let f3™ be the new model, then

o (o £5) < o (o £51) = SIE (£557).

In other words, the positional encoding can only decrease the flatness of the loss landscape, thus
the sample complexity of the SGD algorithm could be reduced. The proof of Lemma 6.1 is given
in Appendix F.3. In the right part of Figure 6.2, we present an example where adding the po-
sitional encoding can improve the sample complexity of the SGD algorithm. The left part of
Figure 6.2 shows that the population loss landscape at initialization is flat, and the hessian is null:
the first non-null term in the Taylor expansion is at order 4, hence the SIE is 4. The right part of
Figure 6.2 shows instead that when we add the positional encoding, a non-null term appears at
order 2, and SIEogitional = 2- Note that while the positions of the global minima are not affected
by the positional encoding, SGD can converge to the new local minima instead; more discussion
on this point is given in Section 6.4. In contrast, the bottom row of Figure 6.1 shows that the po-
sitional encoding is not necessarily beneficial: there are cases for which the loss landscape changes,
but not the sample complexity.
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4 = {—2.2 0.0] y

0.0 0.0
0.0 —0.0 0.0 —=0.0

Figure 6.1: The landscape of the population risk, together with the Hessian at initialization, for
different values of the SIE and positional encoding. (top-left) g(2.) = Hea(2x,1) + Hea (24 2):
SIE=2, no positional encoding: null gradient, but non-null Hessian; (top-right) SIE=4, no posi-
tional encoding: the first non-null term at initialization is at the 4th order; (bottom-left) g(2z,) =
Heg(24,1) + Hea(24,2): SIE=2, with positional encoding: again dynamic dominated by the Hes-
sian, but we have a positive curvature in the direction of e; (bottom-right) SIE=4, with positional

encoding: Hessian is positive semidefinite, and the dynamic is again at 4th order in direction of
e. Inall the examples L = 2, P = — P, 11 = Tr.
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el e[

0.0 —0.0 —-0.0 —1.1

Figure 6.2: Population loss landscape for P = 0 (left) and P # 0 (right). Example of a case where
SIE = 4, while SIE,giciona = 2. Target: g(zx) = 4/3 + Hea(2x1) + 2Hes (24 2), Pr = — P,
II =Tr.

6.3 The role of the sequence length

In this section, we focus on a first new emerging characteristic of the sequence single-index models
over the vanilla single-index models: the sequence length L. Therefore, we neglect the effect of the
positional encoding, by setting P = 0, in order to isolate just the effect of the sequence length.
The goal of the section is to measure the speed-up that a model like Equation (6.1) can achieve
over the plain single-index models when processing sequential data with length L.

Linear attention —  Our first goal is to understand the dependence of the convergence rate of
SGD on the sequence length. For that, consider the particular case of linear attention, given by
the reduction map:

I[A] = all—ftAaright with @iy = Qrighe = (1,1,..., 1)T € R~ (6.12)

B
VL

Rearranging the terms

2
L L L 2
1 zi flatten(X) - wy )
_T(T)__i E:_ E{’ - tied

Z) = (22 ) Qrighe = 22 = = ,
fw(z) = ag ghe = 7 21:1 P i%j VL ( NG

(6.13)

where Wyeq = concat(w, ..., w) € R4 is the concatenation of L copies of w. This model is

equivalent to a generalized linear model with tied weights, and activation function o(z) = z2.
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In terms of performance, taking a general activation o will at worst be the same as the aztention
mechanism originally considered, if not better. More precisely, we consider:

(6.14)

fu(X) =0 (ﬂmen(X )- wded> |

VL

This is the most generic model we study in this section. Further numerical experiments eluci-
dating the equivalence of the speed-up for this tzed network and for the attention models can be
found in Appendix F.5. Note that tied networks are not restricted to learn even functions only,
differently from the model in Equation (6.1).

The corresponding untied network —  Given the model in Equation (6.14), a natural bench-
mark is the model with untied weights. Let W € RE*4 be the matrix of weights, whose rows are
all updated with Equation (6.2), the untied network is given by

(6.15)

fw(X) =0 <ﬂ”t€n<X ) ﬂatten(W)) |

VL

Since we have L independent weights (the rows of W) the sufficient statistic measuring the overlap
between the model and the target SSIis not a scalar as for the tied network, but a vector of length

L

W
m = % e RF compacted to ascalaras  Mypged = H\T/nzf (6.16)
Measuring the speed-up —  Thelearning rate plays an importantrole in determining the num-

ber of gradient steps needed to reach weak recovery: the larger the learning rate (L) is, the faster
the model learns. However, if it becomes too large, SGD will fail to converge, never achieving
weak recovery. The gradient-flow approximation in Equation (6.11) exhibits this effect: when 7y
becomes too large the dynamic of the system is not attracted by w, or P anymore, and there is
no learning. In order to have a faithful measure of the speed-up, we will assume that the learning
rate is taken to be the largest possible that guarantees weak recovery; we discuss this upper bound
on the learning rate in Appendix F.S.

We measure the speed-up of tied networks with respect to untied networks, as measured in terms
of number of gradient steps needed to reach weak recovery, by the ratio of the weak recovery times
in the two cases

Weak.
gain(L) = —Lunted (6.17)
Yn
where Vr‘;],ia;lftie 4 is given by Definition 6.1 where m is replaced by myqed; the dependence of gain

on 7 is subleading, and we will neglect it in the following.

Theorem 6.2. Let Csip € RE™ be the [first non-zero tensor in the Hermite expansion of g (see
Appendix F.2). Then the gain satisfies with high probability

2
gain> <CSIEX<1,...,1)> ‘{L ifSIEZl

| Csie Hop 1 otherwise
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] 20 1
L =1, Untied network 1.0 ® Gain /.
L = 3, Untied network ---- Best quadratic fit //'
L =5, Untied network 0.81 15 1 /
L =7, Untied network /‘
—m— [ =2 Tied network 0.6 1 ,”
—&— L =4, Tied network S 101 ,"
4
—+— [ = 6, Tied network 0.4 ./
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o
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Figure 6.3: Left: overlap m for tied (green) and untied (orange) networks as a function of the
number of gradient steps; different symbols represent different values of L. Right: measured gain
as a function of the sequence length L, with the best fit line showing its scaling as L?. g(z,) =
SF | Hea(244), d = 1000, 0 = ReLU.

If the tensor Csig is orthogonally decomposable, in particular in the cases where SIE < 2 or g is

separable, then
2
o L #SIE=1
gain =< (CSIE x (1, ’1)> . { 2 )

| Csik HOP 1 otherwise

By definition of the operator norm, we have
Csie X (1., 1) <|[Csie | LS%/2 andhence 0 < gain < LSFV2,

Since the untied network has L times the number of parameters compared to the tied one, a

naive parameter counting argument would yield a gain = L(SIE-1)V1

expected gain. Counter-
intuitively, the actual gain of using a tied network can either exceed or fall short of this naive value,
depending on the function g. In pathological cases (see Appendix F.5), the tied network can even

either fail to learn the target, or do so slower than its untied counterpart.

Example for SIE = 2 —  Let’s assume to have a target function g(2z,) = 25:1 Hea(24,i). In
this case, the SIE is 2 and the tensor C» is simply the identity matrix I7,. The gain is by

2 2
I 1,...,1 L
gain = Ipx(1,...,1) .1:<> 1 =12
e lop 1

Figure 6.3 show a numerical experiment, with a ReLU activation, confirming the result of The-
orem 6.2.

6.4 Positional encoding and training dynamics

We now turn our attention to the role played by positional encoding in the attention layer when
trained under SGD. Since the focus is on the effect of positional encoding, we stick with a class of
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target functions that can exhibit either a semantic (label mostly depends on tokens value, but not
the order) or a positional (where tokens most important feature is their position in the sequence,
rather than their embedding). Consider an SSI target function of the form

2

2
EL,S*I(X) = (1—w) softmax (Xw*wIXT) +w softmax <_aa2 a‘; > € R?*2 (6.18)

where the parameter w € [0, 1] allows the target to switch from a semantic to a positional be-
havior, while the parameter a € (0, 1] controls the alignment of the target with its positional
part.

We shall train the model in Equation (6.1) with positional encoding P; = — P, and reduction
map IT the identity function. We focus on the gradient flow limit where 7 is sufficiently small
[ ]. Our analysis will focus on the population loss given by Equation (6.9), since it com-
pletely characterize the behavior of SGD in this regime; the sufficient statistics (e,m) are the
only free variables of the setting.

The sequential information exponent of this setting is SIE = 2 (see Appendix F.6 for the ex-
plicit derivation), thus by Theorem 6.1 the sample complexity for escaping the initialization is
O(dlogd). After the initial phase, SGD fast converges to the minimum of the population loss
that s fully aligned with either the semantic or the positional sufficient statistic, i.e. ‘ ‘ (e,m) ‘ ‘ =1,
but is not guaranteed to be the global minimum. Figure 6.5 shows an example where the popula-
tion loss has two minima, one semantic with (e, m) = (0, 1) and one positional with (e, m) =
(1,0), and the steepest direction at initialization, namely the eigenvector associated with the low-
est eigenvalue of the Hessian, points towards the local one; in this case, the gradient flow will
converge to the wrong minimum.

Varying the parameters, w and @ the high-dimensional SGD dynamics from random initialization
exhibits a rich phenomenology. In Figure 6.4 we show the phase diagram with all the possible
behaviors:

* Unique Positional Minima: the population loss has unique positional minima, and the
SGD converges to it. This is the case forw = 1land a = 1.

. : the population loss has both a semantic and a positional min-
imum, and SGD converges to the global positional one.

* Global Semantic Minima, Positional Dynamic: the population loss has both a semantic
and a positional minimum, and SGD converges to the local positional one. This is the case
where SGD does not converge to the global minima.

. : the population loss has unique se-
mantic minima, and the SGD converges to it, even though the steepest direction at initial-
ization points orthogonal to it.

. : the population loss has both a semantic and positional min-
ima, and SGD converges to the global semantic one.
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0.6 MM Unique Semantic Minima
Unique Semantic Minima, Misaligned Dynamic
HEl Unique Positional Minima
0.5 Global Semantic Minima
B Global Semantic Minima, Positional Dynamic
Global Positional Minima

T4

0 075 080 08 090 095 100
a
Figure 6.4: Different behaviors of SGD depending on the parameters w and a.

* Unique Semantic Minima: the population loss has unique semantic minima, and the
SGD converges to it. This is the case forw = Oand a = 1.

We verify this by simulating many runs of SGD with different initializations and data samples.
In Figure 6.5 we compute the empirical probability of convergence to the semantic minima, for
a = 1 and varying w. The theoretical value of w where we have a transition from sematic to
positional dynamics is Wirans = 0.64, which is in good agreement with the transition observed
in the measured probabilities; the transition becomes sharper as d increases: ideally, in the limit
d — oo we expect a step function. The simulations in Figure 6.5 are performed with d = 1000,
and some finite size effects are still present. In Appendix F.6 we show present a more detailed
analysis, including different values of d.
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Figure 6.5: (left) surface of the population loss for w = 0.67 and @ = 1. The steepest direction
atinitialization (green vector) points towards the positional local minimum, while the global min-
ima is semantic. Some examples of SGD trajectories are shown in yellow: most of them fall into
the positional local minimum, while some others manage to fully-recover the global (semantic)
minimum due to finite size effects (d = 1000). (right) empirical probability of convergence to
the semantic minima as a function of w for a = 1. The probability is computed over 64 SGD
runs with different initializations and data samples. The theoretical prediction of the transition
from semantic to positional minima is at Wrans ~ 0.64.



102 CHAPTER 6. SGD IN SINGLE-LAYER ATTENTION NETWORKS

6.5 Conclusion

In this paper, we introduced the Sequence-Single Index model as a new, high-dimensional the-
oretical framework for analyzing single-layer attention architectures. The most significant con-
tribution of this study is the definition of the Sequence Information Exponent. This exponent,
which serves as a rigorous tool to quantify the inherent hardness and predict the sample complex-
ity of Stochastic Gradient Descent, is defined in direct analogy with classical single-index mod-
els. This analysis transcends qualitative understanding, providing precise scaling laws for the re-
quired number of gradient steps, denoted by n, relative to the token dimension, denoted by d. We
demonstrated that the sequential setting is significantly richer, showing how the sequence length
L accelerates convergence and how positional encoding can proactively reduce the SIE, thereby
lowering the computational barrier to learning.

This work establishes a foundational line of research essential for a principled understanding of
modern sequential data models, particularly those based on the Transformer architecture. The
intricate dynamics manifesting in the population loss landscape, exemplified by the identifica-
tion of phase transitions and the convergence to suboptimal local minima, unveil a wealth of
avenues for future investigation. Subsequent research should aim to fully map these complex
high-dimensional dynamics, develop techniques for robustly breaking inherent symmetries, and
extend the SIE framework to more complex multi-index and multi-layer attention systems. We
hope that this quantitative framework will stimulate further theoretical explorations, leading to
the development of a robust, generalizable understanding of learning on structured sequential
data.

Limitations — The theoretical analysis of SGD in Sequence Single-Index models is subject
to several simplifications for tractability. Specifically, the model under scrutiny is a simplified,
single-layer attention architecture where the key and query matrices are tied, the attention head
dimension is one (dpe,d = 1), and the value matrix is the identity (V' = Ir,). It should be noted
that the scope of this architecture is restricted to a specific class of target functions, including even
functions, although Appendix F.4 provides an extension to this class. Additionally, the analysis
operates under the assumption of token independence across the sequence, a crucial simplification
that facilitates the execution of numerous sequence modeling tasks. The analysis of SGD dynam-
ics is founded on the approximation of the discrete dynamics via a second-order ODE (Gradient
Flow approximation).
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Appendix A

Appendices to the Introduction

A.1 The single-index overlap dynamics on the sphere

This appendix supplies the derivation deferred from Section 1.4. Throughout we are in the single-
index, single-neuron setting with the read-out fixed at @ = 1 and the weights confined to the
sphere||w|| = v/d, so the self-overlap is frozen at ¢ = 1 and the pre-activations are jointly Gaus-
sian, (X, A*) ~ N(0,Q) with Q@ = (,}, 7). Our goal is the compact overlap equation

dm
dt

which we obtain in two complementary ways: directly from the discrete projected updates, in

= (1—m?)C'(m), C(m) = E [a()\) h*(/\*)] , (A.1)

their gradient-flow limit on the sphere, which makes the origin of the factor (1 — m?) trans-
parent; and by reducing the spherically projected Saad & Solla drift (1.22), which establishes the
equivalence claimed in the main text.

A.1.1 Derivation as a spherical gradient flow

We start from the projected update of the main text: at step v, on a fresh sample (x, y),

l/+1 _ wy—’vag
lw” = V||

Nzh

Renormalizing onto the sphere makes the increment tangential to leading order in the step size,

w Vuwl = (c(X) —y) o'(N) (A2)

T

ww
w’ T —w” = —y Pl Vol +0(+?), PLl=1- T

(A.3)

the discarded O(y?) carrying the retraction’s curvature together with the gradient fluctuations—
the variance term W, one power of 7y down and neglected throughout, as in the main text. Since
the sample is fresh the gradient is unbiased for the population risk, E[V,¢] = VR, and—the

projector depending on w alone—

E[w’ ™ — w”] = —y P VR + 0(?). (A.4)
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the time scalingist = v 7v/d
because p = 1.
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On the sphere ¢ = 1 is frozen, so R depends on the weights only through m = (w,w*)/q,
and R(m) = const — C'(m) as in Equation (1.24). The chain rule gives the radial gradient
VR = R'(m)/aw*; projecting it leaves Pyw* = w* — mw, and reading off the overlap
increment E[Am| = 1/a (w*, E[Aw]),

E[Am] = _% R/ (m) (||w*|* = m (w*, w)) = —% R'(m) (1 — m?), (A.5)
using||w*||* = d and (w*, w) = dm. The Saad & Solla time scaling now makes the dimension

factor meaningful: measuring time as t = 1 7/d, so that one sample advances ¢ by 6t = 7/4,

dm
the overlap concentrates in the high-dimensional limit on the deterministic trajectory prlie

E[Am]/dt. With R'(m) = —C’(m) this s

dm

4= —(1—=m?) R/ (m) = (1 —m?) C'(m), (A.6)

Equation (A.1). The factor 7/d is thus the time step itself—not a stray constant—and (1 — m?)
is the spherical Jacobian sin? § for m = cos 6.

A.1.2 Equivalence with the Saad & Solla equation
The spherically projected Saad & Solla drift (1.22) reads

dm

S = E[( () = 0() o'W X = mE[(*(\) = a(3) o' (M) ] (A7)

For the bivariate Gaussian above, Stein’s identities read, for any regular G(A, A*),
E[AG] = E[0,\G] + mE[0\+G], E[NG] = mE[0,\G] + E[o\G], (A.8)

since VarA = VarA* = 1 and Cov(\,\*) = m. Applying them to G = (h*(\*) —
o (X)) o’(N), whose partial derivatives are G = (h* — o) d” — (0/)? and Ox«G = h* o’

(arguments suppressed), the two terms of the drift become
E\G] = mE[(h* —a)o" — (a/)2] + E[h*’a/} , (A.9)
mENG] =mE [(h* —o)o’ — (U')2] +m?E [h*’a'] . (A.10)
Subtracting, the self-interaction terms cancel identically and only the cross term survives,
dm * 2 *lyKky
& =El G}—mE[AG]:(l—m)E[h (A )a(A)}. (A.11)
Price’s theorem—which states that, for jointly Gaussian (A, A*) of unit variance and correlation
m,

C'(m) = % Elo(A) h*(A)] = E[o’(A) h*'(A")] (A.12)

—then identifies this expectation with C’ (m) and recovers Equation (A.1), establishing the equiv-
alence.
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A.2 Validity window of the deterministic description

The order-parameter ODEs of Equation (SS-ODEs) rest on a non-asymptotic guarantee, Theo-
rem 1.1: over any fixed horizon [0, T'] the stochastic overlap process stays within ¢(7)/vd of the
deterministic trajectory. The horizon enters only through the constant C'(7"), and it is worth
making its growth explicit. Collecting the order parameters into a single vector €2, the sharper
form established in Chapter 2 (Theorem 2.1), due to Veiga et al. [ ], reads, with step size
dt = 7/pd and continuous time t = v dt,

19V = Q(t)]|oe < ]% C > 0. (A.13)

Since 7/p = O(1) we have \/7/pd < d~1/2, 50 (A.13) is the bound C(7)/v/d with the horizon
dependence made visible: C(T') = €T, the guarantee degrading exponentially in time. It is
this bound that we invoked when we called the deterministic description “valid beyond the high-
dimensional limit” in Section 1.3.5: the right-hand side vanishes whenever 7/pd — 0%, however
that limit is reached. What that statement leaves implicit, and what we make precise here, is that
the exponential prefactor confines the guarantee to a finite time horizon.

The horizon. Fix a tolerance ) € (0, 1) below which we regard the deterministic trajectory as
tracking the true process. The right-hand side of (A.13) stays under 7 exactly while

ct |71 < Pt ] p—d—ll Lo L igd 1), (A.14
e ) n <= <ty 2C’0g’y Cog77 50 108 +0(1), (A.14)

againusingV/p = O(1). Thedeterministic ODE is therefore controlled only up to t,, = O(log d);
past it, the error bar (A.13) exceeds any fixed threshold and the description guarantees nothing.

Where this leaves the escape times. Comparing ¢, with the information-exponent escape
times of Equation (1.32) shows precisely which part of the dynamics the deterministic ODE cap-
tures:

¢ £ = 1: tescape X 1 <K 1y; the escape happens well inside the window and the deterministic
description is exact throughout.

* L = 2: tegeape X logd, the same order as t, < 1/2¢'logd. The escape sits at the very
edge of the guarantee: the deterministic drift still fixes the correct scaling, but whether the
trajectory is resolved all the way out depends on the constant C'.

* 02> 3: teseape < dt/2=1, polynomially larger than ¢,. Here Clecape — Cd*>71 i super-

polynomially large long before escape, and the bound (A.13) is vacuous over the entire
search phase.

There is a complementary way to see the failure that does not even appeal to the horizon. Near
the mediocrity saddle the overlap starts at m® = d=1/2, while the additive error floor in (A.13)
is already \/% = dY?att = 0. The uncertainty on m is thus of the same order as m
itself throughout the flat region. Equivalently, the bound controls a relative error on m only
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once m = O(1); while m = O(d~'/?) the signal and the error bar coincide, so the guarantee
is empty exactly where the escape is decided. The deterministic mean therefore cannot resolve
the sub-d~1/2 growth that carries the student out of the saddle—the exponential prefactor only
compounds this—and Theorem 1.1 no longer guarantees any prediction across the search phase.
This is the analytic content of the statement, made in Section 1.4, that in the search phase the
fluctuations of the order parameter cannot be neglected.

What replaces the deterministic argument. The deterministic ODE is therefore used in this
thesis only where the horizon is O(1) or O(logd) — the descent phase, and the gradient-flow
/ mean-field / high-dimensional regimes of the phase diagram in Figure 1.3. The long search
phase, which for £ > 3 is the bottleneck that sets the sample complexity, is instead controlled
by separate stochastic arguments, and Chapter 3 is where this is worked out in full and checked
against simulation. There, the subsection “Does stochasticity matter?” (Section 3.3.3) promotes
the overlap ODE to the effective diftusion of Ben Arous, Gheissari, and Jagannath [ ] —
same drift, fluctuation amplitude /7/d — and integrates it zhrough the saddle, exactly where the
bound (A.13) is vacuous. Solving the stochastic exit-time problem yields corrections of relative
order \/% that leave the deterministic exit-time formulas (3.22)—(3.23) unchanged at leading
order; and Figure 3.1 confirms numerically, at d = 3000, that SGD and the integrated SDE
started from the same initialization reach the signal at essentially the same time. Stochasticity is
thus shown, not merely assumed, not to alter the sample complexity.

The same conclusion is reached, by different means, in the chapters that need polynomially long
horizons directly: Chapters 5 and 4 control the discrete process with high probability on the ran-
dom horizont < T' A 7, through a martingale decomposition of the drift, a discrete Grénwall
inequality, and sub-Gaussian concentration of the per-step fluctuations — none of which passes
through (A.13). All are instances of the information-exponent analysis of Ben Arous, Gheissari,
and Jagannath [ ]: the deterministic reduction makes the descent phase tractable, while the
search phase belongs to the stochastic theory.

A.3 The partial-trace algorithm

This appendix describes the spectral algorithm of Anandkumar etal. [ ], in the form used
by Damian et al. [ ], that achieves weak recovery of the teacher direction w* from n =<
d*/? samples, matching the CSQ lower bound discussed in Section 1.4. We work in the single-
index setting: & ~ N(0, 1), w* € STHVd), \* = (w*,x)/Vd ~ N(0,1),and y =
h*(\*) = Y4 ax Hep(\*) with information exponent £ and ay # 0. Let w* = w*/v/d
denote the unit teacher direction.

A.3.1 The population identity

The algorithm rests on the family of multivariate Hermite tensors. For & ~ N (0, Iz) and ¢ > 1,
the order-¢ Hermite tensor Ty () € (R?)®* is the unique degree-¢ symmetric tensor polynomial
in  orthogonal to all polynomials of lower degree in L2(A(0, 1)). The explicit component
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forms for small / are:

Ti(x)i =i,
To(®)ij =wiwj — bij,
Ts()ijh =iz — (0ij Tr + ik T5 + Ok i),
Ta(x)iji =xixjTRT
— (635 @Ry + O T3y + Oy TjTh + Ojk Ty + 05y Ty + Opy ;)
+ (5ij5kl + i1 + 6z'l5jk)-
Each formula is the outer product 2@ with the lower order corrections needed to enforce orthog-
onality: at order £ = 2 the identity is subtracted; at order £ = 3, the three symmetrized terms

0ijx) + O;1xj + 05245 at order £ = 4, six rank-two matrix terms and three rank-zero (double-9)
corrections. The general construction follows the recurrence

Ti(z) = sym(x @ Ty—1(x)) — (0 — 1) sym(I @ Ty_o(x)), To=1, Ti(x) =z, (A.15)

where sym denotes full symmetrization over all index permutations. This mirrors the scalar re-
currence Hey(t) = t Hey—1(t) — (¢ — 1) Hey—o(1).

The defining property, which one verifies from (A.15) by induction, is the contraction identity:
for any unit vector v € S,

Ty(x)[v, ..., v] = He((v, x)). (A.16)
L

For example, when ¢ = 3 this is immediate: contracting with v®3,

Ts(x)[v,v,v] = ((v, :13))3 — (61]-7% + 51’1451']' + 5jkxi)vivjvk = Hes((v, x)),

= 3]l0l|2(v,2) = 3{v,)
since each term &; ;20,00 = |[v]* (v, ) = (v, ).

Settingv = W* in (A.16) returns He; (A*). The Hermite expansion h*(A*) = >, <, ai Heg (\*)
therefore rewrites as a series of fully contracted tensors:

W) =) ak Tele) [, ..., "] (A.17)

k>t ¥

The population identity follows from tensor Hermite orthogonality. For each £, taking the expec-
tation of (A.17) multiplied by Ty (x):

E[Tk(m) [(*)=*] 'Te(m)] = E[Her(\) - Ty()] -

For k # ( this vanishes because tensors of different degree are orthogonal in L?(N (0, I,;)). For
k = ¢, the second-moment identity E[(T¢())s;...i,(Te(x)),...5,] = ¢! (52?_1.[)(341“_],[), with

0™ the symmetrized Kronecker product, gives after contracting £ indices against w*:

E[Heé()‘*) ) Tﬁ(m)jl"'jé] = w}l o 'ﬁ/};.
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Summing over k, and using a, = 0 for & < / by definition of the information exponent, the
series collapses to the single term k = £:

Ely-Ti(z)] = ap- 0! - (w*)®". (A.18)

The right-hand side is a rank-one spike of ©(1) magnitude pointing exactly in the teacher di-
rection. Observing this tensor directly would achieve recovery, but it has d* entries and we have
only n samples. The partial trace collapses it to a matrix or a vector while preserving the rank-one
structure.

A.3.2 The estimator

Form the empirical version of Equation (A.18) and contract identity pairs to reduce the order of
the tensor. Write [ I®" | for the operation of contracting  pairs of free indices against the d x d
identity.

¢ even. Contract (£ — 2)/2 index pairs, landing on a d x d matrix:
_1y¢ , A ree—2)/2 dxd “
M, = n;yz Te(wz)[f } € R, w = v (M,), (A.19)

where v1(+) denotes the leading eigenvector.

¢ odd. Contract (¢ — 1)/2 index pairs, landing on a vector:

1 n
vp ==Y yi- To(s) [I@M—l)/z} e R, =" (A.20)
n [[on]]

Taking the expectation in (A.19) and using (A.18): each traced identity pair uses (w*, w*) = 1,
so contracting (w*)®* against (£ — 2)/2 identity matrices leaves a rank-one matrix:

ag - ¢!
d

E[M,] = ag - 0! - w*(w*) " = w*(w*) 7", (A.21)
a rank-one spike of strength a; - ¢! = ©(1) along w*. In the odd case, E[v,| = a; - ! - w*, a
vector of ©(1) norm aligned with w*.

A.3.3 Why n =< d*/?is the threshold
Consider the even case; the odd case is analogous. Decompose M,, = E[M,] + (M,, — E[M,)]).

Signal. From (A.21), the spike has operator norm HE[Mn] H O(1).

Op:

Noise. The fluctuation M,, —E[M,,] is an average of n i.i.d. mean zero matrices. Each summand

yi - To(;)[ 12~/ has O(1) entries, but a large operator norm: contracting the order-¢ Her-

(-2)/2

mite tensor down to a matrix leaves a residual operator norm growth of d , which combined
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with the matrix dimension d places the fluctuation scale at

dt/2

op n

1M — E[M]|

VE[R].

This is the heavy-tailed noise phenomenon: unlike standard PCA, where the contracted noise has
operator norm d'/2, the contracted degree-¢ Hermite tensor yields operator norm d*/2.

Detectability. The spike is visible above the bulk if and only if signal 2 noise:

dt/2

n

o) 2

— n > d‘2. (A.22)

Above this threshold the leading eigenvector of M,, satisfies (w, w*) > const > 0, achieving
weak recovery. Below it the spike is submerged in the semicircular bulk (a BBP-type transition at
n = d*/?)and |w - w*| ~ d~/2, no better than a random initialization.

A.3.4 Familiar special cases

¢ = 2: The contraction [ I%9] is trivial, and T5(x) = " — I, so the estimator reduces to the
standard PCA matrix,

1 n
M,=—-Y <xaﬁ - I) . E[My] = 2as 0" ("),
n
=1

recovering w* atn < d.

¢ = 3: Thevector estimator v, = £ 3. y; T5(;)[ I | contracts one index pair of the third-order
tensor to a vector aligned with 1, recovering w* atn =< d°/2,
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Appendix B

Appendices to “From
high-dimensional & mean-field
dynamics to dimensionless ODEs: A
unifying approach to SGD in
two-layers networks”

B.1 Effect of noise on Equations (2.14)

In this appendix we present some corrective terms to Equations (2.14) that allows to have better
results when numerically integrating ODEs and comparing them to simulations.

In [ ] the terms proportional to 7/p are neglected completely when running numerical in-

. . v .
tegrations. However, we noticed that a term from \Ilg ; ) (2) could be kept in order to get better
agreement between ODEs and simulation in presence of label noise at small but finite 7/p < 1.

Letting £* := £ — v/Az, we can decompose

\I/Z(;Iar)(ﬂ) = E(A)‘*)NN(OHI@,Q) U/()\i)dl()\j)g*ﬂ +E(A,)\*)~N(0p+k,§2) [O’l()\i)a,()\j)A] R

allowing us to define

‘1’,(-}10“6)(9) = E(a)~n(0,,.0) [0/ (M) (N)A] . (B.1)

The asymptotic of this term at late times ¢ >> 1 was explicitly computed in [ Jand [ ]
for different architectures, where it was found that \I/g-lmse) o< A. In these cases, when the dy-

namics approaches the point where £* ~ 74 /p, then the term \IIEJGF) (€) is of the same order of
V/p\Ilg.lOise) (€2), while the remaining part of \I/Z(;/ar) () s still negligible since is scaling as £*2. Tt
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Figure B.1: comparison between the simulated learning dynamic and the one obtained by inte-
grating the differential equations, in the dassical regime; k = 4,p = 8,7 = 5 x 1072,d =
10, 0 = erf('/v2). Learning the same teacher with different level of noise.

follows that the first order correction in 7/p of equations (2.14) is given by:

%4 = vM)(Q), ‘;—? = (6H(Q) + Lyglmei) (). (GF-ODE-NOISE)
P

Despite vanishing in the true 7/p — 07T limit, the new term enables ODE to catch the behaviour
for large times, when simulating small but finite 7/p.

Figure B.1 shows a numerical experiment explicitly designed to show the effect of noise term.
The fluctuations visible in the final plateaus result from the stochastic process in Equation (2.9):
U(Va) and consequently W) are proportional to ||x||3. When d = O(1) then this term is
not concentrating to 1 and leads to a fluctuation. Let us again stress the fact that this is an effect
visible only when performing numerical experiments with finite GP, whereas in the true limit the
fluctuations disappear and the dynamic is described by deterministic ODEs.

B.2 Derivation of Equation (2.21) and local fields covariance

Let’s start by taking the time derivative of Equation (2.20)
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and plugging in equations (2.14) and (2.12) one after the other we get

V5(Q) = E| (0! (M)A + 0" (A)A) € — k D (NNE [P_IL [MTLJ‘
r=1t=1
- Ek: Zk: M];, [P_lh /\?0'()\1')5]
r=1t=1
_ k 0_/ ) . yv* |p—1 T O'/ ) L ‘ -1 * )
E 522( (A) (A] x[pt] L;-)* (\) </\Z MJ,, [P LtAt) ,

where all the expected value are intended over (A, A*) ~ N (0,1, §2). Starting from the defini-
tion of A+
AL —wihe = (W - MP—1W*> @ =A— MP I\

and writing single component

substituting in the expression above we finally get
UH(Q) =F [(a'(mxj + 0 N 5} . (B.2)

The explicit computation of the expected value depends on the particular activation function
used. Even though, the final expression can only be function of the covariance matrix entries,
since all the local fields are zero-mean Gaussian variables. We report the covariance matrix of local

fields

Q Q" M
Cov [A,A{A*}: Qr Q- o], (B.3)
MT 0 P

where Q = Q — MP™'M T as defined above.

B.3 Mean-field approximation: proof of Theorem 2.2

Preliminaries We begin by recalling the results of [ ]. For any distribution © on R,
we define the network function

A~

fulw) = [ otw  @)du(w). (B.4)
It is easy to check that when

1 p
p=pp(W) = ]; E :5101"
i=1
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then fu = fo, where fg was defined in (2.1). The associated network risk is then given by

. 1 R 5
R(1) = Egn(0,1/a1,) [2 (fe*(w) - fu($)> } : (B.5)

Similarly, we can consider the continuous equivalent of the gradient flow equation as follows:

P10 = Eaniosiay |7 (0 )2 (forla) - )| (B9

Through conservation of matter arguments, the evolution of the empirical measure for particles
following the gradient flow equation (2.15) obeys the following partial differential equation:

e = Vs - (-5 e)) (GF-PDE)

Theorem B.1 ([ 1, Propositions 13-16). Let g be a K? | d-subgaussian distribution, and
consider the following two processes:

* the solution (i of (GF-PDE) with initial value po,
o thesolution W (t) of the gradient flow ODE (2.15), with initial conditions w;(0) ~ po i.i.d.
Then for any T > 0 we have

sup |R(W (1)) — fz(ﬂt)) < Cet ( log(pT') + z)

< (B.7)
t€[0,T] \/]5

with probability at least 1 — e,

Aswe have already mentioned in the section devoted to the gradient flow regime, the solution 2(¢)
of (2.14) is exactly the overlap matrix of W (), and hence the term R(W (¢)) can be replaced by
R(2(t)) in (B.7).

Rotation invariance The crux of Theorem 2.2 lies in the rotation invariance of 11g. Indeed, as

noticed in [ ; ], such symmetries are conserved throughout the mean-field dynam-
ics.
Proposition B.1 ([ ], Proposition 2.1). Let U be a linear transformation, and assume that

the initial measure |v, the teacher function f, and the data measure p are all invariant under U.
Let iy be the solution to (GE-PDE) with initial condition j1o. Then ju; is U-invariant forallt > 0.

Write R? = V* @ VL, where V* is the span of W* and V1 is its orthogonal subspace. Propo-
sition B.1 then implies immediately that /i is rotation-invariant on VL. Hence, if we define the

following function:
hw)=| ——, —— B.8



B.3. MEAN-FIELD APPROXIMATION: PROOF OF THEOREM 2.2 115

where w is the projection of w on V=, then 1 is only determined by its pushforward ji; =
hypie. Conversely, for a set of reduced parameters (m, q) € RF+L and g€ S4F=1 we define

w=W*"TP lm+/dg-g, (B.9)

where g is a uniform unit vector in V. Then iy is the measure of @ when (m, q) ~ fi; and
g ~ Unif(S¥*=1)_ This allows us to write the reduced equations for fi;:

Oie = Vimyg) - (Ae@(:, fir))

‘;bm((m, Q)7 [‘) = E:I:,g |:O-/(U~7Tm)W*m (f@* (32) - f,&(m)>:| (DF—PDE)
Bul(m,0).1) = g |07 0) g " (for (2) -~ (@)
where = (z,7) ~ N(0,1/dl;) is a normalised Gaussian vector, g ~ Unif(S?"%~1), and

fule) = [ ot @)ditm, yivig) (8.10)

The associated population risk is now

- 1 = 2
R(f1) := Egrnr(0,1/a1y) [2 (f@* (z) - fﬁ(%’)) } : (B.11)
We have therefore shown the following proposition:
Proposition B.2. Assume that [ is rotation-invariant on V-+. Consider these two processes:
e the solution ; of (GF-PDE) with initial value po,

o the solution [i; of (DF¥-PDE) with initial value hypuo.
Then, for all t > 0, we have

~ ~

R(pe) = R(fue) (B.12)

Back to ODEs  Consider a population of p particles (m, ¢) that evolve according to the follow-
ing equations:

i (1) (1)
o (DF-ODE)
ditz = @q(%(t)y/]p(t))

where fip,(t) is the empirical distribution of the population:

_ 1<
fip(t) = Z; Z O, (1), (1)
=1

Then, by the same arguments as Theorem B.1, we have:
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Proposition B.3. Assume that fio is a K? |d-subgaussian distribution, and consider the two pro-
cesses:

* the solution [i; of (DF-PDE) with initial value fio,
o the solution O(t) = (m;(t), ¢i(t)); of (DF-ODE) with initial conditions m;(0), ¢;(0) ~
g 2.2.d.
Then for all T > 0, we have

. CeCT <\/log(7pT)+z)

sup [R(O(1)) — R(jir)| < , (B.13)
te(0,7) \/f)
with probability at least 1 — e, where R(O(t)) = R(fip(t)).
In conclusion, we have shown the following:
Theorem B.2. Assume that conditions 2.2 and 2.3 are both satisfied, and define
* T ol
o= YW o WO 0 g (@ - m°P~'M ). (B14)
d d
Consider the two following processes:
o the solution Q(t) of (2.14) with initial value Q°,
* the solution ©(t) of (DF-ODE) with initial value (M, g°).
Then for any T > 0, we have
o CelT ( log(pT') + z)
sup | R(Q(t)) — R(@(t))) < (B.15)

t€[0,T] B \/?3 7

22

with probability at least 1 — e™*".
Matching the equations To show that Theorem B.2 implies Theorem 2.2, we need to show
the following:

* the update equations for (2.24) and (DF-ODE) are the same

* the risk definitions for R (©) matches the one from (2.25).

We will only show it for Pgy,; the rest is done similarly. Expanding the definition, we have

k
B (M, 43), fip)r = %Zw'(xiwo(m ~ IS G (y) (B.16)

T

where \; = W, @ and (-) denotes the expectation with respect to «, g. On the other hand,

k p
V(D) = £ 3 AN SN ), B17)



B.4. PROOFS FOR THE HIGH-DIMENSIONAL MEAN-FIELD APPROXIMATION 117

without any expectation on g; hence we only need to match the expressions term by term. The
first sums of (B.16) and (B.17) are actually identical (since the marginal distribution of A} is inde-
pendent from g), so we look at the second ones:

(@ Qo) = [ Evrouy [7ONo ()] drigdantay) (B9
For ¢ # j and a given realization of g;, g;, the covariance matrix of (5\1, A s Ax)is

o m] P~'m; + g, m] P7'm; + /Giq;&;  ma
Cov |:>\Z, )\j, )\:] = m;-'—P_lmj + /4iq&i5 ml-TP_lmi + q; My
mMir mgy Drr

where &;; = (gs,9;). Itis easy to check that this is exactly equal to QU7 where  is defined
in (2.23). Finally, by linearity of expectation, since we never have a three-way correlation term
between g;, g;, g¢, we can consider all the §;; to be independent. This ends the proof of Theo-
rem 2.2.

B.4 Proofs for the high-dimensional mean-field approximation

B.4.1 Preliminaries

We first provide several bounds on expectations of functions of Gaussians, that will be used through-
out this section. We begin by recalling the classical Gaussian Poincaré inequality (seee.g. [ ],
Theorem 3.20):

Lemma B.1. Zet f : RY — R be a differentiable function, and X ~ N (0,1). Then
Var(f(X)) < E |V A1)
If X ~ N(0,X), the following bounds hold instead:

Var(f(X)) < B [(V/(X), SVF(X)] < [8lep - B [IV7CO1]

Now, we provide some concentration bounds for expectations of random variables. Leth : R —
R be a function, and z a random variable; our goal is to bound

|[E[2(2)] — M(E[2])]

under different assumptions on f, z.

Lemma B.2. Assume that h is L-Lipschitz, and that z bas a second moment. Then

[E[h(2)] — h(E[2])| < Ly/Var(z) (B.19)
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Proof. By Jensen’s inequality, we have
|E[h(2)] = ME[2])| < E[|h(2) — ME[2])]]
< LE[|z — E[Z]]]

< Ly/Var(z)

where the last line uses the Cauchy-Schwarz inequality. O

Lemma B.3. Assume that h is twice differentiable, wz'thh(k) H < K, and that z has a fourth

o0
moment. Then

K

[Efh(=)] - h(ELD)| < 5B [z~ )] (B.20)

Proof. For simplicity, let s = E[z]. By the Lagrange formula for Taylor series, we can write
h(z) = h(s) + (z — )W (s) + (x — s)*R(x) (B.21)

where R is bounded by K /2. Plugging z into this equation,

|E[h(z)] — h(s)| = ‘E [(z — 5)2R(z)] ' < \/IE [(z = $)* E [R(2)?] (B.22)
via the Cauchy-Schwarz inequality, and the result ensues. O

B.4.2 Proof of Lemma 2.1

We only show the result for ¥(*); the one for U ensues from similar methods. Recalling the
expansion in (B.17) as a sum of 3-point correlation functions, we define the following function

of 3 X 3 matrices:
f(2) =Eono,z) [0'(21)220(23)] (B.23)

Then UM)(Q) is simply an average of () for ¥ submatrices of 2. We first show the following
bound:

Lemma B.4. Under Assumption 2.2, the function f satisfies the following inequality: for any 3,
> such ﬂthE/ — EHOO <K,

fE) - f(®)] < CU+ VER)|[E -3 (B.24)

Proof. Let ¥ and X/ be two positive semidefinite matrices, and §¥ = X/ — 3. We can write
0¥ = 631 — 639 where both 0%; are positive, and

165l < CIoil,, < ClI6S],, < CISS,
using norm equivalence. Hence, we shall assume from now on that 6% is positive semidefinite,

and write
=240z
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where §z ~ N (0, 6X) is independent from z. Define
do =0(z3) —o(z3) and do’ =0'(2]) —o'(1)
Then

F(E) = f(E) = E[o0'(21)2200 + 0'(21)6220(23) + 60" 220 (23)]
+E [50/5220(23) + 80’ 260 + a'(zl)ézgéa]
+ E[d0’62260]

Since 0z is independent from 2, and o satisfies Assumption 2.2, we can apply Lemma B.3 to get
|E5z3 [50} | < C6X33,

and hence by the Cauchy-Schwarz inequality

’E [0”(2’1)2250’] ’ S C/\/ 222(5233.

A similar bound holds for the two other terms of the first line. For the second line, another appli-
cation of Cauchy-Schwarz yields

Es. [60'2060] < 221/E[(60)2]\/E[(d0")?]

< 201/0%110%33

by a combination of Lemmas B.1 and B.2. A similar bound holds for the third line, and it is easily
checked that all of the obtained bounds are lower than the one of Lemma B.4. O

Now, the expansion of U (Q) — WM)(Q) is an average of terms of the form f(%) — f(2),
where (¥ — 3);; is either 0 or qﬁqjjfw Hence, we can write each of those terms as h(§;;) —

h(0), and by Assumption 2.1 and Lemma B.4, the function h is Lipschitz. Lemma 2.1 then
ensues from an application of Lemma B.2.

B.4.3 Proof of Equation (2.29)
We begin by showing the following lemma. Recall the definition of £:

p
Z (i) (B.25)

Lemma B.5. There exists a constant ¢ > 0 such that for any choice of X,

1
< @ ||0p

Vary1 (€) )
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Proof. We apply the Gauss-Poincaré inequality of Lemma B.1 to
P
FON) =) o(IMPTIX;+ Af),  whichimplies [V f]; = o’(\)
i=1

Whenever o is Lipschitz, we thus have ||V f(A1)||? < cp, and the lemma ensues. O

We are now in a position to show Equation (2.29). For brevity, we denote by E (resp. Emr)
the expectations with respect to A~ ~ N(0, Q1) (resp. At ~ N(0, diag(Q™))). Since the

marginals of both distributions are the same, and by linearity,
E|fOH)] = Ene [FOF)]  and E[€] = Bur [€].

Under the distribution (0, diag(Q")), A is almost independent from &, except for the term
containing o (\;). We can thus write, for any A*

Exe [0 = B [0/ 0] EL€] - ;EMF [ Garta(n)] + ;E [ QA E o (0]

Hence,

E (€0t |-Bur [EX] =E [0/ 0)AF (€ - E[€))] —;E [0 QN (o (M) — Elo ()|
(B.26)
Now, using the Cauchy-Schwarz inequality,

‘E [a’(Ai)Af (E-E [5])} ‘ < \/IE [(a'(xz-)xﬁﬂ E [(5 K [5])2} .

For Lipschitz o, the first term is easily bounded by cQ;:, and the second is exactly the variance
computed in Lemma B.S. The second term in (B.26) being clearly negligible before the first, we
finally get

1@ lop
)

1
Qii ) P

'E [mf] ~ Eyr [&Aﬂ (B.27)

and Equation (2.29) ensues by taking the expectation w.r.t A* on both sides.

B.5 Derivation of explicit expression for the squared activation

In this appendix we show how to derive the differential equations for the dynamics when both o

(Var)

and o* are the square function. We will not present the W' term since we never use the square

activation in the high-dimensional regime.

The starting points are Equations (2.12) and the fact that R = €?/2. Due to the linearity of
the expected value, we can reduce the expectation on products of £ and . Let’s start with the
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population risk. The expected values we need can be expanded to

s
1 * *
EA)~N(0,41.,2) [52] = D Eaagman(0, 50 (AT (AD)] +

r,s=1

1 p
2 D Eaaonio,.0) [0(A)a ()]
]7l:1

) p k
YA Z ZE(A’)‘*)NN(OpJﬂc’Q) [U(A])J()\:)} I

k
1 .
E(A,A*)NN(OHMQ) [U/()‘j))‘lg] ~ Z E(AvA*)NN(OpﬁLmQ) [UI(AJ))‘W()‘T’)]

r’'=1

1 p
D B0, [0 A ()]
'=1

1 k

B )N (0,:0) [0 ODAE] =2 D Eaann(0,00 [0/ () A0 (A))]

r'=1

1 )
p Z]E()\’A*)NN(OIH'IWQ) [o' (M)A o ()] -
=1

These expansions are still valid for any generic activation function. Before specializing in o (z) =

22, we introduce a shorthand in the notation. We will use

Waf = Haﬁ?

where the indices o and 5 can discriminate between teacher and student local fields, as well as the
numerical index. Actually, this notation allow us to compute also W= () by expanding Equa-
tion (2.21) as above, and using the matrix in Equation (B.3) as covariance for the normal distri-
bution.

With this consideration, there are only 2 types of expected values to be computed. Let us write
them explicitly, using our specific activation function

Ea A )~N (0,4 1.2) [U()\Q)U()\ﬁ)] =ExA)~N(0,41,.9) [(/\a)z(AB)ﬂ ,

EAA)~N(0,41.,2) [GI(AQ)ABU(/\W)] = 2E(\ A )~ (0,11,2) [Aa)\ﬁ(/\v)ﬂ :

We are left with some expected values of polynomials of Gaussian variables. Since the local fields all
have zero mean, these are nothing but moments of a Gaussian distribution with multiple variables.
The standard result used to calculate these is the Isserlis’ Theorem:

EAA)~N(0,41.,2) [(AO‘)Q(AB)Q} = Waapg + 2wigs,

2E(A,A*)~N(0p+k,ﬂ) [)\a)\ﬂ()\'y)ﬂ = 2wa5ww + 40.)067(,05“/.



122 APPENDIX B. A UNIFYING APPROACH TO SGD IN TWO-LAYERS NETWORKS

By retracing all steps backward and making the necessary substitutions, we can arrive at an explicit
form of the Equations (2.14). In order to obtain a matrix form such as in the Equations (2.31),
we have to write in a closed form all the summations appeared during the derivation and use the
fact that Q and P are symmetric matrices.

B.6 Numerical experiments in the mean-field limit

In this appendix we show the result of some numerical experiments we performed to verify the
statements exposed in Section 2.3.4. We also refer to our GitHub repository.

First, we checked that the point Q1 = 0 is a fixed point of the dynamic. We compare a simulation
of this case with an integration of just the matrix M. Since when Q- = 0, M is a sufficient
statistic by itself, we expect it to be the only parameter to be evolved to characterize the dynamics.
Figure B.2 (a) shows agreement between simulation and ODE integration.

Second, we test whether it is actually necessary to compute the expectation over the matrix =
when integrating the mean field in low dimension. In Figure B.2 (b) we present the results for
erf activation function: not taking into account the off-diagonal terms, the integration of the
ODEs do not match the simulated dynamics even for large p. The effect becomes even more
evident by comparing Figure B.2 (c) with Figure 2.3 (a). In fact, we can see that in the case of
quadratic activation, neglecting the matrix = leads to a mismatch of population risk even at the
initial instant, as it follows naturally from Equation (2.33). We do notsee such a marked difterence
in the case of o = erf("/v/2) since the latter is an odd function and non-diagonal terms of = are
symmetric random variables.

Finally, we looked at the evolution of the distribution of student weights. We use & = 1 to have
just one teacher vector w* € R?, while p = 5000 to have enough samples to understand how
the distribution is evolving. In particular, we are looking at the distribution of the cosines of the
angles between student weights and w™; in Figure B.2 (d) we plot this distribution at 3 different
times of the evolution. Att = 0, the distribution is uniform, as expected since we sample weights
from a spherical invariant distribution with d = 3. During the evolution, the student’s weight
moves in the direction of w* and —w™ (since o is an even function the sign of the weights does not
count). At large time, the distribution is essentially 1/2 (04 + d_q+ ), which represents perfect
learning.


https://github.com/IdePHICS/DimensionlessDynamicsSGD
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Figure B.2: (a) Evolution from starting point Q+ =0, tracking only M. (b) - (¢) Low-dimension
simulations and the corresponding ODE trajectory, without the oft-diagonal entries of matrix =
(d) Histogram of the student-teacher weight overlaps at different times.
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Appendix C

Appendices to “Escaping mediocrity:
how two-layer networks learn hard
generalized linear models with SGD”

C.1 Explicit ODEs derivation

C.1.1 Derivation of the process

Let’s start by reminding the definition of displacement at step v
12
= ()2 = ; > a; (X)) + VA, (C.1)
j=1

from which it’s easy to write the loss function

v v 1 v
Uy for(a)) = 5 (€77 (C2)
The gradient respect to the parameters is given

1
90,0 for () = — £"(X))?
1 (C.3)
ijé(y”, f@” (CCV)) == —];5”2a;-’)\9’x”

Using 7y as learning rate for the weights w; and 7/d for the second layer, we have the following
update equations

+1 _ v Y oov/yvn2

v+1 _ v Y ove vv v
w = wj +55 2a5\jx

(C.4)

Applying the definition of the sufficient statistics, m; = w;w-/d and Q;; = wiwi/d, we can
recover Equations (3.7).

125
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C.1.2 Explicit ODE

To get the explicit form of our ODEs we need to compute some expected value over the preacti-
vations (A, A). These are gaussian variables, whose correlation matrix is given by €. Similarly,
the population risk is defined as

1

Let’s look close to the random variable we need for this expected values, expressing them just as
function of local fields. To be more concise, from now on with [E we always mean the expected
value over (A, \*) ~ N (0p1,§2). For the risk we just need

1 < 2 &
E[e?] =xt + D Gk AN - D E 2]
jl=1 j=1

while for the ODE of @

12

E[eX] =E[2X] - - D ak 302,

p =1
where we omitted the noise part since it averages out with the expectation. The equation for /m
requires

9 P
20, [E;A] = 2B A2 — B > e A
=1

while we need two different expectations for Q
1L
2(a; + @)E [EAA] = 2(a;+ar) |E M2 - ;D asE 2N | and
s=1

4152%@1)\]-)\1 = 161ajal
p p

E |\ad] - ; Zp: 0 AN +
s=1
+p12 Zp: (asatE [Ajmzﬂ + AE [AJA,D ]
s,t=1

We are left to compute some distribution moments of a multivariate Gaussian of second, fourth
and sixh order. In the GitHub repository can be found a Mathematica script to address this task;
alternatively Isserlis’ Theorem can be applied. We introduce a shorthand in the notation

Waf = [Q]ab”


https://github.com/IdePHICS/EscapingMediocrity
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where the indices & and 3 can discriminate between local fields A (if o, 5 € [1, ..., p], and A, (if
a, 3 = p + 1). The final result are given by

AWarnWEsWrs + AWasWayWAs + 2WasWEsWA

By retracing all steps backward and making the necessary substitutions, we can arrive at an ex-
plicit form of the ODEs and population risk. While the full risk expression can be found in Equa-

tion (3.6), we report here just the case a; = 1 for the ODEs since they have a compact matrix
form

?:2<p—n§J>M+4<pM—%\4> (C.52)
dQ Tr[Q] MMT  Q?
dt—4<p‘p>Q+8<p‘p>

4 |
+ ;{ [3p2Q+ 12pMMT} t

<Tr Q2+ 2Tr [Qﬂ) Q+4Tr[Q Q%+ 8Q3

<pTr [Q+2Tr [MMTD Q+2Tr[QMM

+2pQ2 + 4 (MMTQ+ QMMT) +AQ}7
(C.5b)
where p = w2/d. For completeness, this is Equation (3.6) for the case aj = 1
3+A PTr[Q+2Tr [MMT} Tr[Q® + 2 Tr [Q?] (C.6)
R(Q) = - + 5 . :
2 p 2p
C.2 Spherically constrainted ODE and SDE
C.2.1 Spherical constraint for ODE
Let’s recall the update rule for the weights
wY — YV (yY, for(z”
wy+1 - 7 Y j (y f@ ( )) \/E’ (C7)

T e AVt fer )|
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we will find the leading order approximation of it and then apply the argument as the uncon-
strained case for deriving the ODEs.

To shorten the notation we will use £ for indicating £(y”, fov(2")). Let’s start by computing
the normalization factor

B P —

wa;’ — YV ¥

1 1 v v 2 v

1

N

N[

2
4 2 Va4 42|

Q]
)
v Dol

Note that we kept both two terms in the expansion because we can show that both the norm and

1
2

1 v v
1+ 24 <2fyw <V, 07— vajﬁ

the scalar product with a weight vector are order 1

2 252)\”22 (@) 2823

HVU}J[V p? d p? d =0,
d 2
26N % 2ENY wii | 28N
Wj Vg 0¥ ~ £ wﬂ 5251\/ 0, cjz’ £ SLN(0,1)=0(1).
=1

We can now plug the expansion back into the original update rule

w/t = <wj” — ’wajé")

v v 2 v
; 1_,_7 (27wj Vi, 07 =y HVMJ.E

2d

2> +o0 <d‘1)] V.

We are ready to go over the steps that take us from the update rule on vector weights to those on
order parameters. We report by way of example the steps performed for M; the accounts for Q are

similar, just a bit more tedious.

MV+1 B w;+1 . w*
A d
w* - V. 0¥
- (M;_’Ydj> 1+ o <27'w Vgt = |V, ) o(d—l)]
v fyw* Vi, £ ]V v v 2 v 2 -1
:Mj—dj—|—2d<27wj-ijﬁ - va][ +o<d )
My

v 1 Y vV M; Y evyvyv ’72 vyv2 -1
=My + g AN — <2p5 NN+ SN, +o(d )
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Figure C.1: comparison of ODE integration and many SGD runs for p = 5 (left) and p = 20
(right). Both the experiments have d = 5000.

We can now take the limit d — +o00, claiming that the theorem [ ; ] proving ODE
convergence is still valid. Indeed, the error term o(d~!) in Equation (C.8) has an average order
of O(d~?), which can be absorbed in the term I'V of Theorem A.1 in [ ]. The rest of the
proof proceeds the same way, noting that the square function can be assumed to be Lipschitz since
the dynamics take place on the sphere.

The differential equation that describes the evolution of M is

dM; (1)

M, (t
i Ex ax*~a(0,92(t)) [25)\]')\* _ M)

(4&@- + 425%)] :

Using the definitions introduced in Equations (3.15) we can write the equation in a nicer form

M) o on Myt
S~ (@) - L), (©9)

Essentially, the spherical constraint can be imposed by using a term proportional to the uncon-

strained Q update.

Without reporting all the calculations, we can write an analogous differential equation for Q evo-
lution

dQJdé(t) = 2;(?) - ;(t) (®5;(Q) + ®u(R)) . (C.10)

dQy;(t)
dt

Note that = 0if Q;;(t) = 1, asit should be since the norm of spherical vectors must

not change.
In Figure C.1 we show two examples of integration of ODEs, for different values of p. Simulating

for large but finite d does not kills the stochasticity in the SGD runs, but we can clearly see how
the ODE well describe the dynamics on average.
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C.2.2 Spherical constraint for SDE

This subsection we derive the spherical constraint for the SDE, with p = 1. We assume that the
stochastic process is given

dM = \Ill(Q) dt + \/ZO’M(Q) -dB;
(C.11)

dQ: (I)ll(Q) dt + \/ZO’Q(Q) -dB;,

without providing explicit expressions for oy (€2) and g (€2); see Appendix C.5 for that.

The derivation is basically following the steps of the previous Section. Starting from the uncon-
strainted update rule for the weights

l{+1

w;

— v v
= w; — YV, 7,
we can find an expression for the two unconstrained differentials

_ —2qw - VO A2 || Ve

dg =
d (C.12)
—ywy - VI
dm = —g

Since we are forcing the weight on the sphere, the update rule that actually has to be used is

v v
i1 _ w; ’wajE
b

v

w
[ — Vo, ¥

multiplying both sides by w, and subtracting m we get

m +dm
dm :7\/&7771,
5 Jw — v

where we introduce mg to differentiate the constrained variable from m. Let’s estimate the nor-
malization factor

Jw — V| =/(w — AV = \Jw? — 2w -y VE 42 [V

2 2w AV A2 ||V
:ﬁ\/zz;+ waVt AV
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and expanding up to leading orders we get
1
dmg =(m +dm)(1 + dq)_% —m = (m+dm) <1 - idq + 2dq2> -m

m 1 3 9
=dm — Edq— idmdq—kgmdq

In principle, we can now use the It6 Lemma on differentials Equations (C.11), obtaining
dm? = %afd(g) dt, dg? = %o-é(ﬁ) dt, and dmdg= %UM(Q) L oQ(Q) dt.

It’s interesting to note that these lead to a drift correction (and not just stochastic), but it’s of
second order. As expected, in numerical simulations we can’t see the effect for these corrections,
hence we neglet them in what follows. Finally, we write the explicit Brownian motion for the
constrained dynamic

dmg = (xpl(g) - ”;5%(9)> dt + \/Z <0M(Q) - ”;SO—Q(Q)> -dB,.  (C.13)

Of course, all functions depending on €2 should be evaluated at m = mg, ¢ = 1.

C.3 Derivation of the expected exit time formulas

C.3.1 Linearization of the equations

The linear approximation of ¥ around m; ~ 0 is given by

j 1
\Ifj =1 (m]’ - Tnj) =4 <1 - > mgj, (C.14)
p p

while for ® we distinguish the cases j = [ or not
jAL By =4 [2 (—2%’>
p

4y 2
+ —493Q; — -
p{Q’ p

_l’_

PQjt +4Q i |+

p12 [(192 n Qp) Qi + 8pQji + 24le] n Ale}

16Q (C.15)
= —— Nyl
p

4 8 2 8 24
+7{3—2—+1+++2+A}C@z

P P p b D

16

pQJ

47{ 2 24 }
+ L2+ —-4+—=+A i
P p P Q
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(C.16)

Given these linear approximations, we are ready to write down the equations valid as long as the
risk stays in the first plateau

W:[4<1_1)+4_%<2+;+§+A>

dt p) p P
2y 2 8
= [4_p<2+p+pQ+A> [M(1)] (C.17)
v 1 4 A
_4[1—p<1+p+p2 2) [M(t)],,

d [Q()], 4 4 4
R R
_ | 8, (16
a [ p D <p2>] S
s 8
- 1] e,
(C.18)

We observe that the evolution of the sufhicient statistics is uncoupled in the starting saddle. We
can shorthand the notation by introducing wg and wyy

dM;
T e
. é (C.19)
Wl = —wQ i whenj # .
These equations admit a simple solution given by
M;(t) = M;(0) explwart] (C.20)

Qii(t) = Qju(0) exp[~wqt].
C.3.2 Solving the approximated risk equation
From Equation (C.6) when the weights are on the sphere, it follows that the risk is given by
A

1 1 <& 2 &
RQM) - =1+-+—5 > Q-=) M (C.21)
2 b s Pia
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Equations (C.20) can be used to obtain a deterministic time evolution of the risk. The only source
of randomness left is from the initial conditions, we can define two random variables as

p P

Ko 2 T0 2

g;ZZ[Mj(O)] and  — = | Z [Qiu(0)]”, (C.22)
J=1 FA=155#1

and get an expression for the risk in function of time
A 1 T0 2,[1,0
ty—— =14+ -+ — —2wot] — = 2wt C2
R(t) =3 ot e exp[—2wqt] dp exp[2wprt] (C.23)

This equation is not polished enough to be solved analytically yet. First of all we need to assume
that the risk is decreasing by forcing wy > 0. Secondly, we want the exponential proportional
to T to be negligible when ¢ > 0: this follow from wq > 0. In principle, this last condition
is not needed for the process to converge like the first one, but without it is not possible to find
an analytical solution for the cross -threshold equation. Moreover, whenp > 6: wy > 0 —
wq > 0, so we can see that the request is not unreasonable.

Wrapping all this consideration together, Equation (3.21) is

1 2 1 2
(1-1) (1 +o+ o “O) =1+ - dipo exp[2wistexd, (C.24)

from where we can compute the exit time

log {Tp(p+1)d+(22“lgc;17—m)(1—T)

texe = QWM

C.3.3 Averaging on initial conditions

As of now ey is still depending on the initial conditions through the random variables j19 and 7.
Following from the choosen initial conditions, and taking into account the dependence between
the two random variables

p PP
o, To ~ P;,l where Pg =(d) (uj-v)? QdZ Z (uj - w)? | withv,uj ~ST(1).
j=1 j=11=j+1

We have now two possibility to get the expectation of tey. The first one is known in statistical
physics literature as guenched formula leaves us with an unexpressed expected value

(qnc)
ZL'e()gt = Euo,mfvpg
log Tp(p+1)d+(22lﬁ)(;p—70)(1_T)} (C.25)
2w .

The second one, often referred as the annealed formula, is obtain by simply replacing the random
variables with their expected values

T(p+1)d+(p+1)(1fT)}

og
fan) _ 2p , (C.26)
QWM
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Case p = 1 For completeness, let’s reduce these formulas to the simplest case p = 1. In this
case Ty does not appear, and from Equation (3.13) we find that y19 ~ x?(1), so the quenched
formula reduces to
Td —
fm g, 8 [‘“’ M
o Ho~x*(1) 8(1—67) —4vA

(C.27)

C.3.4 Overparameterization Gain

Let us introduce the number of gradient steps needed to escape the threshold. Remembering
t = v7V/pd, we define
pd
Sext(pa da v A7 T) = 7text' (C.28)
In the domain of our interest, namely Seye > 0, Sexc is a convex function in . Therefore, there

exists a unique minimum that corresponds to the minimum number of steps required to cross

the threshold when p, d are fixed

_ O5ex(p,d,7, A, T) »’

0 = opt(Ps d, A) =
oy Yo (P ) 8+2p+ (2+ A)p?

Y=Yopt (P,d,A)

Note that this learning rate correspond to an exit time whose log’s prefactor is constant to %, as
reported in the main. We can also compute the optimal number of steps; we choose to stick with
the annealed formula: for large p both estimations lead to the same result, while for small p we are
underestimating the exit time of a small factor. Hence, the annealed minimum number of steps
is

Smin(pu d7 Av T) :_sanl(p7 d7 Pyopt(pv d7 A)7 A7 T) =

ext T “ext

d[8+2p+ (2 + A)p?] log [T@“)d*(p“)(l”)

2p

4p?

min

¢ is mono-

This formula can be used to estimate the overparameterization gain. Noting that s
tonically decreasing in p, we can define the gain as

" smin(p =1,d,A,T) 12+ A
m " = .
d—+oo limp_ 4 oo ST (p, d, A, T) 2+ A

ext

C.4 Stochastic correction to the exit-time formula

In this section we derive a new exit time formula for the case p = 1, that takes into account the
stochastic corrections of the dynamics.

At first, we require the further assumption wY L wg. Obviously, this is not realistic, since to
achieve this initialization we should know w, exactly. Still, this case is could arise interest, since
it corresponds to m® = 0, that is a fixed point of Equation (3.19). Thus, there is no dynamics
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in the ODE description, while the SDE are able to jump out from the fixed point and reach the
point of convergence of the SGD. Lastly, the following analysis can be generalized to be used with
the usual initial conditions.

The key observation is approximating both the noise and the drift of Equation (C.13) to the first
non-zero order, when evaluated at m = 0. As we pointed out above, the drift term is null at ini-
tialization, so the leading order is the first; this corresponds to the linearization of Equation (3.19),
and the linear factor is

pi=[4(1—67) — 27A]. (C.29)

Instead, the noise term is not vanishing at m = 0. Of course, 0o (£2) does not contribute because
is proportional to mg. Moreover, looking at the expression for > in Appendix C.5, we can observe
that the covariance matrix is diagonal since the non-diagonal term is proportional to mg as well.
All considered, the only term is contributing is the variance of m: the two-dimensional Brownian
motion can be reduced to one in dimension 1, with variance

2 Y
= (48 +4A).
o ” d( +4A)
Summarizing, the SDE near the initialization can be described as

dm = pmdt + o db, (C.30)

where b; is a one-dimensional Wiener process with unit variance. The approximated evolution
of m is a expansive Ornstein-Ublenbeck process, since 1t > 0. We have already shown in the
main that there is a direct map between m and the population risk; we can deal just with m for
measuring the exit time. Given an expansive OU-process staring at m = 0, the mean first exit

time from the interval (—\/T , VT ) is given by [ ]

T
#(3DE) _ 22F2<1,1;:>>/2,2;—“2T> (C.31)
o o
where oI5 is a generalized hypergeometric function; see [ ] for reference. The formula does

not have a closed form like the one derived earlier, and it works only when 7 is small enough that
the exit point is not too far from initial conditions, otherwise the approximation we did do not
hold anymore.

As reported in [ ], the formula can be generalized also to the initial condition we used in
the rest of the manuscript, where M ~ N (0, 1/d). Again, we have to average over the initial
conditions: (C.31) coincides with the annealed version, while we do not present here the guenched
one to be concise.

C.5 SDE:s for arbitrary width

In this appendix we generalize the discussion of the spherical constrained SDE to network of ar-
bitrary width. As we already did at beginning of Section 3.4, we fix the second layer to a; = 1 for
everything that follows.
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C.5.1 Unconstrained SDE with p > 1

The updates of overlapping matrix elements can be written as

o —y(wj - Ve, 0 + wy - ijf) + WQVU,J.K” -V, 0¥ YA
dQj = 7 = deﬂ,

dmj:—d :pd

M;.

where we recalled the definition of the random variables M ; and Q;; the factor 1/p is missing,
but it will come out from the gradients V. As we already seen, the usual argument provides
setting dt = 7/pd and say that the remaining factor is concentrating to its expected value

d’mj = \I/j dt
dQj; = @ dt,

where ®;; = E [Qj;] and ¥; = E [M;]. We can now go beyond this and add corrections to
concentration, namely adding a Brownian motion, following [ ]:

g
dezxyjdtJr,/p—da%dBt

5
dQj; = @,y dt + , /Eanl-dBt.

The 0'?4 and O'le are the rows of the matrix obtained by taking the square root of the covariance

matrix of all the p + p? random variable M jand Qj:

(C.32)

M
o
'1 Var [M] -+ Cov [./\/ll, ./\/lp] Cov[M1,0Q11] -+ Cov [./\/ll, Qpp]
0'2/[ _ Cov [Mp, My] -+ Var [M,] Cov[M,, Qu1] -+ Cov [ My, Qppl
0'1Q1 Cov[Qi1,M1] -+ Cov|[Qi1, M,] Var [Q11] -+ Cov |Q11, Qpp]
O-'Z% Cov [Qpp, M1] -+ Cov [Qpp, Mp| Cov[Qpp, Qu1] --- Var [Qp]
(C.33)

and d By isa p(1 + p)-dimensional Wiener process.

C.5.2 Spherical Constrained SDE

Let’s move now to the actual spherical derivation. The steps used are exactly the same we did in
C.2, Since we are forcing the weight on the sphere, the update rule that has to be used is

v v
v+l _ wj ’vajg
S

Vd;

w

‘w}-’ — YV, ¥
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We introduce now 91; and Q; to discriminate between the spherical variable and the uncon-
strained ones. Multiplying both sides of the update rule by w, and subtracting 91, we get

am, = 2 TG an
ij—fvajﬁl’

Similarly, the product of two update rules brings us to

wj — YV, 0¥ w; — YV ¥

d9;; = _
! lwr = V|

Q

ij — YV ¥
_ Qi+ dQ d— 9y
A R

Let’s estimate the normalization factor

2

:\/(wj =V, 00)? = \/wJ2 = 2w; - YV, ¥ 472 vajé’/

H'wj = YV, £”

2

V&J 2 2wy YV + 92 [V,

=+ ] = Vi, + i,
VAT Q.

Expanding up to leading orders we get

[N

40 =(0, + dimp) (1 + dQy)”

1 3
:(gﬁj + dmjr) <1 — 5 dQ“ + g dquj> - f)ﬁj

_ gﬁj

M, 1 3
= dm, — =* dQ; — 5 dmy, dQy5 + SM; dQY,

1 1

dQj =(Qj +dQj)(1 +dQj;) 2(1 +dQu) 2 —Qj
1 3 1 3
=d Q]l d d QJZ 2 2 1
We can now use the It6 Lemma on differentials Equations (C.32), obtaining
i
dxy dzy, = p—da% SOy, dt,

so we have some extra drift terms at an higher order.
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C.5.3 Special cases

Computing explicitly the variance in Equation (C.33) is not conceptually different from what
exposed in Appendix C.1: expanding all the expression we are left expectations of polynomials
of the preactivations. Even if not complex, it is required to compute up to twelfth moments of
a multivariate normal distributions, that could lead to very long results. We developed a Mathe-
matica script for addressing this computation, available in the GitHub repository; it can be used
for the covariance of arbitrary network width. In the same repository, we provide the code for nu-
merically integrating the SDE, in the cases p = 1, 2. These two special case are briefly discussed
here.

Explicit expression for p = 1  We report here the expression for the variances and covariance
introduced in (C.11)

Var [Q11] =57672AM? — 249672 AM? — 11520~*M°® + 54144~*M* — 73728~*M?
+ 544yAM? — 11136yM* + 22272yM? + 320M* — 1600M? + 32+2A?
+ 192072 A 4 31104~% — 544yA — 11136y + 48A + 1280
Cov [M1, Q11] =727AM3 — 72yAM — 1440yM> + 2880yM?
— 14409M + 24AM — 480M> + 480M

Var [M;] =8AM? — 192M* + 144M? + 4A + 48
(C.34)

Numerical experiments for p = 2 In Figure C.2 we show the same numerical experiment
we presented in Section 3.3.3, repeated in the case p = 2. Again, we show there is no benefit
including the stochasticity in the analysis. All the evidence indicate that even for larger p there is
no effect in including the correction and the time estimation based on the ODE is accurate.


https://github.com/IdePHICS/EscapingMediocrity

C.6. STOCHASTIC CORRECTION FROM [. '/ 139

100}
1.48 x 10°

1.46 x 10°
Al -
‘ |
® _
ol 1.44x10° [ — ODE u
-- Sim. ., =038] |
1.42%x100)| ODE ¢, =0.39 ::
-~ SDEt.=0.39 | u
Threshold N
Rt : 1.4 %100 : !
101 10! 0T 4

t t

Figure C.2: multiple run of the simulated SGD and the numerically integrated SDE, always start-
ing from the same initial condition, with d = 3000. All the ¢y presented are obtained by solving
numerically (3.21). The SDE captures the variance that the ODE doesn’t exhibit, but the ¢y do
not change considerably.

C.6 Stochastic correction from [ ]

In this Appendix we compute the diffusion correction term of the deterministic dynamic using
the formalism introduced in [ ]; we use the notation of that paper to make the comparison
easier.

We are going to analyze the plain phase retrieval problem (k = p = 1, no spherical constraint),
using a slightly different scaling as the one we introduced in the main, in accordance with the hy-
pothesis required by [ ]. Our goal is to show that our formalism contains the one presented
in the paper we are analyzing here. We want to learn a predictor of the form f(z) = (w - z)?,

using online SGD on the data
x ~ N(0,1;) y = (w* - 2)? + VAE,

with both w and w* with O4(1) norm, in contrast to what we used in the main where the norm
of the weights were O4(1/d). The SGD process is written as

w’ = w” — 5,V L(y, w),

with 64 = v/dand w® ~ N (0,1/al). We are going to consider the high-dimensional limit,
namely d — +o00.

We omit the verification of d-localizability for brevity.
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The loss and its expectation are

Ly w) =5 [(* - — (w2 + VAE]
:%(w* cx)t + %(w cx)t + %52 + [(w* c)? = (w- x)ﬂ VAL — ((w* - )(w - 2))*,

B(w) =E, ¢ [L(y, w)] = guw*u“ + g||w\|4 + ;A e Pl - 26w* - w)?

We introduce our summary statistics u = (m,q) = (w* - w,||w||*), and we further assume
a2 = p

Blw ||* +A 3 2

aw) =2 LS ot P - 26 - w)?
3p2+A 3

®(m, q) ==—F5— + 5(12 — pg —2m?

We now compute the gradients needed for the dynamics. The stochastic gradient is
VoLl =2(w - z)%z — 2(w - 2)VALx — 2(w* - 2)*(w - z)zx
The gradient of the population loss is
Vu® = 6quw — 2pw — dmw™
The gradients of the sufficient statistics with respect to w are
Vem = w* Vg = 2w,

and their Hessians are
Vim=0 V2q=2I,

Last ingredient we need for the dynamic equationsis V = E, ¢ [V (L — @) ® V(L — @)].
We are left with

V =Epe [Vl ® VL] + Vip® @ V@
— Fag Vol @ Vi 4 Viu® @ VL] .

We compute the two terms separately

Vu® @ Vo® = 4(3¢ — p)’ww’

— 4(6gm — 2pm)(w*w " +ww* ") + 4 - dm*wrw* "
Since B ¢ [V L] = V,®, the cross term reduces to the same quantity:

Epg [Vl ® Viu® =(6]w]? w — 4(w* - w)w* — 2||w*||w) ® (6qw — 2pw — 4mw*)
=V, P ®V,.
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It remains to compute the second-moment term:

Epe [Vwl ® VL] =
=Fg¢ [4(w cx)Saa T + 4w 2)? A2
+4(w* - 2) (w - 2)rr’ — 8(w - z) (w* - x)?aa T
= 4(90]w|* ww " + 15|jw]|® I;) + 4A(jw|]* Iz + 2ww ")
+ 4[(3Hw*H4Hw||2 + 12Hw*H2 (w* - w)?) Iy
6 ]| e+ (12" [P flwo]* + 24" - w)?)wt (w) T
+ 24Hw*H2 (w* - w)(w*w + ww*)]
= 8[| |w*]|” + 12}l (w* - w)*) 14
+ 6wt wt (@) " + (12]w]? ]| + 24(w* - w)?)ww"
+ 24|jw]* (w* - w)(w*w + ww*)]
= 4(15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24qm>) I,
+ 4(90¢% 4 2A + 6p> — 24pq — 48mP)ww "
+ 4(12pq + 24m? — 12¢*)w* (w*) "
+ 4(24pm — 48gm) (w*w + ww™)

We finally get the expression for the matrix V = E; ¢ [V L ® VL] — V@ @ V,, @

V = 4(15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24qm?)I,
+ 4(90¢% 4 2A + 6p? — 24pq — 48m? — 9¢° + 6pq — p?)ww
+ 4(12pq + 24m? — 12¢* — 4m?)w* (w*)
+ 4(24pm — 48qgm + 6gm — 2pm)(w*w + ww™)

.
(C.35)

We now have all the ingredients needed for computing the dynamics

fn == lim Vy® - Vym = —G6gm +2pm + dpm = 6m(p —q)
fg== Jim Vu®: Vuq=—12¢" + dpg + 8m”

g = lim 22Ty [va,,m} ~0

d—+o0

gq= lim (;—dTr {VVfuq}

d——+oo

=4(15¢° + Aq + 3p°q + 12pm? — 6¢%p — 24qm?) - dl’:rfoo % Tr[214]

=4v(15¢> + Aq + 3p%q + 12pm? — 6¢%p — 24qm?)
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In the last one we used the fact that the only term that can survive the Tr [-] /d are the ones pro-
portional to the identity. For the same reason > = 0 in this case. The full equations read as

dm =6m(p — q) dt
dg=4 [2m2 + pq — 3¢° (C.36)
+7(15¢% + Aq + 3p%q + 12om? — 6¢%p — 24qm2)] dt

Note that this equations are exactly the same as (C.5a) and (C.5b), as expected. What is not trivial
is proving that the diffusion term will also be equivalent.

C.6.1 Diffusion at generic point

In principle diffusion terms are expected to appear when the sufficient statistic are zoom around
a fixed point of the equations. Imagine now we want to find the diffusion term around a generic
point (m, ¢) = (m, q) thatis not necessarily a fixed point of the equations. We have to zoom the
sufficient statistics in the usual way

(7, @) = (V(m —m), V(g - a))

. The drift terms diverge, but diffusion term will appear; this diffusion is the first stochastic cor-
rection to the deterministic dynamic of the sufficient statistics, and can be added to the equations
(C.36), paying attention to multiply it by 1/vd to compensate the zoom factor.

We express the loss and its gradients in terms of the new sufficient statistics.

G CRD )

Its gradient with respect to w is

q . _ mo_\
Vu® =6 —+ w—20w—4(—4+m|w".
<¢& q) g <\/& )
The gradients of the zoomed statistics are
Vo = Vdw* Vg =2Vdw,

and their Hessians are

Vin=0  V2§=2Vdl,.

The expression of matrix V' is the same as the one in equation (C.35) with the following substi-
tutions



C.6. STOCHASTIC CORRECTION FROM [. '/ 143

We now compute the three entries of the diffusion matrix in turn.

Sim = lim 8q(Vein) VV,m

d—+o00

= lim |4(15¢° + Aq + 3p*q + 12pm? — 6¢°p — 24qm?)p

d—+o0
+ 4(90¢? + 2A + 6p% — 24pq — 48m? — 9¢* + 6pq — p*)m?
+4(12pq + 24m? — 12¢* — 47712);)2
+ 8(24pm — 48gm + 6gm — 2pm)pm
=60pg> + 4ApG + 12p3G + 48p°m? — 24p> G — 96pgim*
3242 + 8AM? + 24p*m? — 96pgm? — 192m* + 24pgm* — 4p>m?
+ 48p°q + 96p%m? — 48p°F* — 16p%m>
+ 176p*m? — 336pgm>
=60pq> + 4Apq + 60037 + 324p%m?% — T2p°G* — 504pgin>
+ 8Am? — 192m* + 324m2%?

The oft-diagonal entry is

Smg = lim 64(Vid) V Vi

d—+00

= lim [(15q3 + Aq + 3p%q + 12pm? — 6¢°p — 24gm®)m

d—+00
+ (90¢° 4 2A + 6p* — 24pq — 48m* — 9¢° 4 6pq — p*)gm
+ (12pq + 24m? — 12¢° — 4m*)mp
+ (24pm — 48qm, + 6gm — 2pm)(m? + pq)
=120mg° + 8AMG + 24p*mq + 96pm> — 48pmq* — 192m3q
720mq° + 16Amg + 48p*mq — 192pmq® — 384m>q — 72mg° + 48pmq® — 8p*ing
96p%mq + 192pm> — 96pmg”> — 32pm>
192pm3 — 384m3q + 48m>G — 16pm3>
192p*mq — 384pmq* + 48pmq* — 16p*mq
=T763mg° + 24Amq + 336p*mq + 432pm> — 624pmg* — 912m3q
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Finally, the bottom-right entry gives
Ygq = dll;I}rloo 5a(Vwd) ' VVui
= dEIJrrloo 16| (15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24gm?)q
+ (90¢% 4+ 2A + 6p? — 24pq — 48m? — 9¢* + 6pq — p*)¢*
+ (12pq + 24m? — 12¢% — 4m?)m?
+ 2(24pm — 48qm + 6gm — 2pm)qm]
=2407" + 16AG* + 48p°¢* + 192pm*q — 96pq° — 3843°m>
14403 + 32AG + 96p°F* — 384p3° — T68M> G — 1447" + 96p3° — 16p°F>
192pm2q + 384m* — 192m2¢* — 64m*
768pm2q — 1536m%G° + 192m>G* — 64pm>q
=1536q" + 48AG + 128p%3% + 1088pm2q — 384p3°> — 2688 m? + 320m*

The expressions we just computed match the one we obtained in Equation (C.33), if we sety = 0.
This difference arise from the d-localizability condition, that essentially force us to work with a
vanishing learning rate. Remark 2 in [ ] explains how to generalize the formula for ¥ to
match exactly our expression.

C.7 Landscape geometry

In this appendix we discuss the landscape of the population risk for the phase retrieval problem
p = 1. We start by discussing the Euclidean case first, moving to the sphere next.

We recall the reader that the loss function is given by given by:

1 2
() = Uy, fo(@) = 5 ((w]2)? +VAz - (w2)?) (€37)
As before, we define the pre-activations (or local fields):
A\ = w, A=w'z (C.38)

E(w) = (w] 2 + VAz — (w' )’
=X+ VAz -2 (C.39)
Note that:
Vol (w) = —2)\z (C.40)
Therefore, the Euclidean gradient of the loss is given by:

Vul(w) = =2E(w)\x (C.41)
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And the Euclidean Hessian is:

V(w) =2 (2)\2 — 8(w)) zx’

=237\2 = X2 + VAz)za " (C.42)
Averaged geometry —  We now compute the expected geometry by taking population averages
of the above. It will be useful to define the correlation variables:
_ wdP? _wlw P

which we recall are the second moments of the pre-activations (A, A). With this notation, the
population risk (the expected value of (C.37)) reads:

3, 3
R(m,q) = 8/2+ 5p* + 5q° = 2m* = pg (C.44)

In order to compute the expected gradient, we need the following moments (for readability we
omit throughout the overall factor 1/d coming from the covariance ¥ = 1/al, which rescales the
gradient and Hessian but changes neither the critical points nor the signs of the Hessian eigenval-
ues):

EN2Az] = pw + 2maw,, E[X2] = 3qw (C.45)
Which gives:
VuR(w) = —2E [E(w)Az] = —2((p — 3q)w + 2muw,) (C.46)
Finally, let’s compute the expected Hessian. For that, we will need the following moments:
ENzz'] = ply + wow, ENzz "] = qly + ww' (C.47)
Therefore:

V2 R(w) = 2R | (3\% — A2 + \/Ez)qu =2 (—(p —3¢) 1+ 3ww ' — w*wj)
(C.48)

We are now ready to compute the critical points of the Euclidean landscape and evaluate their
nature. By definition, the critical points are defined as solutions of V., R(w) = 0. These are:

* w=0((m,q) = (0,0)): The Hessian of this critical point is given by:
VER(0) = —2(pIy + waw, ) < 0 (C.49)

This is a negative-definite matrix with d — 1 negative eigenvalues —2p and one negative
eigenvalue —2(p + 1) with eigenvector w,. Therefore, this is a local maximum. The risk
associated is given by:

3
+ 5p2 (C.50)
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* (m,q) = (0,7/3): This defines a line of critical points {w € R? : w L wy and ||w|| =
1/v3||w.||}. The Hessian is given by:

ViR =20ww’ — waw,) (C.51)

Note this is a rank-two matrix with d — 2 zero eigenvalues (associated to flat directions),
one negative eigenvalue with eigenvector w, and a positive eigenvalue with eigenvector per-
pendicular to the minima. This is a saddle-point, and have population risk:

4 9

R(O0,0f5) = 2 4+ 2, (C52)

2 3

s w = Fw, ((m,q) = (£p, p)): From the definition of our problem, this is the global
minima. The expected Hessian is given by:

V2 R(+w,) = 4(ply + weaw]) =0 (C.53)
which isindeed a positive definite matrix. This defines the minimum achievable population
risk:

) A
min R(w) = R(%p,p) = — (C.54)
weRd? 2
This is consistent with the discussion in [ ], where the critical points and their nature were

reported, but explicit expressions for the expected gradient and Hessian were not given. From
this geometry, a neat picture for the one-pass SGD dynamics in the unconstrained problem can
be drawn. Consider w, € S%1 with a random initialization at high-dimensions:

w® ~ N(0,1,). (C.55)

Note that with high-probability the random initial weights is almost orthogonal to the signal, and
we have (m, ¢) ~ (0, 1). Note this is not a critical point, and the initial gradient V,, R (w°) =
4w is orthogonal to w,. Indeed, forp = 1and A = 0 the unconstrained ODEs (3.11) are given
by:

() = 6m(t)(p - a(1) (C56)
Q(t) = 4 (a(t)(p — 3q(1)) + 2m(1)?)
+12y (Q(t)(p2 +5q(1)° = 2pq(t)) + 4m*(p — 2q(t))> (C.57)

where" := d/dt and we dropped the bars for clarity. Therefore, in the initial stage of the dynamics
mm ~ 0 remains almost constant, while ¢ decreases, and the dynamics flow in the direction of the
saddle-point (0, #/3). As we have seen, the saddle is mostly flat, with a single negative curvature
direction pointing towards w,. This is precisely the mediocrity stage, where the dynamics slows
down and SGD gets stuck for a long time before being able to develop significant correlation with
wy and escape.
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Wy

*

Figure C.3: Low-dimensional illustration of mediocrity at initialization. As discussed in Sec-
tion C.7.1, the expected Hessian at initialization is a strict saddle-point with d — 1 flat directions
and a single negative direction pointing towards the global minimum. This scenario is particu-
larly hard for descent based algorithms such as SGD, that require n = dlog d samples / steps to
develop significant correlation with the signal.

C.7.1 Landscape in the sphere

Recall that the orthogonal projector on a vector u € S4-1 s given by:
Proj, = Iy — uu' (C.58)
Therefore, the gradient on the sphere is given by:

gradgg_1£(w) = Projga—1 (Vul(w)) = (Ig — ww ")Vl (w)
= —2E(w)A(z — Aw) (C.59)

Similarly, the Hessian on the sphere can be written as:

Hessga—1 £(w) = Projgs_i (vg)z(w)) — {w, Vel (w)) I
= (BN = X)) (zz| = wz") + E(w)N1y (C.60)

Averaged geometry —  Recall that in the sphere we have p = ¢ = 1. Therefore, the popula-
tion risk now only depends on the correlation m = (w,, w), and reads:

R(w) = 2(1 —m?) + (C.61)

o | >

Luckily, half of the moments we need have been already computed above. To get the gradient on
the sphere, we just need to compute:

E[A2A%] = 1 + 2m?, E\] =3 (C.62)
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Therefore, the averaged spherical gradient is given by:
gradgy 1 R(w) = 4m (mw — w,) (C.63)
We also have all moments required to compute the expected spherical Hessian:
Hessga—1 R(w) = 4 [m2Iq + mww, — w*wj] (C.64)
As before, we can now analyze the critical points and their nature.
* w L wy (m = 0): The Hessian is given by:
Hessga—1 R(w) = —4w,w, (C.65)

Which is a rank one matrix with d — 1 eigenvalues O (flat directions) and a single negative
eigenvalue —4 with negative curvature pointing towards the signal w,. Therefore, thisis a
strict saddle-point. However, since the risk is a decreasing function of m? € [0, 1], this is
also the global maximum of the risk.

* w = Fw, (m = £1): As before, these are the global minima, and define the minimal
achievable risk R(+w,) = A /2. Indeed, the Hessian is given by:

Hessga-1R(twy) = 41g > 0 (C.66)

which is positive-define.

Therefore, the landscape now resembles a golf course: completely flat with a single whole corre-
sponding with the global minimum wy, see Figure C.3 for an illustration. This is the prototypical
image of mediocrity. In particular, differently from the unconstrained case, random initialization

w® ~ Unif(S* (Vd)) (C.67)

now corresponds to initializing close to the saddle point m? = 0: with high-probability the initial
weights are orthogonal to the signal at high-dimensions:

m® = Ya(w®, w,) ~ 1/vd < 1. (C.68)

For the reader convenience, we recall that the ODEs (3.19) describing the evolution of the corre-
lation m is given by:

m(t) = mf(t) [4(1 —67)(1 — m2(t)) — 29A (C.69)

Close to initialization we now have 112(0) ~ 0, slowing down the dynamics close to initialization.



Appendix D

Appendices to “Online Learning and
Information Exponents: On The
Importance of Batch size, and Time /

Complexity Tradeofts”

D.1 Proof of Theorems 4.1 and 4.2

D.1.1 Preliminaries

Notations and definitions We denote by polylog x any polynomial in log x with degree > 1.
Since the case where n, = O(1) is already covered by the results in [ ], we shall always as-
sume that ;¢ > 0. The Hermite coefficients of o and f* will be denoted by (¢ ) x>0 and (¢}) x>0,
respectively. To break the symmetry between m and —m inherent to the problem, we assume
without loss of generality that

mo >0 and c¢pc; > 0.

Throughout this section, the update process on w; will be written as

_ Wt Gt ’ (D.1)
Jwi —vge||

where gy is the gradient at time ¢: g; = thﬁt, and 7%,5 is the empirical loss at time ¢, that can be

either the correlation or the square loss. When considering the update of the process (w; )0, it

will be useful to distinguish between the randomness in w; and the one introduced by the batch

drawn at time ¢. To this end, we introduce the filtration (F;);>0 adapted to the process w;, and

we shall denote by P; (resp. [E;) the probability (resp. expectation) conditioned on F;.

149
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Concentration in Orlicz spaces  We first recall some fact about Orlicz spaces that will be useful
for our concentration bounds.

Definition D.1. Forany o € R, let o (x) = e*™ — 1. Let X be a real random variable; the
Orlicz norm || X ||, 75 defined as

X, =inft>0:E [zpa <|Xt|>] <1 (D.2)

It can be checked that||-||,,_ is a well-defined norm on random variables for & > 1, and can be
slightly modified into a norm when o < 1; see [ ; ] for more information. We say that
a random variable is sub-gaussian (resp. sub-exponential) if its 102 (resp. 1) norm is finite. The
main use of this definition is the following concentration inequality:

Lemma D.1. Let X be a random variable with finite 1) -norm for some o > 0. Then

i [yX —EX| > t| X[, | <27 (D.3)

As a result, any 1),-norm bound yields exponential convergence tails. Orlicz norms are also well-
behaved with respect to products:

Lemma D.2. Let X and Y be two random variables such that|| X||,, and|Y || y are finite for
some ., 3 > 0. Then
XY [y, <IX Ny, 1Y 1y,

where X is the number satisfying é + % = %
Proof. Assume without loss of generality that || X|[,, = [[Y][,, = 1. We use the following
Young inequality: for any a, b > 0, and p, g such that % + % =1,
ppa
ab S af + bf
p q
Applying this inequality top = a/\, ¢ = /N, a = XMNb=Y"? we get

X N \Y?
« B

a B
exp((XY)Y) < exp <)\§ ) + exp (A;)

A A
< 2 exp(X?) + S exp(y?),

where at the last line we used Young’s inequality again with the same p and g. The result ensues
from taking expectations on both sides, and noticing that A\/a + A/ = 1 by definition. O

(XY)* <

Then
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Finally, we shall use the following theorem:

Theorem D.1 (Theorem 6.2.3 in | ). Let Xy,..., X, benindependent random variables
with zero mean and second moment EX? = 2. Then,

n
> o2 + maxi|| X, (D.4)

ZXi < K, log(n)l/a
=1 =1

Ya

D.1.2 Computing the gradient at time ¢
A direct computation of both gradients implies the following lemma:

Lemma D.3. Define

r=1

) n (D)
g = o > olfwi, 2)o (i, 2))2",
=1

Then the gradient of the correlation loss (°™ is — gy, while the gradient of the square loss € is Gy — gy

Hence, the main difference between the gradients of the correlation and square loss is a so-called
self-interaction term g, that only depends on the learned vector w;. Notice that g} is an average
of np independent variables of the form

gi” = [ ((w*, 2"))o’ ((wy, 2¥)) 2", (D.6)

and we define g} and g in the same way. By Assumption 4.1 and Lemma D.2, each variable g;*
(resp. g, g{) has finite )o-norm for some v > 0, and hence Proposition 2 of [ ] holds
up to polylog(n) factors.

We can also compute the conditional expectation of the gradient g;:

Lemma D.4. Foranyt > 0,
B [g7] = ¢(my)wf + ¢ (my)w, (D.7)

where p(my) and V" are two functions with Taylor expansion

o0 o
o(m) = Z ck+102+1mk and P (m) = Z Crpacimt. (D.8)
k=0 k=0

Further, we have

E¢ [ge] = we with =K, n0) [z0(2)0’(2)] . (D.9)
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Proof. The expectation of g; is a specialization of Lemma 4 from [ ] tor = 1. By the
independence properties of Gaussians, E; [o({wy, 2))o’ ({wy, 2))(z, w’)] = 0 assoon as w' is
orthogonal to wy, hence the expectation of g lies along wy, and the second result follows. [

In the following, we will denote ¢*1(x) = 9" (z) — ¢*1. A generic ¢ will be used when no
specialization is necessary, so that

Et [gi] = —d(my)w™ — (my)w;. (D.10)

D.1.3 A differential inequality for m,

The structure of the proof is similar to the one of [ ]. We define the following stopping
times for > 0:

t¢ = min{t > 0:my > (}, tg =min{t > 0:my < (}, (D.11)

and the following y-dependent time:
tj:c = min{t > 0: ’ymf_l > (} (D.12)

Our first goal is to show the following high-probability inequality:

Proposition D.1. Define
T

tmax = )
Crundlog(d)Crnr?

(D.13)

for some sufficiently large Cinax > 0. Then, for a sufficiently small choice of c.,:

(z) If we are using the square loss, and v < c, (npd =12 N 1), there exists ¢, > 0 such that

t—1
3
Py > Jmo + eyd miTh VES T At | > 1 ce~clgm)®  (D.14)
s=0

(1z) If we are using the correlation loss, and v < cvnbdfé/ 2, there exist c,e > 0 such that

t—1
3 -
P ms> Lo +cy g mﬁ_l Vit < t;;' A t;’:a ANtmax | =1 — ceclog(m)? (D.15)
s=0

The rest of this section is devoted to show Proposition D.1. We define the following “good” event
at time ¢:

o= {ltgnwol < |

= 9y
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A (almost) deterministic update inequality ~We first expand the projection step to obtain a
difference inequality for the process m;. We write

g = (ge, we)w; + g, (D.16)

where gj- is orthogonal to w;. Similarly to Equation D.10, we can compute the expectation of
€L
gi:

Et [g:] = —d(my)(wi — mpwy) (D.17)
Lemma D.5. Foranyt > 0, there exists a (random) constant cy such that the following inequality
bolds:
2.2 1 2
samftf z
mir 2 me e, gt) - Lt gty lot | s

Further, under the event &, we have 1/2 < ¢; < 2.

Proof. We use the decomposition of eq. (D.16) and write

w; —vgr = (1 — v(ge, we))wy — vg;-

As aresult, if we define

1
s v{(gs, wy)’
we have N
Wi — YCi Gy
S Sy |
[ror =7t |

since the update equation (DD.1) is invariant w.r.t scaling. Taking the scalar product of the above
with w*, we have
* ol
my — ’YCt<w » 9t >

mi41 = N . (D19)
i = et |
Expanding the norm in the denominator, and using that|w;|| = 1 and (w, gi-) = 0:
2| 4L 2
lwe — gl = 1+7%ﬂmH

By the convexity inequality (1+x)~ V2 >1_4 /2, valid forallz > 0, Equation (D.19) becomes

2.2 2
c
Mmey1 > (mt _'YCt<’w*>gtJ_>) (1 - %HQ#H > .

The lemma ensues upon expanding and rearranging the terms. O

The expansion in Lemma D.5 can be decomposed in two terms: the term linear in -y is a noisy
drift term, that will drive the dynamics, and that we will decompose as a sum of a deterministic
Y p
process and a martingale. All other terms in 72 or v3 are corrections that we bound with high

probeability.
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The linear term  We first control the term linear in . We can write
(w*,gt) = (w", By g1 ]) + 2 (D.20)

where (Z;)¢>0 is by definition a martingale difference sequence for the filtration (F;)¢>0. The
expectation term is straightforward to compute using (D.17):

(w* B¢ g7 ]) = =(1 = m})o(m). (D21)

The contribution of the terms Z; is bounded by the following lemma:
Lemma D.6. There exists constants c, C > O such that with probability 1 — ce_CIOg(”)2,

t
1 VT
sup ZZS<M

1<t<r S Vb

(D.22)

Proof: The martingale increment Z; is an average of ny, independent terms Zy, thatsatisty|| Z} ||,
C for some o, C' > 0 by Assumption 4.1. As a result, if we define

Bo = supl| Zily,, »
>0

Theorem D.1 implies that
B, — polylog(d)'
N

We now apply Theorem F.1 in [[J21] with z = log(d) e VT B, which yields the exact
bound needed. O

Bounding the corrections Our next step is to handle the higher-order corrections. We show
the following lemma:

Lemma D.7. Let T > 0, and ) < 1. There exists a constant C' > 0 such that for anyt < T

dlog(d)®
ny

2
P ot <C<¢(mt)2(1—m§)2+ ) W< AT | > 1 - cTeele@?

(D.23)

Proof. Fixsomet € [T']. We can write

n

gi" = a(w* — mw) + % Z F((w*, 2"))o’ ((wy, 7)) 2"+

v=1

IN
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where each 27~ is orthogonal to both w and w*. From Lemmas 9 and 11 in [ ], with
probability 1 — ce_CIOg(d)Q’

;En:f*((w*’ 2"))o’ ((wy, 27)) 2"+ < CM'
v=1

np

Now, we have

* 2
(gt wi)? = a2(1-m?)? and [|a(w* —mw)|* = (1 —md),
hence ( )C
2 1 dlog(d
1 1 2 g
Hgt H < 1_m%<9t ,wi)*+C ny

It remains to notice that
(g wi)? = ((w", B¢ |gi]) + Z:)°
< 2((w" B [g7])? + 2)
< olm( - mdf 40 (2.

d

Putting it all together We now combine all the previous bounds into a unique proposition.

Proposition D.2. LetT' > 0. There exists constants ¢, C > 0 such that

t—1
Pl my>mo+ Z (I)drift(ms) - C(I)noise(ms) - CK(T) vt<T ’ m gt
s=0 t<T

>1— Te—clog(n)2

(D.24)
where @ gyif; and Proise are given by
Dyriee(m) = (1 — m?)p(m), (D.25)
dlog(d)®
Do) = 7*m(1 —m?)o(m)? +7*m B 012, (D2
b
log(d)¢ /T dlog(d)®
K(T) — gl Og( ) +,Y3T Og( ) ] (D27)
N np
Proof. By summing the inequality of Lemma D.5 for 0 < s <¢ — 1, we get
22 12
mt+1_m0—2’ycs<w7Qs>_f_§705 g; ( . )

s=0
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The linear term is handled using the martingale decomposition (D.20) combined with the expec-
tation computation of (D.21) and the bound of Lemma D.6 on the martingale contribution. The
terms in 2 and v follow from Lemma D.7, as well as Lemma D.6 with T' = 1, which implies
that

(", g) < Clog(n)®

for some C' > 0. Finally, under the events & for s < ¢, we can replace every occurence of ¢ by
either 1/2 or 2 depending on the sign of the corresponding term. O

Proof of Proposition D.1  The expressions of Lemma D.4 imply the following expansions near
0:

B(m) = cocymt=L +O(m) Y= (m) = O(mf) ¥ (m) = —e+O(m") (D29)
As aresult, there exists an 7 > 0 and constants C, ¢ > 0 such that for any m < 7,
em™! < ¢(m) < Cm! [ (m)| < Cm”* [¢$*(m)| < C.
We first lower bound the drift inequality of Proposition D.2. Whenever m; > 7, we have
Bante(me) = p(ymy ') — C7* —,
where p(z) = = — C(z% + 23). Define ¢ > 0 such that p(x) > /2 on [0, ], so when
t<tyAth,

_ d
Dyriei(my) > cymy ! — C’YQn*bm-

When v < ¢ynpd /% log(d) =,

dl d C /—1
v Oi( ) m < ny(\/g)z_Q < Cm2
b

whent <t 2,0y > Candey < c/2(k/2)2.

Having shown @ g (M) > cmf_l, it remains to handle the constant terms in Proposition D.2.
We can compute directly K (max ), which yields

log(d)C—Cmax/2 o d
K (tmax) = g(c) g+ Ovleg(@)
_ log(d)C—Cmx/2 Cey ¢
~ CnaVd log(d)Cme
< Mo

4 M
by choosing ¢, small enough and Cy,,4 large enough.

Finally, we need to show that the events & occur with high probability. This is covered by the
following lemma:
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Lemma D.8. Let T' > 0. The following bounds hold:

e forthe square loss, if v < ¢, for small enough c.,

P (a bolds forall t < t; A T) > 1 Te-clog(@?,

* forthe correlation loss, for small enough e,

P (& bolds forall t <t AT AT) 21— Temelosld”,

Proof. We begin with the case of the square loss. From the expression of the gradient expectation
in (D.10), and the estimates (D.29),

B; [(we, g0)] = v*(my) = @(m)me = O(1),
whenever t < t,‘;‘ . Lemma D.1 applied to (wy, g¢) implies that with probability 1 — ce—clog(n)?

C log(d)c B
7\/@ =

whenever ;1 > 0. As aresult, if v < ¢ for ¢, small enough, & holds. The proof for the correla-
tion loss proceeds identically, noting this time that

E; [(wy, gi)] = ¢ (my) — dp(me)me = O(1)

whenever t < £, A ffyr’a. O

(wi, ge)| < [Ee [(we, ge)] | + O(1)

D.1.4 From the linear regime to one-step recovery

We now prove Theorems 4.1 and 4.2. We focus on the case of the correlation loss; the square loss
is identical apart from the additional 7y < ¢, requirement of Proposition D.1.

We first assume that n, = O(d*~!) and

4
7y < ¢, log(d) ™% min (nbd<2\/1), T;b> (D.30)

for constants ¢, C to be chosen later. In particular, the condition y < cvnbd_é/ 2of Proposi-
tion D.1 is satisfied.

The linear regime The first part of the proof proceeds as in [ ]. Define the function
1 ift =1
te(d) = q log(d) ift=2, (D.31)
dzl if0>2
and teony = max(1, v 1ty(d)). Proposition D.1 as well as Section S from [ ] implies the

following lemma:
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Lemma D.9. There exists a constant C' > 0 such that if tyax > Cteony, then with probability at
least 1 — ce_"’l"g(")z,
tye Aty < Cleony. (D.32)

We therefore only need to check the condition ¢y,x > Cteony. Plugging the expression for v and

tmax, We get

'thax Np 1 Cy—Chax—1
> > log(d) & ~Cmas
tg(d) = ’yCmaxlog(d)Cm“Jrl’de(6/2*1)\/0 = C'yCmax og( )

log(d)ZC»nymaxfl

T

Tmax = >
Croax 10g(d) Cmxdy2 = 3 Clona

Whenever ny, = O(déil), by decreasing ¢, and increasing C.,, for large enough d and any con-

stant C' we have
’ytmax

te(d)

<C and tny > C,

as requested in Lemma D.9.

Whenever '~ < e, we have £, . > t,7 and hence the proof of Theorem 4.2 is complete. It
thus remains to treat the converse case. Note that the latter only happens in the correlation loss
case, since we can always choose ¢, such that cvnkl < &; the dynamics of square loss SGD are
therefore only in the linearized regime.

One-step recovery above £, . We now treat the case where yn‘~! > e. For simplicity, let

t= fmg, then Lemmas D.7 and D.6 imply that with probability 1 — ce—clog(n)?

lod® < € ((otm)l+ r(m)? + 2 ) < € (mt 24 2)

Ny

lylog(d lylog(d
(g, w) = dp(my) + myp (my) + O (po }:/(7;%( )> > cmf*1 +0 (Im\/?b())

By definition of ¢, we have 1 < 6_17mf71, and whenever 7 < ¢,/np/d one has
g —1/2
— <ecd and — < c.
S Ty =

Therefore, for large enough d,

mi 4 (g, w*) > gy, w*) > cymi!

_ d _ _ _
e +vgell < 1+Allgell < 1+ Cv (mf 1+nb) < (C+et eyt

But by taking the scalar product of Equation (4.4) with w*,

_ my +7<gt7W*> > ¢ —- 77/
Jwr +~gel| — CH+e et 0

mi4+1

Theorem 4.2 ensues by redefining 7 = min(n, n').
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D.2 Informal derivation of Proposition 4.1

In this appendix we provide an informal derivation of the low-dimensional deterministic expres-
sions describing the dynamics of the sufficient statistics (Proposition 4.1). While the formal rig-
orous characterization should in principle follow directly from [ ], it requires a significant
amount of work for full mathematical rigor.

Let D be the set of labeled data { 2", 4"}, ¢[], with label generated by:
= OV 4 VEE

where W* € R¥*? where we assume k& = O(1). We are implying that 4 depends on 2¥ ~
N (0, 1) just through a low-dimensional representation (linear latent variable). £&¥ ~ A/(0, 1) is
the artificial noise.

We can track the overlap matrix using standard manipulation. We introduce the local fields as:
AN =Wz"eRP, X =W"2"cR vveln

We fit these data using a two-layer neural network. Let the first layer weights be W € R? xd the
second layer weights @ € RP; the full expression of the network is given by

P
f(2) = =3 ajow] 2),
P =

where w; are the rows of W and o is the activation function.

Since 2" is Gaussian and independent from (W, W*), the pre-activations are jointly Gaussian
vectors (AY, A*) ~ N (0p 1, ) with covariance:

* T
Q= (z\% p > — (W‘i’”‘; gg‘gﬂ) € ROHR)X (o)

This is the low-dimensional matrix (its dimensions stay finite even when d — +00) that contains
all the information needed for the dynamics.

We are going to train the network with layer-wise SGD without replacement, using at each time
step t a fresh new batch of size ny:

A 1 o v v\\2
Ri = m;(yt - f(2{))

A stated in the main text, we are interested in the representation learning phase. The gradient of
the first layer weights

. 1 & _
Vo, Rt = o Zajgl(/\?,t)gfzf Vj € [p]
v=1
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where we defined for convenience the displacement vector
V. Vv v
& =yl — [(z)

Initially, we focus on plain SGD, without normalizing the weights at every step. Let us take now
one gradient step with learning rate 7y:

wj7t+1 = wj’t — ’}/ij']ét (D.33)

By combining the gradient update equation with the definitions of the matrices (W, W*) we
obtain the following dynamics:

Mjr 141 — Mjry = Gg Z DAEY
ny
Qjti+1 — Qi :1%17 21 (ajU,(A]V‘,t)AzV,t + alo'/()‘;/,t)/\;/,t) & (D.34)
ny Ny
2 2a]alz Z )5;’515 vT ”
v=1v/=1

These equations introduce a discrete stochastic process {€2; } 1<y that describes the dynamics in a
low-dimensional way. We also introduce the population loss as

1
R; = ~Eq, [52} :
2
since it is the quantity telling us the performance of our trained network.

Handling the intra-batch correlations Up to now, we have followed the same derivation as
the original Saad&Solla equations [ ], apart from the effective learning rate scaling. Using
larger batches introduces some extra correlations terms that have to be taken into account. Let’s
split the second term of equation (D.34) for Q in 2:

ny "Ny np
SO S ELE 2T =3 o (o (e T2+
v=1v'=1 v=1

+Z Z )gugu vT I/

v=1v'=1v'#v

The first term is the standard gradient noise term that appears in Saad&Solla equations, while
the second emerges from the large-batch, and has to be treated with new considerations. Let’s
introduce now the component of the student vectors orthogonal to the teacher space

Wit = W; — My P~'W* and consequently Qj" == <WtJ'> =Q— MP'M, .
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We can also define the local fields of this subspace, with the interesting property of being inde-
pendent with the teacher ones

A=Wtz AP~ N(0,Q)) Cov[A, At =0

1
It is possible to choose a setvg ; € (Span (Wit) U Span (W*)) of orthonormal vectors, such

that {w L, Vg ¢ } is a basis of RY. Using the properties of the basis, we
o OB relk],j€pl.BE[d—p—Fk]
can write the identity matrix I as
d—k—p
Lo = (WHTPTIW*+ (WH QD) Wi+ Y vaewg,
=1

We insert the identity matrix z | z with z " I;z. By recalling that \* = W*z, At = Wiz, we
arrive to:

Z Z VOELEY ((AV*)TplA”’*Jr

v=1v'=1v'#v

d—k—p
T / /
+(A) @HTN+ Y <v5,t,z"><vﬁ,t,z;>)
B=1

Now, exploiting the relation:

AL =X — MPIX*,
and noting that the indices v and 1/ are 1ndependent, all the sum we need to compute are just
ny d—k—p
Za LONEY Za DM and )N (vgy2t)
v=1 p=1

High dimensional limit In our analysis we consider the high-dimensional limit d — +o00
with the batch size going to infinite as well, with the scaling n;, = nod". Note that when ;1 = 0
the intra-batch correlation disappear and we fall back to standard Saad&Solla setting, given that
the learning rate 7 = ypd % is small enough. Indeed, we can informally say that all the sums
above converge to their expected value

m Z DNEY —Eq, [0/ (A)NE] = Yjrs (D.35)

nsza DA —Ea, [0'(A)NE] = 05, (D.36)

;ZU’()\;Q N E2 2T 2 —>dEQt[ '(\)o (A,)eﬂ — gl (D.37)
v=1

ny d—k—p
(v, z{) =0

v=1 =1



162 APPENDIX D. INFORMATION EXPONENTS AND BATCH SIZE/COMPLEXITY

Moreover, using A = A — MP~LX* we have
Eo, [0/(0)EA"] = 65 — MiP gy,
Plugging back in (D.34), we finally obtain
Mjy g1 — My %%CLJ’EQt [0/ (M) AE]
Qiti+1 — Qi %%Em [(ajU/(Aj))\l + a0’ (\)A) 5}
2

d
];ygnb ajal]EQt [J/(Aj)al()\l)f/‘?]

_l’_

72 / N\ T -1 ! *
+ L) 5050 <]Egt [7/(09)E (A) ] P'Eq, [/ (M)EA ])
2

+ 1{M¢0};7ajal <Egt [a'(ij)g(iiﬂ (Qti)*li«:gt [a’()\l)w\l]) .

where the indicator function 1y} indicates that the last term is only present if the batch is
large. If we want to make explicit all the dependenciesin d (y = od 0, np = nod*):

Mjr,t+1 - Mjrt Nd_ p aj¢]rt - \I’jr,t

Qjit+1 — Qi ~d~ o 20 (] jlt+al¢l]t)

+ d_%;*oayal'(p] ("»bl)—r

.
+d- 25p—a]al (65 = MP M50 ) (Qu = MPT' M) (BFF — M P )

= Dy
(D.38)

These equations are the starting point for all our considerations, both when investigating weakly
correlation and when characterizing the exact dynamics.

D ¢an also

Indeed, when we have a cold start we have to take into account that ;. , ]Gll,:t’ ¢§%
go to 0 when d — +00. A careful analysis for the leading terms of these equations around
initializations will also give us information on the behaviour of the system, and ultimately it will
allow to have rules on how to scale d and 1 to have the best performance. An example for these

analysis for generalized linear model is provided in Appendix D.4.

On the other hand, when can also assume ?/)jr,t,

]l o = Oy4(1) for all the dynamics' and

use the equations for an asymptotic description. Clearly, depending on the values of  and p,

"This happens if £ < 1 or when we provide an informed initialization.
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not all terms are present in the limiting equations. A detailed discussion about this is provided in
Section 4.4.

Spherical projection When we consider the spherical gradient descent, i.e., the modification

of eq. (D.33)

wj — YV, R

ijvt - ")/ijlfth ’

the overlap dynamics for the spherical large batch SGD can be then approximated as

Mjr,t
2

1
Qjri+1 — Qi =Pj1+(Q) — inl,t (@j54(Q) + Du4(Q))

M1 — My =5 4() — Djj.(€2)

This derivation follows from a Taylor expansion of the denominator needed to project the update
equations on the sphere. As final note, this approximation only holds when + is vanishing when
d — +oo: that’s why we need v = o0g4(1) in Proposition 4.1. When 7 is too large, all the
other orders of Taylor expansion play a role, and we can’t have a simple expression for the exact
evolution, even near initialization. Nevertheless, the first order expansion is a lower bound of the
true dynamic that can provided guarantee of learning in some cases:

Mjr,t
2

1
Qjtt+1 — Qi >Pji () — §le,t (@j54(Q) + Du4(Q))

Mjr 41 — Mjry >W 50 4(2) —

2i ) (D.39)

D.3 Special case: committee machine with matching architecture

We consider a separable teacher, more precisely it is a committee machine with k& hidden units,
ie.,

1 k
[(2) = 1 Y aio(3)
r=1

where we additionally consider a matched architecture in which the student and teacher share the
same activation function o.

As we discussed in Section D.2, the activation and the target appear just in the expected values of
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Equations (D.35),(ID.36) and (D.37), that can be further simplified for matching architectures

Yire = Eq, [0/ (\j)N:E] Zat/Eg, DA ()]

t’l

B 1 Z asEQt [OJ()‘J))\;EO-()\S)]

o =Eq, [0/ (\)NE] = Z ayEq, [0/ (A)No(A\)]
t’ 1

- — Z CLSEQt Aj)Ao (s )]

O = o, [0/ ()0’ 52} - Z arayEa, [0 (\) o' (e () o (A7)
rt'=1
+ % Zp: asa,Eq, {0' ()\j) o (N)o(Ns)o ()\u)}

s,u=1
p
r

k
p2k Z Za:asEQt |:0" ()\]) o ()\l) o ()\:) [ ()\S)i|
S 1
(

)

+ AEg: [; A) o (Al)}

In addition, we can also express the population risk as

1 1 A1 ¢
R: = Eq, [5 } =5+ 2 ;;asauEQt [e(A)o(M)] +
k
+ 13 > araiEo, [o(N)o(A))] -
7t
PR
— = Y aaiEo, [o(\)o(\))]
s,r=1

I (Waas wag, wag

I4(Waou WaB, Way, Was, WEEy WEy, WEE, Wy, Wryss Wes

)

I3(Waa, Waps Wary, WHBs Wy Wyy) =
) =

Inmse (Waas Wap, wpp) =

where we introduced the correlation wa g = E[AqAg], where (v, ) are indices running on either
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the teacher or the student components. Dropping the time index for clarity, we finally obtain:

%7« —%ZG:IZS Qj_]? jT’antapTT7PT't7Ptt)_
- 5 Z asI3(ij7 Mjrv Qj57 PT’!’7 MS’I‘7 st)
s=1

k
1 N
PSF =7 E ai 13(Qj5, Qj1, Mjt, Qu, My, Pyt )—
=1

p
- 11) Z asl3(Qjj, Qji, Qjs, Qus Qus, Qss)

i =12 Z ara;14(Qjj, Qjt, Mjr, My, Qu, Myp, My, Pry, Pry, Piy)
rit=1
P
+ ) Z asauI4(ij7levQj87Qj?uthQl87Qlu7Q557qu7Quu)
s,u=1
- ZZG asI4 Qj]7 jl:Qj57 ijQll?QlS’MlT‘7QSS7MST7P7‘7‘)
s=1r=1
nOIse(Q]jv Q]la Qll)
A
R = ZasauIQ staquaQuu ]{}2 Za atI2 PTT'yprtaPtt)
rt
9 p,k
- 7 Z asa:IQ(Qs&MsmPrr)
pk s,r=1

When analyzing a matching architecture setting, we just need to specify 2, I3, 14 and I. SOise. In the
following sections we provide the explicit expression for all the cases used in numerical simulation
inside this paper.

D.3.1 Analytic case o = erf (*/v2)

The expressions can be found in the appendix of [ ].
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D.3.2 Analytic case 0 = He,

We report here the auxiliary functions:

I (waa, was,wss) = E {()\i — 1)(/\%3 — 1)] = Waawps + 2w35 — Waa —wpg + 1
I3(Waas WaB, Wary, WEB, Way, Wryy) = 2 {)\O{)\@()\% - 1)} = 2WaBWyy + dWaywey — 2wag
I4(Waaawa,@awa'yaWozéaW/B,&wﬁfyawﬂ&w'y%w'yéawéé) =4E |:)\a)\/8(>\r2y - 1)(A(25 - 1)]

I5°%(wag) = 4E [AaAg] = dwags

We now work on the different terms:

2
4E [AO‘AB (A)* () } A gy W5 + B gy + By wss T

16warwgswys + 16WaswsywWrs + Bwaswgswyy
AENaA3A2] = dwapwyy + Bwarwpsy
AEAA8A]] = dwapwss + SWaswss
AEAAg] = 4wap

And then we arrive to:

I, = 4wa5www(55 + 8wa5w35 + 8wa7w57w55
16warwgswys + 16WaswpywWrs + Bwaswgswyy
- 4wa5ww - 80.)0[7(.057 — 4wa5w55 — 8wa5w55 + 4(.0@5

D.3.3 Analytic case 0 = He;

We report the auxiliary function for this case below.

I3 (Waa, wap, ws) =E [ (332 = 3) (3N - 3)]
=9 — Ywaa + 18w§ﬂ — 9wgs + waawss

Iy (Waas s wa) =E [ (X% = 30a) () = 3A)|

=9a8 — aaWasg + ngﬁ — Ywapwss + Iwaawaswss

I3(Waa; Wags Wary, WBB, Weys Wyy) = [(3>\§ - 3))‘6(>‘§y - 3>"7)]
= — 18wapwWay + Iwgy — IWaawpy + 18w37w57+

18wapwarwyy — IWgrWryy + IWaaw gy Wy



D.3. COMMITTEE MACHINE WITH MATCHING ARCHITECTURE 167

L) = [(3X2 = 3)(3X3 = 3) (A — 30, ) (A} — 3))

— 162waywas + 162waywaswpg + 324wapwaswsy

— 324(,%47(,‘)0“5w%7 + 324w, pwanwgs — 162ws,wss

+ 162waawsgywas — 324w§7w37w55 - 324w35wﬂwwﬂ5

— 324wa7wa5w§5 + 162wanwaswyy — 162Wanwaswagwyy

— 324w WasWayWyy — 324WapWarywWEswyy + 162waywaswayy

— 162waawsywaswyy + 324w25w/37w/35ww + 324wm(,uoé(w/%(;wW
+ 8lwys — 8lwaawss + 162w swns

+ 162w§7w75 + 162w25w75 — 8lwgpwns

+ Blwaawpswys — 162w(2mw55w75 — 162w35w55w75

— 648w, gWaywWaywWys + 162w§7w75 — 162waaw%7w75

+ 324w35w%,yw75 — 648w aWaswpsw~s + 1296WayWaswWsywWEswWys
+ 162w%5w75 — 162waaw%5wwg + 324w§7w%5w75

— Blwyywys + BlwaaWyywas — 162w§6wwww

— 162w§5w,ww75 + 8lwgpwyywys — 8lwaawggw~ywys

+ 162w35w55wwww + 648w, aWasWEsWAyWAs — 162w%5www75
+ 162waaw[235w77w75 — 324wa7wa5w,2y§ + 324wmwa5w5/3w35

+ 648wa/3wa5w/37w,2y5 + 648wagwa7wg5w35 — 324w57w55w,2y§

+ 324waaw57w55w,2y5 + 54w,?;5 — 54waaw§/5

+ 108w35w§5 — 54w55w§5 + 54waaw55w§/6

+ 162warwaswss — 162warwaswgswss — 324WapWaswsWss

+ 324wa7wa5w§7w55 — 324wapwaywaswss + 162w wgswss

— 162wqawswgswss + 324w37w57wg5w55 — 162wy wWaswryWss
+ 162WanWasWaaWyAWss + 324WaBWasWy WAy Wss + 324WaaWanWEsWAy WSS
— 162wgywaswyywss + 162Waawsywaswyywss — 8lwyswss

+ 8lwaaw,swss — 162wi5w75w55 — 162w§7w75w55

+ 8lwggwyswss — Blwaawsswyswss + 162w§7w55w75w55

+ 648waWanWayWAsWss — 162w%ww75w55 + 162waaw§7wv(5w55
+ Blwyywryswss — BlwaawyywWrswss + 162w§5wwwww55

— BlwgawryywyswWss + BlWaaWgawyyWysWss
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D.4 Weak recovery with Generalized Linear Models

In this section, we restrict our analysis to matching architectures withp = k = 1,i.c. Generalized
Linear Models (GLMs). Moreover, we consider as activation function the Hermite polynomials
o = Hey, so that we can have control on the information exponent of the problem. Finally, the
training algorithm is projected SGD, given by Equation (4.5). We will also assume thata = a, = 1
throughout all the dynamics.

Let us start by noticing that the set of sufficient statistics reduces to just one single parameter
m = (w,wy). Retracing backward all the steps of the Sections D.3 and D.2 up to (D.39), we
can obtain the lower bound for the update of m. As examples the explicit equation for 0 = Hea
is

M1 — My >~od™° [4mt —dm} — d_é’)/gl{u?go} (Smt — 8m§’) +

4 go+-n 0 <24mt — 24m3? + 2m? )
no

)

while for 0 = Heg is

My —my >yod~° llsm,? — 18m} — d~"Yo1q,z0 (162mt + 324m} — 162m§) +

4 gori-e 0 (—1728mt — 648m? + 3348m?* — 972m° — 9Am§)
no

In general, for an Hermite polynomial activation Hey, the equation of the evolution of m around
m = (0 is given by

Mip1 —my > d0Bmt~t — 43 <d_5+1_“ag +d 1{#0}@) m (D.40)

where we fixed 9 = ng = 1 for simplicity; ay, B¢, ¢¢ are constants. For computing the full
equations for any generic ¢, with the constants values, we refer to the Mathematica notebook
published in the repository of this work.

At initialization, moy = 1/vd. The crucial observation is that a sufficient condition to escape
initialization is to have equation (D.40) being expansive, namely Am > 0 for m close to zero.
This can be true if and only if (d"”lf“ ap+d° 1 Wgo}@) m is negligible when compared to

Bem*~1, so that the equation for m is lower-bounded by

A
TT > B’ + hot with At =d° (D.41)

Assuming that v = 04(1), the bound becomes tight and we can also derive some sharp charac-
terization of the escaping time. By simple arguments on differential equations, we can claim that
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Figure D.1: Phase diagram for the learning rate: The plot identifies different learning behav-

iors of standard SGD and Correlation Loss SGD for different values of learning rate and batch size
when considering randomly initialized networks, i.e. mo = O(1/Va).

the order of magnitude of steps needed to escape the initial mediocrity is given by

Og4 é) (=1

Oq (melm) (>3
remembering that mg = 1/v/dand At = d =7, these lead to

max(d, 0) (=1
log, T ~ { loglogd+06 (=2. (D.42)
d—1+4+4¢2 (>3

It’s clear that to escape as fast as possible, we want d to be the smallest possible, or in other words,
having the learning rate as large as possible. Obviously, ¢ is constrained by the values that make
equation (D.41) true (or equivalently by the assumptions of the formal proof in Appendix D.1).
The phase diagram of the allowed value of ¢ and y is summarized in Figure D.1: the green region
is where the equations for m is expansive, the red and the yellow region is where the equations in
attractive, so there is no escaping, the purple region is where we can’t do expansion because the
learning rate is too large and the process diverge. Figure 4.1 in the main text shows the same result
in terms of T and ny, when £ > 3.
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D.4.1 Correlations loss SGD
When using Correlation Loss SGD, Equation (D.40) rewrite as

o > Bym!~t — 4=+~ o m
effectively removing a constraint on the possible values of 9. The modified version of SGD can use
smaller values of 0 for escaping the initial condition, reaching regions in the phase diagram that
are not allowed for SGD: this is colored in yellow in Figures D.1 and 4.1. Of course, if the learning
rate becomes too large, all the theory does not work anymore (purple region in the diagram). In
Figure 4.1 we show that the number of steps needed to weakly recover can be pushed down to be
smaller than any power scaling with d (black and blue line on the x-axis). The picture becomes
clearer if we look at the same diagram in terms of (41, §): Correlation Loss SGD can be used with
learning very large learning rates (1 — ¢/2 > 6 > —(£—1)/2) such that the escaping times is
T = O(polylog(d)), as proved in Theorem 4.2. We believe that the true number of steps is
actually T' = O(log(d)), but we could not find any formal proof; in Section D.5.4, we were able
to show that for ¢ = 2 we have T" = O(log(d)), relying the result on numerical integration of our
asymptotic theory. Lastly, if the learning rate is of order v = O(d~%) = O(d" "~ '/?) we recover
the result of | ]: the target can be weakly recovered in just one step, when the batch size

isny > O(dg).

D.4.2 Simple example: retrieving [ ]

In this section, we want to show how to find the same result presented in [ ] starting from
our formalism. There, online one-pass SGD is considered, meaningn, =1 = p = 0in our
context. Moreover, a vanishing learning rate is assumed, which implies 6 > 0, and all the bounds
for the evolutions of m are tight. The condition for expansiveness of equation (D.40) becomes

4

mo—l >> d—5+1

mg = ({—1)log,mo > —6+1+log,mo = & > 14+(2—¢)log, mg
Plugging in mo = 1/vd we finally get & > ¢/2, where the equality is the best possible value of the
learning rate in order to make the escaping faster. Note that for £ = 1 we are also bounded from

Lemma D.9, s0o § > 1. Combining with (D.42), finally gives us the minimal number of steps
needed

d (=1
T~ <dlogd (=2. (D.43)
a1 (>3

This result matches [ ].

D.4.3 Extensiontop > 1

The extension to general two-layer network student functions (p > 1), while keeping always the
target fixed to be a single-index one, can be readily done by performing an analysis similar to the
above. The considerations on the weak recovery trade-ofts done in the previous sections are not
changed upon re-scaling the learning rate with the hidden layer size p = O(1), i.e. 72nn/p =
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Figure D.2: learning single-index teacher with a wide student, when information exponentis £ =
3: f*(x) = Hez(w* - @), f(x) = 1/13_, Hez(w; - x). Our theory extends to this case,
showing that when 1t > /2 only correlation loss can weakly recover the target. (d = 256,v =
Y0 - prpd=7?)

oM. Therefore, the scaling laws detailed in the phase diagram (Figure 4.1) are not modified,
and only prefactors, i.e. quantity not scaling with the input dimension, change with respect to
the p = 1 case. We illustrate this phenomenon numerically in Figure D.2. We leave the detailed
theoretical analysis of the p > 1 case for future work, with particular attention to the limit p —
oo which we believe is an interesting avenue of future research.

D.5 Additional numerical investigation

In this appendix, we provide additional details on the numerical implementations presented in
the main text, along with further explorations. The code to reproduce representative figures is
available in our GitHub repository.

D.5.1 Cold start for multi-index models

The theoretical considerations for weak recovery under cold starts presented in Theorems 4.18&4.2
are proven rigorously just for one-hidden neuron network learning single-index targets (p = k =
1); this section aims to provide arguments to generalize this to the multi-index case.

Note that for single-index models the initial saddle is the only critical point where the algorithm
can get stuck during the dynamics, while this is not true in general for multi-index settings. In-
deed, after having weakly recovered a subspace of the span of the target weights, the learning dy-
namics can encounter another saddle of the loss function; this behavior is known as saddle-to-
saddle dynamics [ ]. In this manuscript, we focus on escaping from the saddle at initializa-
tion, leaving further explorations of the dynamics to future work. We follow [ 3 ]
where the authors generalize the concept of Information Exponent (defined in Definition 4.1) to
the multi-index setting (See Definition 1 of [ ] and Definition 3 of [ 1), let us call
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Figure D.3: Multi-index large-batch benefits: Comparison between the performance of plain
SGD learning multi-index model, for different values of p. The target is h*(21, 22, 23) =
tanh (21 2223), while the student is a wide 2-layer network f(z) = 1 3™ tanh(w; - x) (hence
¢ =3,p =30,k = 3,d = 512). Using a larger batch speeds up the weak-correlation time even
when the target is multi-index, and it is learned with a non-matching architecture.

this quantity the Leap Index of the target. We expect that, as long as the dynamics around the sad-
dle at initialization is analyzed, one can substitute the Information Exponent (£) of the teacher in
the single-index phase diagram in Figure 4.1 with the Leap Index of the target. We explore the
Time / Complexity tradeofts in Figure D.3 for a fixed teacher function with Leap Index equal to
3: we observe a relevant decrease in the iterations needed to weakly recover the target subspace as
the batch size is increased.

D.5.2 Behavior of Spherical SGD

In many theoretical work [ ; ], the algorithm used during training uses the spherical
gradient instead of the simple one. The update rule used instead of Equation (D.33) is

- R
wjs — Y (Id — wj,t'wj’t) Va,; Rt

Wij,t+1 = H vt e [T],VJ € [p] (D44)

T o
wit — Y <Id - wjiwj,t) ij‘th

In practice, only the gradient component orthogonal to the weights is taken into account. This al-
gorithm is particularly convenient for theoretical analysis because it is easier to find a lower bound
for the evolution of my, since it is always true that

ij,t - (Id - ’wj,tij’t> ij,t,]%’t > 1,

while its analogous for Projected SGD does not hold.
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Figure D.4: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGD, the Correlation Loss SGD and Spherical SGD, in different regions of the phase di-
agram, and for different sizes d. The plot shows the test error as a function of the optimization
steps. Both the teacher and the student activation functions are fixed to 0 = h* = Hes, so thein-
formation exponentis ¢ = 3. Inall the three plots we vary the value of 11, while § = ¢/2—p1. Spher-
ical SGD learns even in regions forbidden for plain SGD, as the Correlation Loss does. Note that
the Spherical Correlation Loss is equivalent to the Projected Correlation Loss in all the regimes.

In this section, we want to show that Spherical SGD is behaving like Correlation Loss SGD when
7 is not vanishing, namely that is possible to escape mediocrity when the batch size is sufficiently
large. For small batch size, Projected SGD and Spherical SGD coincide, while when 6 < 0 their
behaviors are drastically different, and only the latter is able to escape mediocrity taking advantage
of the large learning rate; a gap between the two is already noticeable at the Optimal Point, where
they both escape but the spherical is slightly faster. Finally, note that it is possible to introduce a
Correlation Loss Spherical SGD, by changing the loss in the same way as the usual Correlation Loss
SGD. There is no practical difference between the two algorithms when working with correlation
loss.

D.5.3 _Adaptive SGD: combining Correlation Loss SGD with plain SGD

Despite these benefits, the correlation loss is not a good choice to fully learn the target. In this
subsection, we explore the idea of combining the two algorithms to escape fast with correlation
loss, and then reach the global minimum with the MSE loss. We will call the combination of these
two algorithms Adaptive SGD.

We are going to test in the simplest case possible: GLM with Hes as activation function (we re-
mark that there is no benefit in using Correlation Loss SGD over plain SGD when ¢ < 2). If
we run the algorithm for multi-index models, it would help to escape the initial saddle, but the
algorithm may get stuck in another critical point that is not the global minimum. The study on
how to escape fast from a critical point other than the initial one goes beyond the scope of this
paper. Our Adaptive SGD procedure works as follows:

(i) Make a Correlation Loss SGD step;

(ii) Ifthe Lossissmaller than 60% of the initial loss, jump to Step 3, otherwise go back to Step 1;
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Figure D.5: Adaptive SGD: The plot compares the performance of SGD and Correlation loss
SGD, algorithms with Adaptive SGD; this protocol consists of first using correlation loss SGD
to achieve weak recovery, and then switch to adaptive SGD for learning the target. (¢ = 3, u =
1.85,6 = p— £, A =1079).

(iii) Reduce the learning rate of a factor 0.995 and do a Standard SGD step;
(iv) If converged stop, otherwise go back to Step 3.

The learning rate is progressively reduced because the plain SGD requires a lower learning rate
compared to the one used by correlation loss to escape fast. Certainly, one can design a much more
powerful algorithm than the one we present, but the goal here is just to show that the combination
of the two is beneficial, and not to find the best possible one. Figure D.5 shows how the Adaptive
SGD Algorithm is the best one when fully learning the target.

D.5.4 Polylog regime example

We showed in Section 4.3 that it is possible to push down the number of steps needed to weakly
recover the target undil it is growing less than any power law. In order to achieve this, we need
to run Correlation Loss SGD with ny, > d*~' and v > O(d'~*/?), as pictured by Figure D.1.
Proposition 4.1 shows that our theory for cold start, based on expansion of the process (D.38), is
notvalid, among other conditions, when ¢ < 0. Therefore, the only case where we can simultane-
ously observe the polylog regime and have an exact asymptotic description for the full dynamics is
when ¢ = 2,7 = O(1) and ny, = O(d). Let’s stick for simplicity with a GLM whose activation
is Hea. Note that the total sample complexity is always N = nT" = O(d log d).

Figure D.6 shows a numerical test of our theory in this particular case. We see that as d grows, also
the time needed to escape initial conditions grows. In the right part of the Figure we show that

the exact dependence is T = O(log d), that is indeed a polylog law.
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Figure D.6: Phase retrieval with large batch size: Numerical integration of the process (D.38),
for f = f* = Hea,y = O(1) and np, = O(d). The escaping time dependence on the number
of time steps isa T' = O(log d): we claim this to be valid for all the polylog regime.

D.5.5 Large-batch corrections to asymptotic dynamics

Although disappearing when taking the limit, the terms of evolution process (D.38) coming from
intra-batch correlation are useful for providing a better description at large but finite d. Effectively,
they are behaving as a first correction to the asymptotic limit.

In this section, we aim to provide numerical arguments about the importance of intra-batch cor-
relations at finite d. We stick with the GLM setting, with erf as activation function. Note that
since the information exponent of this target is 1, there is no mediocrity at initialization, we can
setm = w ' w* = 0 without talling in the cold start regime. Figure D.7 shows simulations for
different values of d (dots), accompanied by the full process dynamic that includes the intra-batch
correlation terms (dashed lines); the asymptotic solution of the differential equations (4.20) is the
continuous black line. To enlighten the process even more, we also shows the difference between
the asymptotic solution, at the actual finite d one on the right part of the figure. We see that the
tull process solution always match with the actual project SGD simulation; most importantly,
when d grows the simulations are getting closer and closer to the asymptotic solution, confirming
that the large batch plays no effect in high-dimension.



176 APPENDIX D. INFORMATION EXPONENTS AND BATCH SIZE/ COMPLEXITY

100
e Simulation d = 50 o ®  Simulation d = 50
—== Process d = 50 ) 10 '-;‘::__* === Process d = 50
107" 4 e Simulation d = 100 s “-\::‘\‘ ©  Simulation d = 100
=== Process d = 100 '§ Moo Sso \\\ —~== Process d = 100
®  Simulation d = 500 é— 10-3 4 ‘\‘ \\ ~ ®  Simulation d = 500
1072 4 === Process d = 500 7 Lo \‘ "\. \‘ === Process d = 500
5 e Simulation d = 1000 < LN Na AN e Simulation d = 1000
£ E] LS . . »
° —==- Process d = 1000 H S “a » N, "7~ Processd=1000
E 1073 4 Theory asymptotic § 107" 4
@
&
5
1074 4 5 10-7
@
-
3
1075 F
T 107°
0.5 1.0 1.5 2.0 2.5 3.0 3.5 10°

Figure D.7: Non asymptotic corrections: Comparison between simulations (dots), exact
asymptotic solution of ODE (continuous black line), and exact solution including the subleading
large-batch corrections (dashed line). As expected, as d — +-o00 the simulations are getting closer
and closer to the asymptotic solution; on the other hand, taking into account the batch correla-
tions allows to have a better description of the dynamic even for small d.



Appendix E

Appendices to “Repetita Iuvant: Data
Repetition Allows SGD to Learn
High-Dimensional Multi-Index
Functions”

E.1 Theoretical framework

E.1.1 Difference inequalities for vector-valued processes

We begin with alemma that generalizes [ , Proposition 4.1]. Let & : R? — R%bearandom
function, and consider the process (ut)¢>0 € S ! given by

w; + P (uy)

T e ()]

We make the following assumptions:

Assumption E.1. The initial value of ug € ST is approximately isotropic, in the sense that there
exists a constant ¢ > 0 such that c
E |:’u,0’LLOT:| >~ g[

Assumption E.2. There exist constants C, v > 0 such that

Sup
ueSd—1
sup E [|o(w)| "] < cd

ucSd—1

<C (E.1)

E [@(uyp(uﬂ

4+

T (E.2)

Further, we have (u, ®(u)) = 0 a.s. foranyu € ST,

177
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We fix a vector v and consider the random process m¢(v) := (u, v). Forany s > 0, we define
the stopping times

7, (v) =inf{t > 0:my(v) >0} and 7, (v) =inf{t > 0:m(v) < 6}
Proposition E.1. Fixan o > 0. There exist constants ¢(6, o), k(0) > 0 such that if
v <e(d,a)d™t and T <c(6,a)y2d7 Y, (E.3)
then, with probability 1 — 6, the following holds. The initialization mo(v) satisfies
K
mo(v)| > —, E.4
[mo(v)] = Nz (E.4)

and:

s ifmo(v) >0, foranyt <T N7y (v),

t—1 t—1
(1= a)mo() +7 Y (¥F(us),v) < my(v) < (1+a)mo(v) +7 ) (¥(us),v),
s=0 s=0 (ES)
* ifmo(v) <0, foranyt < T A7 (v),
(1+ a)mo(v +72 v) <my(v) < (1 —a)mp(v —i—*yz
(E.6)

where U, UF js 4 deterministic function equal to
U(u) =E[®(u)] and TF(u)=TV(u)FAE [H@(u)}ﬂ u

Proof. We assume for simplicity thatmg(v) > 0; the case where mg(v) < 0is treated identically.
From Assumption E.1, by a simple Markov inequality, there exists a constant £(6) > 0 such that

P <|m0<v>| > %) >1-2. (E.7)

The update equation for m;(v) reads

[«

_ my(v) + {(P(ur), v)
my41(v) ="
V1472 @)

‘We then have two cases:

e cither my(v) +v(®(u), v) < 0, which implies thatt +1 = 7, (v) and there is nothing
to prove,
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* or we can use the inequality ——~— > 1 — z, which implies that
quality “A= p

Mes1(v) > (me() +7(@(ur), v)) (1 — 7| @ () ||*)
= (1 — 72| @ (ur)||yme + (@ (ue), v) — (@ (ur), v) || @ (wr) ||

By recursion, deterministically,

t—1
mu(v) = mo(v +Qx 9,0) = @)l (e, v)) = 327 [(@ (), v) [ @(us)|*
s=0
Since Assumption E.2 implies Assumption B in [ ], for a small enough choice of ¢(6, cv),
one has

—
|
[N ST

T
2 (6727
> @) oo < S5

Additionnally, the same assumption implies that
Var((®(uy),v)) < E [<q>(us),v>2] <y and  Var(y||®(uy)|?) < 2E [}|<I>(us)||4] < ¢(8)%Cy.
We can then apply Doob’s martingale inequality: there exists a constant C'(§) such that with

probability at least 1 — %

72 ({80, 0) = 5000 ) = B (B0, 0) = 20 e 0)] ) | < CONVT.

s=0

sup
t<T

The bound (E.3) on T implies that we can choose ¢(d, ) small enough so that

C(0)/c(4, a) ak
COVT < i <o

Combining all those inequalities with a union bound, under the event of Equation (E.7),

t—1
5
P | mi(v) > (1— a)mo(v) + 7Y (T (u,),v) VE<T AT (v) >1-3. (ES)
s=0

having used that (U (u), v) = E [(@(u), v) — || @) (u, v>]

The upper bound follows similarly: using this time the fact that for x > 0 we have Jits <1,
we have under (E.7)

5
P | my(v) < (14 a)mo(v +72 Dv) VE<T AT () | 21— (E9)

A union bound between the events of Equations (E.7), (E.8), (E.9) concludes the proof. O
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E.1.2 Low-dimensional sufficient statistics

In [ ], the function ¥ () can be written as U(u) = ¢((u, v))v. Asa result, the bounds
of Proposition E.1 are actually a closed function of m;(v). We generalize this phenomenon to a
larger class:

Assumption E.3. Thereexistsa q > Osuch that the function V is g-approximately k-dimensional,
in the sense that there exist a function 1 : R¥ — R and a matrix W* € R¥* with orthonormal
rows such that for any u € R4,

1
W () — ()| < <HW*uH v m) ”

By an abuse of notation, we shall sometimes view 1 as a function from V* to itself, where V* is
the span of the rows of W*. However, Assumption E.3 ensures that all quantities related to v are
only depending on the (oftentimes fixed) dimension k£ instead of d.

It turns out that in this case, we can control accurately the trajectory of W*u, at least when f is
not too flat around 0. Let IT* = (TW*) T W* be the projection operator on V*, and define the
stopping time

79 = min{t > 0 : |IT*u|| > 6}

Proposition E.2. Assume that Condition E.3 holds with q small enough, and that (ug, 1(0)) > 0
(in particular, 1 (0) # 0). Forany §, € > 0, there exist constants (0, €),1(€) such that if

v<edt oand T <cey2d7Y (E.10)

then
P (||t u; — yt(0)|| < Vhne Vi< T A7) =1-4 (E.11)

Proof. Let vy, ..., vy be an orthonormal basis of V*, with v; aligned with ¢/(0). By applying
Proposition E.1 to ¢/ = % and o = %, with probability 1 — g, foranyi € [k]andt <
T A 7% (v;), my(v;) satisfies the inequality (E.5) or (E.6) (depending on the sign of mg(v;)). In

particular, for v1 = 1(0), since we assumed that the initial sign is positive, we have

t—1 t—1
§< 0, V(0) +7 > (¥ (us),1(0)) < (u, 9(0)) < §<uo,w<0>>+vZ<\If<us>,w<0>>-
s=0 s=0

(E.12)

Define C(8) such that (u¢,1(0)) < C(8)d~1/2 with probability at least 1 — 2. By a Taylor
expansion, there exists an 77(€) > 0 such that for any v € R? with||v|| < n,||v)(v) — 1(0) H <
¢, where ¢ will be fixed later. With Assumption E.3, this implies that for any u € R,

[4(0)[|* = (¢ + na) ||¥(0)]| < (T(w),4(0)) <|[|w(0)|* + (¢ +nq)||(0)] -

Further, by Jensen’s inequality, E [Hq)(u) HQ] < C'1d so by choosing ¢(d, €) small enough, we

can ensure that

(Ut (), $(0)) > [|(0)||* — (2¢ + ng) || (0)||
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Plugging those estimates in (E.12), we find that for ¢ < T'A 7 (v1) A 7, and d large enough so
that
oE)d 2 < Llfv (o).

we have

9t ([60)]* = ¢+ n)[[e©)]) < (e, v(0)) < X (@) + 5t (| 0(0)|* + (¢ + na) [(0)]]) -
(E.13)

For small enough € and g, the LHS of the above inequality is always at least yt||(0) H2 /2, which
implies that

_ 2n
T (V1) > T nd TAm < ———r (E.14)
0 (v1) n 4 n 7H¢<O)H
Choosing €’ and 7 small enough so that
(2¢' +ngq) <€
el 2
we ensure that for ¢ < T' A 7, we have
|(ut —~11(0),9(0))| < enf[v(0)]]- (E.15)

We now move on to the other v;. Fori > 2, v; is orthogonal to ¢(0), and this time Assump-
tion E.3 implies
[(W(u),vi)| < e+ ng.

Regardless of the sign of mg(v;), this implies that fort < T A 7,

ne  2n(2€¢ +nq)
- _.l_ ,
2 v

having used the bound (E.14) on 7, and bounding the initial value as above with probability
1- % We can always choose 77, €’ such that the above bound is at most €; since

3
[(ug, vi)| < 2|<U07'Uz>| + yt(e' +nq) <

(ue — 111(0),9(0))* | ¢ 2 o p2
My u, — vt (0)||* = 5 (g, v;)? < ke,

this concludes the proof. O

Proposition E.3. Assume that 1)(0) = 0, and Hy = di)(0) # 0 is symmetric. Let X be
the largest eigenvalue of Hy, and assume that X > 0. For any 6,€ > 0, there exist constants

c(d,€),n(e),d(d,€),C(d,€) such that if
v<edb' oand T <eyd7Y, (E.16)

then B
P <HH*utH > || ug| X ACHEFD wp < T A Tn) >1-4. (E.17)
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Further, the mass of I1*w; is concentrated on the top eigenspace of H : there existsa X < A—C E(e+
q) such that on the same event,

HH*ut — f[*ut” < HH*UOH M V< T A Ty
where IT* is the projection on the eigenspace associated to A

Proof. Fix (v1,...,v) an orthonormal basis of V*, consisting of eigenvectors of Hy, and let
Ai be the eigenvalue associated with v;. T_he largest eigenvalue of Hy, that differs from A will be
denoted A (we can let A = —oo if Hy, = ).

We choose an 7)(€) such that for v € R¥ such that|jv|| < n,
[4(v) — Hyol| < eflo]|.
In particular, for any ¢ € [k] and any vector u, we have for small enough choice of ¢(, €)
(U (u),v5) = Ni(vi, uw) — (2¢ + @) || T u|  (P(u), v;) < Ai(vi, u) + (e + q) | Tu|

Applying Proposition E.1 to o = ¢, and assuming that mg(v;) > 0, we find that on an event
with probability 1 — 6/(2k), fort < T A 7y (v3) A Ty

t—1

(Vi) > (1= e)mo(vi) + 7 (Nifwi, us) — (2¢ + q) || TTus )
s=0
t—1

(i, wr) < (1+ e)mo(v) +7 ) (Nifwi, ug) + (e + q)||TTus )
s=0

The same argument when mg(v;) < 0, we obtain that with probability 1 — /2, for any ¢t <
T A Tyandi € [K]:

t—1

[{(vi, ug)| > (1 — €)[{v;, uo)| —I—’yz (/\i|<vi,us>\ — (2e + q)HH*usH) (E.18)
s=0
i—1

[{(vi, we)| < (1 + €)|{vi, uo)| —I—’yz (Nil(vi, us)| + (€ + q) | T ||) (E.19)
s=0

Define I1* the projection on the eigenspace associated to A, and IT* its orthogonal projection.
Summing the upper bound of (E.19) on all v; with A; < A,

t—1
e, < (14 O[T, +v(A+ k(e + ) 3T
s=0
where the £! norm |-, in V* is computed w.r.t the basis (v1, . . ., vk ), and we used the norm

bound|| T, || < [|TT*u,;.
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Call P(to) the following condition:
[ ||, < C|| Ty, forallt <to,, (E.20)

where C' will be fixed later, and assume that P(t) holds for some ty > 0. Using the discrete
Gronwall inequality, the following holds: forany ¢t < T' A 7, A to,

[ ||, < (14 €) || u |, AFIFOREF, (E.21)

We now sum the lower bound of (E.18) on all v; with A; = )\, to obtain

t—1
el = (1= [ Tuo, + > (A = k(e + )| s |, = k(2 + q) | I |
s=0

above bound implies that for all ¢ < o,

t—1
[T |, > (1= )| uol], +7 > (A= (1+ C)k(2€ + q))|| T u,
s=0

Iy -

By the discrete Gronwall inequality,

]|, > (1= O[T uo |, (1+7(A~ (1+ Ck(2e +)))'
> (1 - [T uo |, exp (v(A = (1 + C)k(2€ + @)t = OGT))
>(1- 26)Hﬁ*u0”1 exp (YA — (1 + C)k(2e + q))t) (E.22)
where the last inequality holds for large enough d because of the bound (E.3). Now, fix a constant
r(0) (T u0H1 < 7(6)||Iwo||;. Then condition P(1) holds

as long as C' > 7(0), and P(to) implies P(to + 1) whenever the lower bound of eq. (E.22) is
higher than the upper bound of eq. (E.21) for ¢ < tg. In particular, this holds whenever

>

r(8) and A— (14+C)k(2e+q) > A+ (1+ C)k(e + q).
The above condition can be satisfied if and only if

1+4+e€ A=A
1_26r(5)<

3e+2q

which can always be satisfied when €, ¢ are low enough. The proposition ensues from the remark
that ||[IT*w|| <[ TT*u|| < (1+ C)||[IT*uy|| forany t < T A 7, O
E.1.3 Bounding the hitting times

It finally remains to show how the bounds of Propositions E.2 and E.3 allow us to bound the
hitting times 7,,. We summarize those in the following proposition:
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Proposition E.4. Let w be a process that satisfies Assumptions E. 1-E.3 for low enough q. Then for
any 6,€ > 0, there exist constants vo(0, €),n(€), k(0), K(0), C (9, €) such that, with probability
1—-9:

(1) if(0) # 0 and (ug, $(0)) > 0, letting y = yod ",
(1—fe>< Ve
Y[ (0)]] Al

(i) ifp(0) = 0and dip(0) issymmetric and bas a positive maximum eigenvalue X, then letting

v ="0(dlog(d))~"
ol) ()

YA+ k(e +q)) YA = Ck(e+4q))

Further, the directions of H*uﬂ] concentrate, in the following sense:

() if(0) # 0

(iz) if (0) = 0, forsome 5 < 1,
HH*uT17 — l:I*uTnH < C(6, e)d_%,
where I1* is the projection on the top cigenspace of di)(0).

Proof. The proof for the linear case is almost immediate. From Proposition E.2, with probability
1 —9d,wehaveforallt <T AT,

V|| (0) || — VEne <||[TT*w|| < ~t||(0)|| + VEne
Define
te = n(1 +\F€) and (1_\f€)
ROIR e

Fort < t, the upper bound on ||IT*w;|| is lower than 1, which directly means that 7, > ¢,. The
lower bound is higher than 7) for t = t., which implies that 7, < t. aslongas T > t.. Sucha T
satisfies the bound (E.3) as long as

(1+\fe)

c(0,€)y2d1,
Do =0

which is equivalent to

c@ v ;-
n(l+vVke)
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which can always be ensured by decreasing 7o (9, €). Finally, we use the bound

w_yH S2IIm—yH
lzll lyll |l
to conclude that
T*u.,
i ¥(0) < 2Vke.
n o [lwo]

We now move on to the quadratic case. By Proposition E.3 and the same reasoning as in the proof
of (E.21), we have with probability 1 — 4, forallt < T'A 7,

C/HH*UOH 67(5\76‘/Yc(e+q))t < Hﬂ*utH <1+ G)HH*UOH ew(i+k(e+q))t

Upon redefining ¢, we can assume that the “good” event implies that

50 [ Truo|| < K(9)

Vd Vd

for constants k, K. As in the linear case, the upper bound above implies that

log ( (11{)31()

= A+ ke +q)

while the lower bound implies that

nVd
710g ( el ) =:{.
YA = Ck(e+q)  °

TN, <

It therefore remains to show that t. < T for large enough d and small enough €, ¢, we can write

L < C'(8,€)y L log(d), and
C'(8,e)y Hog(d) < ey 2d™ < v < ¢(C'dlog(d)) .

This condition can again be ensured by decreasing vy (0, €) as needed. Finally, let

A
b= A—Ck(e+q)’

where ) is the one of Proposition E.3. Then 8 < 1and we haveatt = 7,

1-8

Mu,, — M, || < £ex Blo M <C"(5,e)d 2 .
" " Nz p i —
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E.2 Proof of the Main Results

E.2.1 Proof of Theorem 5.2

We formalize here the proof sketch of Theorem 5.2. We track the dynamics of w; through the
following sufficient statistic:

my = (wg, w*). (E.23)

The dynamics of m; fall under the framework of Section E.1, by letting
®(w) = — Vi, L (f(2:0(p), a0), ) -
Indeed, for the spherical gradient,
Viﬁ(f(z; w,ap),y) = aoyo’ ({(w, 2)) - (z — (z, 'w>'w) )

, hence plugging in the expression for w(p)

D(w) = aoh* (w*,2))0" ((w, 2) + aoph* (w”, 2))o"(w, 2)) -2 (2 = (2, w)w).

(E.24)
Assumptions 5.1 and 5.2 on ¢ and h* then directly imply Assumptions E.1 and E.2 in the Ap-
pendix. As a result, we only need to study the quantity ¥(w) = E [®(w)]. We show the fol-

lowing:

Lemma E.1. The function V is approximately one-dimensional: there exists a function ¢ such that
Sforanyw € ST, we have

* * C
[{w”, ¥ (w)) — apd(w, w")| < —
Proof. Define the following quantities:
E(x, z*, x) = W (2o’ (x + agpoo’ (x)h* (x*))xt (E.25)

d(m) = E[E(z, 2%, z1)] for (x*

T

>NN 0,(1 m) and 2t = 2* — mz. (E.26)
m 1

For simplicity, we let u = (w, z) + appoo’ ((w, z))h*({(w*, z)). Doing a Taylor expansion of
o’ in the second order, we have

o' ({w,2) + ph* ((w*, 2))0 (w, 2)) - |21 ) =o' (w) + o’ (w)ph* (w*, 2))o’ (0, 2) - (12> - d)

+ R (w0, 2)70 (w0, 2) - (J=) - )

where R(u) is the Taylor remainder of ¢’ at second order around .
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The distribution of the triplet ({(w, 2), (w*, ), (w*, 1)) is the same as the one of (z, z*, ),
hence

E ((0(2),w)] ~ and(m) = pE 0" ()" (", 2% ((w,2) - (1217 - @) (w25
e
+ 8 RO (w0 2P (0,27 (el - d) (w24

(2)

We first bound (2). From the Hélder inequality (since % + % + % + % + % =1),

@ < 7B [R0) B 1] B 0] B [fw #4) B[ lo1° - dﬂ%

Since o is three times differentiable almost everywhere, and from the polynomial bounds of As-
sumption 5.4, the first four expectations are bounded by an absolute constant. The last term is
the centered fourth moment of a x?(d) distribution, which is equal to 12d(d + 4). As a result,
using that p* = O(d~?),

(2) < Ccdt.

For the first term, we let 2 = 2| 4 2/, where 2| is the projection of z on the span of w and w*.
We can then write

(1) =B |o" @ (0" 2P (w0,2) - [+ (w0, 2]
RG
+E {a"(u)ph*«w*,z>)20'(<w,z>) X (Ed) (w*,zL)} .

-~

(1)

Up to the factor of p, the term (1) is the expectation of a polynomially bounded function of a
2-dimensional Gaussian variable, hence

1Y <Cp<ldt

In (1”), the vector 2’ is independent from (w, z) and (w*, z), so the expectation factorizes as

()] = [E [o" (w)ph* (", 2))%0 (1, 2)) (w", 54)] - B [(Hz’H? - d)] |

< Cpld—2—d| < C'd,

where we used that 2’ isa (d — 2)-dimensional Gaussian variable. This concludes the proof. [

Lemma E.1 implies that Assumption E.3 holds for ¥ and any choice of g, as long as d is large
enough. As a result, the proof of Theorem 5.2 hinges on the following facts about ¢:
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Proposition E.5. For almost any choice of po (w.r.t to the Lebesgue measure),
 ifly =1, then »(0) # 0;
* if by =2, then ¢'(0) # 0.

of Theorem 5.2. Our goal is to apply Proposition E.4 to the function ¢. If £; = 1, then ¢(0) #
0 by the previous lemma, and with a uniform initialization of w* we have mo¢(0) > 0 with
probability 1/2. Combining this with the (1 — ) probability event of Proposition E.4 for small
enough €, with probability 1/2 — §, we have 7,, < C(6)d. We now move to the proof of the
case where £ = 2. In this case, Proposition E.4 implies the desired result as soon as ¢'(0) > 0
(which corresponds in the & = 1 setting to the only eigenvalue of d¢(0) being positive). Since
the Lebesgue measure is invariant w.r.t multiplication by £1, the factor agpg in the definition
of ¢’ (0) has the same distribution as pg, hence we can write ¢'(0) = a(|¢’'(0)| where af is also
uniformin {—1, 1}. Theevent ¢’(0) > 0 therefore also has probability 1/2, and we conclude as
before. O

Analysis of ¢: proof of Proposition E.5

The main ingredient here is to write ¢(m) = ¢(m; po) and differentiate w.r.t pg. For simplicity,
we take ag = 1 in the definition of ¢. We show the following:

Lemma E.2. Under Assumption 5.4, the function $(m; po) is analytic in po. Further, we bave

9% (m; po)

o =E [h*(w*)kaLa(Hl)(a:)a'(;v)k (E.27)
0

po=0

where x, x* follow the same distribution as in eq. (E.26).

Proof. The first statement stems from the analyticity of o, and the fact that it is a property con-
served through integration. For the second, we differentiate inside the expectation, to find

9% _ E |0/ (z)h*(2*)?0” (x + poa'(:(:)h*(w*))xl] ;
dpo
the result follows by induction and taking pg = 0 at the end. O

We define the following quantities related to Assumption 5.2:
u(()k) =FE [U(k)(a:)al(x)kfl] ugk) =K [xa(k) (x)a’(x)kfl}
U(()k) - E [l‘*h*(m*)k} UYC) - [[(:U*)Q _ l]h*(x*)k}

AR = E [p(a")"]
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Then, by Proposition 11.37 from [ ], and using 2t = 2* — ma:

9" (m; po)

apg -k [h*(x*)k+1x*a(k+1) (x)a'(m)k} —m-E [h*(x*)k+1xa(k+1) (.’L’)O’l(.%')k]

po=0
= (u((]k)v(()k) + ugk) (vik) + A(k)) -m—+ 0(m)> —-m (ugk)A(k) + 0(1))

= u(()k)v(()k) + ugk)vgg) -m + o(m)

This allows us to show Proposition E.S:

Proof. Assume first that £ = 1. Then ¢(0; po) is an analytic function of pg with

9%9(0; po)

=u
O

k) (k
oy

po=0

Since é;; = 1, there exists a k € N such that v(()k) # 0, and by Assumption 5.4 the coefficient
(k)

uy  is nonzero for every k. As a result, ¢(0; po) is an analytic and non-identically zero function
of po, so it is non-zero for almost every choice of po, as requested. The case £;; = 2is doneina
similar way, noting that this time

0%¢/ (0; po)

(k), (k)
=Uu
dpf

=Uup vy
po=0

E.2.2 Proof of Theorem 5.4

The proof of Theorem 5.4 follows in the same way as the one of Theorem 5.2. Recall the defini-
tion of ® in eq. (E.24), and define

Z(z, 2%, 25) = B*(2%)0’ (2 + appoo’ (2)h*(2*)) 2™+ (E.28)

Y(p) =E [E(z,z*,zL)} for ( Z*> ~N |0, (11) };) and 2+ = 2* — zp. (E.29)

z

Again, the variables (z, z*) correspond to (w, z), W*z, and the vector p to W*w. As before,
the only difference between E [®(w)] and ¢ (W *w) lies in replacing|| 2| with d, and the proof
of Lemma E.1 implies the following: for any w & Sé-1

(W (w) — o (W*w)| <

&l Q

As aresult, the function W is approximately k-dimensional for any choice of g as d — oo.

We can view the vector ¢(p) as a random variable depending on the choice of ag, po. Since ag

is a sign, we will only consider the dependency of v in py. As before, let ugk) be the i-th Her-

mite coefficient of z — o**+1)(2)o’(2)*, and Ci(k) the i-th Hermite tensor of h* [ ]-in
)

particular, C’Z-( is a tensor of order 7. We have the analogous result to Lemma E.2:
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Lemma E.3. Under Assumption 5.4, the function 1)(p; po) is analytic in po, with

"(p; po)

o7 = up’ 0l + " Cp + o).
Po

po=0

Proof. Asin Lemma E.2, we can write 1(0) = (0, po), with

k .
0 1%(5,8’ PO) - [h*(z*)k+lzLO_(k+1)(Z)O_I(Z)k:| )
po=0
From [ , Lemma 19], we have
E [ (z7)F 12500 ()0 (2)F] = Zuzﬂ P, CM)p + Zu ®Bo®) x,,.i p™.

Since 2+ = z — zp, we find

9%+ (p; i i

M ugk) (Ci(fr)l x1..p% — <Cz'(ji)1’p®( +1)>p) . (E.30)

apo po=0 =0

) %1,a | = O (Ipl7) and (€, p*) = O (IpII). The only

: . 2 . o
terms in the sum which are not of order||p||” are the first two terms in the left sum, which yields

Fori > 0, we have

the statement of the Lemma. O

We are now ready to show the first part of Theorem 5.4. We begin with a characterization of U*
whenever £} = 1:

Lemma E.4. If E; =1, then

U* = span <{C£k)}k>1> :

[fﬁ; = 2, then 7
= @Im (C’ék)) .

k>1

Proof. By the properties of the Hermite tensors, we have for any v € V* and any polynomial p
E[y"Hi((v,2))] = (v, C{")

Asaresult,ifv =73, kafk), then by letting p(y) = > 150 apy® we have

E [p(y)Hi1((v, 2))] =|lv||* # 0.
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Conversely, if v is orthogonal to every vector C’%k), then E [ka 1({v, z})} = Oforallk > 0,
which implies thatv ¢ U*.

The case E; = 2 is similar, since this time
E ka2(<'v, z>)] = vTCék)'v.

As aresult, for fixed k, the largest vector space Uy, such that E [ka 2((v, z>)} forallv € Uy is
ker(Cék)) = Im(Cék))L. The result ensues from U* = ;54 Uit O

Using Assumption 5.4, the following corollary ensues:

Corollary E.1. If () = 1, then for any v € U* and almost every po,

(v,9(0)) # 0.

As a result, with probability one, the set {1)(0; po i) }ic|p) spans U* assoon asp > k.

If Uy = 2, then with probability at least 1 /2 on the choice of po, ag, dip(0) is symmetric and bas a
strictly positive eigenvalue.

Proof. Letv € U*,and k > 1 such that (v, C;k)> # 0. Then

0" (v,(0; po))

(k) (k)
=uy (v,C;") #0,
8p(]§ 0 1

po=0

so the function pg — (v, 1¥(0; po)) is not the zero function. Since it is also analytic, it is nonzero
for almost every choice of p.

We now prove that if p < dim(U*), then the family {1(0; po ;) };c[p] is free, which implies our
second result. Assume by recursion that {1)(0; po ;) }ic[p—1) is free, and let v, € U™ orthogonal
to this family. Then with probability one, (vp, (05 pop)) # 0, so 1(0; po p) is independent
from {1(0; po.i) }ic[p—1)-

Finally, if £; = 2, then by symmetry of the distribution of py we can write 1 (p; ag, po) =
ao(p; 1, p') with p’ = agpo chosen independently from ag. Writing

d(0;0') = (o) FuM 5,

k>1

we can see that di)(0) is a symmetric matrix, which is non-zero with probability one on p’. Since

either di)(0) or —d)(0) has a positive eigenvalue, agdy(0) does with probability 1/2. O

We are now ready to prove Theorem 5.4.
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of Theorem 5.4. We begin with the case £, = 1. Fixap = p(d) to be chosen later, and let
Yi(p) = Y(p; ao,i, poi) fori € [p]. With probability 1/2 on wy ;, we have (wq i, 1;(0)); let
P+ be the number of such neurons. For p = O(log(1/6)), we have p; > max(p/4, k) with
probability at least 1 — g

In particular, with probability one, the set {1;(0) };¢[p, | spans U*. Let € > 0 to be chosen later,
1;(€) adapted to 1; in Proposition E.4, 7; the hitting time for 7); in the i-th neuron. Consider the
time 7 = min; 7;; applying Proposition E.4 to 8 = §/p, we have

T < maxie[p+]md < C(d)d.

Yo||%:(0)|
However, we also have 7 > ¢(8)y ™1, and hence from Proposition E.2, for any i € [p]
el = A7{|wi(0)| — Vmie = ¢(5)
for small enough €. This proves the first part of the theorem. Now, consider the vectors

w — H*U)T;L' .
[

by the same argument as in Proposition E.4, forany i € [p4],

u; — i(0) €
)] H < Vhe

Since the {1;(0) };¢[p, | span U* with probability one, so do the {w; };c[,, ] for a small enough
choice of e.

For the case £}, = 2, we define the p. “good” neurons as those with dy);(0) having a positive
eigenvalue. Since this happens with probability at least 1/2 independently for each neuron, the
bounds on p(d) from earlier still apply. For those neurons, and small enough €, we define the
1;(€) as those in Proposition E.4, and 7 = max;7;. Then by Proposition E.4, we have 7 <

C(8)dlog(d)? for some constant C'().

Now, fix a vector i € [p4]. We define the j-th “excursion” to be the j-th sequence of times
TZ»(]), . ,Ti(]) + ez(j) such thatHH*'wt’iH > 1);. Then:

* With probability at least 1 — e~ 7, we have Hwt-i-l,i — W

> n;/2.

< C Vs and thus for any

Mw_

excursion 7 we have ; )
J T +e§]>+1,z

* between two excursions, the results of Proposition E.3 apply, and thus the norm of || IT*wy, ||
increases exponentially.

Asaresult, form; <t <1, we haveHH*wm H > 1);/2, which finishes the proof of Theorem 5.4.
O
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E.3 Additional proofs

E.3.1 Proof of Lemma 5.1

Let o be an analytic function which is not a polynomial. Then forany £ > 0, the function ok is
also analytic and non-identically zero, and hence so is the function f,, = o). (¢)*. Lemma .1
thus ensues from the following result:

Lemma E.5. Let f be an analytic and non-identically zero function. Then
E[f(x+b)] #0 and E[xf(z+0b)] #0

for almost every b under the Lebesgue measure.

Proof. The function ¢(b) = E [ f(x + b)] is analytic in b, and we have

v ®(0) =E [ ()] = e ),

where uy (f) is the k-th Hermite coefficient of f and ¢y, is a nonzero absolute constant. Since f is
nonzero, at least one of its Hermite coefficients is nonzero, and v is a non-identically zero analytic
function. Asa result, ¢0(b) # 0 for almost every choice of b.

The other case is handled as the first one, noting that by Stein’s lemma

E[zf(z+b)] =E[f(z+b)].

The above shows that for fixed n € N, the set
B, = {b ER:E |:CT(") (x +b)o’' (x + b)”fl} =0 or E [:EU(”) (x +b)o’(z + b)"il} = 0}

has measure 0. Since there is a countable number of such subsets, the set

B:UBn

neN

also has measure zero, which is equivalent to the statement of Lemma 5.1.

E.3.2 Proof of Theorem 5.3

We decompose the polynomial 2* as an even and odd part e(x) and o(z), with degrees d,, and d..
We first assume that o is non-zero, and that the leading coefficient of 0 is positive. Then, for odd
m > 0, we have

E [zh*(z)"] = i (Z)E [re(a) ofa)™ ]

k=0
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Each term in the above sum is zero if k is odd, we focus on the terms where & is even. There exist
constants A, e > 0 such thatif |z| > A,

()] > elal® and Jo(x)| > elal®,
and we let

B= sup |e(x)|V sup |o(x)
z€[—A,A] z€[—A,A]

Asaresult, when k is even, both e(z)¥ and xo(2)™ ¥ are even polynomials with positive leading
coeflicients, so

E :Ue(a:)ko(x)m_k} =E [me(:p)ko(:c)m_klme[_AA]} +E {J:e(x)ko(x)m_klxﬂ_A,Ad
> 2K [xkde-i-(m—k)do-&-llxé[_AA]} _ AB™
Letd(m, k) = kde + (m — k)d, + 1. Then,

E [xe(m)ko(x)m*k} > ’E [md(m’k)] — Admk) _ ABm,

Going back to the sum, and with the crude bound <1Z> < 2™

E [zh*(2)™] > &2 [xd(m»(])} — i om (Ad(m’k) + ABm)
k=1

>E [xm—l-l} —_cm
Since the Gaussian moments grow faster than any power of m, this last expression is non-zero for
a large enough choice of m.

Finally, if o is the zero polynomial, we can do the same reasoning with e(x)™ to get
E [(ZE2 - 1)e(az)m] =%(E [mmdew} —E [:Emde}) —C™ =e&’md.E [mmde} -Ccm,
and we conclude as before.

E.3.3 Hardness of sign functions
We show in the appendix the following statement:
Proposition E.6. Letm € N, and
h*(x) = sign(x1 ... 2m)
Then the function W* bas Information and Generative Exponents { = {* = m.

We first show the lower bound. For any vector v € R™, and k < m, H((v, x)) is a polynomial
in z of degree k, and therefore each monomial term is missing at least one variable. We show that
this implies the lower bound of Proposition E.6 through the following lemma:
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LemmaE.6. Ler f : {—1,1} — R bean arbitrary function, and g : R™ — R a function which
is independent from x,. Then

I ORSa

E [f(h*(x))g()] 5

[9(x)]
Proof. We simply write

E[f(h*(z))g(x)] = E :IE [F(h*(x))g(z) | 21, . ,xm_lﬂ
_E :g(:v)E [F(h*(x)) | 21, ... ,xm,lﬂ
—E g(x)f(le(—l)}

2
SA)+ f(=1)
IO g gy,
where at the second line we used that g only depends on x1, ..., Z;,—1 and at the third line the
addition of &, randomly flips the sign of h*. O

Using this property on every monomial in H,((v, )) and summing back, we have for any func-
tion f

E [(h* () Hy (v, 2))] = TS g

But the latter is zero when k£ > 1 by orthogonality of the Hermite polynomials. This shows that
£y > mforallv € R™, and therefore m < £ < /.

[Hk(<v, m>)] (E.31)

For the upper bound, let v = €1 + - - - + €y,. Then
Hpy((v,x)) =mlzy ... .20 + Q(x),
where () is a polynomial where each monomial has a missing variable. As a result,

E [h*(z)Hm((v,z))] = m!E [A*(x)z1 ... 2

=mlE Uml e xm\]

m
2
=ml! —
T
which is 2 non-zero value, hence £* < ¢ < m.

E.4 Additional Numerical Investigation

In this section, we present further numerical investigation to support our theory and extend it
beyond the mathematical hypotheses used in the formal proof.
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Figure E.1: example of two different algorithm with data repetitions learning an hard single-index
target h*(z) = Hes(21), £ = 3,¢* = 1. Left: SAM, with py = 0.1,79 = 0.01. Right: 2-
Lookahed with 79 = 0.1. See details in Appendix E.S.

E.4.1 Testing wider range of Algorithm 5.1

In the main we presented all the numerical simulation using p > 0, i.e. ExtraGradient method-
/descent. In Figure E.1 Left, we repeat one of the experiment of Figure 5.1 in the case p < 0,
the Sharpness-Aware Minimization. The two algorithms are based on very different principle,
but in our context they behave in the same way: the reusing of the data makes high information
exponent function easily learnable. The global picture for p # 0 is the same regardless of its sign.

Although Algorithm 5.1 includes a broad variety of algorithms, it is not the most general domain
of validity of our theory. Simple algorithms such as repeating the gradient step twice on the same
data before discarding it (also known as 2-lookahead optimizer ]) are not part of Algo-
rithm 5.1, yet our considerations are still valid. In fact, the data repetition is sufficient to introduce
correlations across two consecutive steps, whose effect builds up along the dynamics causing the
network to learn hard targets. A simple illustration of this claim is available in Figure E.1 Right.

E.4.2 Extensive batch size

In this section, we want to present some evidence that our result does not change when the batch

Z*
sizeis 1 < ny < O(d? ). The formal proof we presented in the paper is valid in the case where
the batch size is 7y, = 1, but we strongly believe it is the case when training with larger batches.

In the context of the information exponent, it has been shown in [ ] that the total sample
£
complexity does not change when using batch sizes n, < O (di). The heuristic argument

for this behavior is that using a larger batch size increases the learning rate since the noise of the
gradient is “more” averaged out, ultimately reducing the number of steps. The same argument
should pass from information exponent to generative exponent, allowing the claim (when n; <
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Figure E.2: Single-index recovery for large-batch training. The dashed horizontal line ﬁ isa
visual guide to place random performance. The plots show o = relu, v = 0.01, p = 0.1, and the

performance is computed averaging across 10 different runs. Left (¢, (*) = (3,1): h* = Hes.
Right (¢, %) = (4,2): h* = Hey. See details in Appendix E.5.

0 (dif))

o1 if x> 2
T -np~ O(dlogd) ifter=2. (E.32)
O(d) ifr=1

Note that this drastically reduces the time steps needed to learn the teacher’s directions, although
the sample complexity does not change. [ ] first shows that some high-information ex-
ponent functions, such as Hes, can be learned in just a few steps with full-batch gradient descent
ny = O(d). In the same work, they introduce a larger class of hard functions that cannot be
recovered in T = O(1), not providing any information on possible bounds on the number of
time steps, nor any claim suggesting that not all the function in the class have the same sample
complexity. Our theory can provide a full understanding of the phenomena:

* Hes has generative exponent £* = 1, that implies we need O(d) samples to weakly recover
the target; when training with batch size ny, = O(d), wehave T' = O(1) asin [ I;
Figure E.2 (Left) is a numerical proof of this fact.

* Hey has generative exponent £* = 2, that implies we need O(d log d) samples to weakly
recover the target; when training with batch size ny, = O(d), we have T' = O(logd);
Figure E.2 (Right) is a numerical proof of this fact.

We can push our claims beyond single-index targets and illustrate the same phenomena for multi-
index functions. In Figure E.3 we test Extragradient Descent against two hard multi-index func-
tions: once again the sample complexity is the same as the case 1, = 1, while the number of steps
is reduced by a factor ny, = d.
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Figure E.3: Multi-index recovery for large-batch training. The dashed horizontal line \/LE isa
visual guide to place random performance. The plots show o = relu. Upper ({y, £5) = (3,1):
h*(z) = sign(z122). Lower ({4, }) = (4,2): h*(2) = z12223. See Appendix E.5 for details.
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E.5 Implementation Details

In this section, we provide all the implementation details needed to reproduce the Figures of the
paper. The full implementation can be found in the repository linked in the main paper.

Unless explicitly stated, we always run the plain version of Algorithm 5.1 with squared loss, as
opposed to Assumption 5.3 which requires correlation loss and spherical gradient. We use the
reLU function as an activation. Finally, we always run simulations with WO L W*, which does
not fall under Assumption 5.2. Indeed, our numerical simulations deviate from the theoretical
assumptions needed for the formal proofs, but the aim here is to show that our claims are valid
beyond the technical limitations of the theory and that they can allow us to understand settings
closer to what is used in practice.

In the plots with a single-index target we plot the absolute value of the cosine similarity between
the student weight w and the teacher weight w*, averaged across IV different runs (where we vary
both seen samples and initial conditions). If g in the index for different runs:

N
yaxis(t) = %Z ’CosSim(qu),w*(‘I)) ,
qg=1

where )
CosSim(w, w*) = wiw*
|]w\|2||w Hz

In the plots with a multi-index target, we take the maximum across all the network weights

N
1
yaxis(t) = N Zmaxje[p} ’CosSim(wéfIt),w*(Q)) .
q=1
E.5.1 Hyperparameters of the Figures
Here are the hyperparameters used in the figures:
* Figure 5.1 (all 4): d = 8192,y = 0.01, pg = 0.1, N = 40.
* Figure 5.3 (left): p = 8,d = 2048, = 0.01, pp = 0.1, N = 40, a) ~ Rad(1/2).

* Figure 5.3 (center-left): p = 8,d = 2048,79 = 0.01,p9 = 0.1, N = 40, a? ~
N(0,1).

* Figure 5.3 (center-right): p = 8,d = 2048, = 0.1,p0 = 0.1, N = 40, a) ~
N(0,1).

* Figure 5.3 (right): p = 8,d = 2048,79 = 0.1, pp = 0.1, N = 20, a§ ~ N(0, 1).

Figure 5.2 (left): p = 8,d = 2048, = 0.1, pg = 0.1, N = 40, ~ N(0,1).
* Figure 5.2 (right): p = 4,d = 1024, = 0.01, pg = 0.1, N = 10, a ~ N(0,1).
* Figure 5.4: p = 4,d = 1024, = 0.01, pp = 0.1, N = 10, a) ~ N(0, 1).
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* Figure E.1 (left): SAM d = 4096, 8192, v9 = 0.01, pg = 0.1, N = 40.
* Figure E.1 (right): 2-Lookahead d = 4096, 8192, vo = 0.01, pp = 0.1, N = 40.
* Figure E.2 (all 2): d = 8192,ny = 2d,o = 0.1, N = 40.

* Figure E.3 (upper): p = 8,d = 2048,n, = 2d,v = 0.1,p0 = 0.1, N = 40,
al ~ N(0,1).

* Figure E.3 (lower): p = 8,d = 2048,n, = 2d,7 = 0.1,p0 = 0.1, N = 20,
al ~ N(0,1).



Appendix F

Appendices to “Asymptotics of SGD
in Sequence-Single Index Models and
Single-Layer Attention Networks”

F.1 Reduction from attention to sequence single-index

Let X € REXdenotea sequence of length L of d-dimensional tokens, and consider the standard
dot-product attention:

Attention(X') = softmax ( QK (F.1)

T
v
\% dhead )

where Q = (X n %) Wo, K = <X + %) Wi,V = (X n %) Wy € RLXdhad are
trainable weights known as the guery, key and value matrices, respectively. The matrix P € RLxd
is the positional encoding, a fixed matrix needed to inject a representation of the position of the
tokens in the sequence. To make the analysis tractable, [ ] considered the following sim-
plifying assumptions:

* Key and query matrix are tied, and dpepg = 1: Q = K = (X + %) ~w € REXL,

* Identity value matrix V' = Ir,.

Note the second assumption is mild for single-layer attention, since we do not need to learn a new
representation of the sequence. Under these assumptions, Equation (F.1) reduces to:

TiedAttention(X) = softmax (X + P) ww'" (X + P>T (F.2)
Vd Vd

This is a map from sequences X € RL*d o I x L matrices. Further adding the reduction
map IT : REXE — RFou| we get the model in Equation (6.1). Finally, to get the reduction to a

201
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sequence single-index model, it suffices to consider P = 0 and the map on real-valued sequences
L
s € R*:

g(s)=1I [softmax (ss") (E.3)

F.2 Mathematical preliminaries and notations

F.2.1 Tensors

We consider tensors as multidimensional arrays: a tensor 1" of order k and dimensions (dy, . . . , dj)
is simply an element of R91>* X4k Its elements are denoted by T}, ., , where iy € [dy]. The
scalar product between two tensors with same dimensions is defined as

<T,T> = Z ,-T;Jlkirzlllk

We say that a tensor is symmetric if all its dimensions are equal and for any index (i1, . . . , ix) and
permutation o € Gy,
ﬂllk = EO(U Zcr(k) .

We shall need two operations on tensors: the first is the zensor product, that turns two tensors of
order k, £ into a tensor of order k + ¢ defined as

T

U1 Thte”

(TeT) =T

i1t 1ok

The second is the tensor-matrix contraction: given a tensor 71" of order £, an index £ and a matrix

M of size dp x d'¢, the tensor T' Xy M is defined as

(T ¢ M)y iy, = E Ty gy Mi it
ig

Given k matrices M), ..., M®) we will use the shorthand

T x (MW M®EYy =T 51 MW ..o, MF)

goe ey

Immediate properties of those operations are gathered in the following lemma:

Lemma F.1. The operation X is associative: if T is a tensor and
MOy (D NG
are matrices with compatible dimensions,
<T (MO .,MUf))) x (NO . NWY =7 x (MONO | A ppk)y
LatT € RO Xk gnd (21, .., 21) € RE x -+ x R¥%, Then

(Tyx1 @ Qxk) =T X (X1, .., %K)
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Odeco tensors Since tensors of order k > 3 are sometimes hard to handle, we work with a
restricted class. We say that a symmetric tensor 1" is odeco (short for orthogonally decomposable, see
[ ]) if there exist real numbers A1, . .., A, and orthogonal vectors v1, . . . , v, such that

T
7= At
=1

In particular, all tensors of order 1 (with 7 = 1) and 2 (with 7 equal to the rank of T") are odeco.

F.2.2 Hermite Polynomials

In this section we provide our definition of Hermite polynomials, which are used in the construc-
tion of the Hermite basis, both for the one-dimensional and the multidimensional case.

Gaussian measure and Gaussian (* space We define the Gaussian density in p dimensions

1 [Edl&
wp(x) = (2m)P/2 exp <—2> ;

and dwy(x) = wy(z)dx. This measure defines a space £%(w,) of functions f satisfying

|mu:/ﬂ@%mw<w

itis a Hilbert space w.r.t the scalar product

(F9)s = [ H@g(a)du (@)

Hermite polynomials and tensors We follow the conventions of [ ]. Define the k-th
Hermite tensor H, as
—1)k
Hi = 7( ) kap,
Wp

where V¥ is the k-th order derivative. This results in a k-th order symmetric tensor of size p X
- X p. The Hermite tensors are orthogonal, in the sense that

((Hi)iy.ins (He)jr...jo)w 7 Oif and only if k = £
and (i1, . .., i) is a permutation of (J1, . .., je).

When p = 1, all Hermite tensors are scalars, and we get the usual Hermite polynomials:

Hep(z) = (F.4)
He;(z) = (E.5)
Hey(z) = (F.6)
Hez(z) = 2° — 3z, (E.7)
Hey(z) = 2* — 622 + 3. (E.8)



204 APPENDIX F. SGD IN SINGLE-LAYER ATTENTION NETWORKS

Hermite expansion The orthogonality properties of the Hermite tensors imply the following
theorem:

Theorem F.1. Let f € (*(wp). There exist a unique sequence of coefficients (C(f)) k>0 S4Ch that
Cy(f) is a tensor of order k and -

f=> (Ch(f), Hr). (F.9)

k>0

Those coefficients are given by the following formula:

1
Cu(H) = 3y [ H@IHn(@)du(a).
Further, the scalar product (-, -),, can be written as

(f,9)w =D kHCr(f), Crl9))

k>0
The proof of this theorem can be found in [ ]. The identity (F.9) is called the Hermite
expansion of f,and the Cy(f) are its Hermite coefficients.

Finally, by invariance of the Gaussian distribution through orthogonal transformation, the fol-

lowing holds:

Lemma F2. Let g : RP — R, and W € RP*Y be a matrix satisfying Ww'h = Iy Let
f(x) = g(We). Then
Cr(f) = Crlg) x (W,..., W).

When p = 1 and w is a single vector, we get

Ci(f) = er(g)w®".
This gives rise to a link between odeco tensors and separable functions:

LemmaF3. Lerg : RE — Rbea separable function, such that
9(z) = gi(z),
i

W € R an orthogonal matrix, and let f(x) = g(Wx). Then

14

Cr(f) = eulgi)wi™”,

i=1

and in particular every Hermite coefficient of f is odeco.
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FE.3 Formalization and proofs

F.3.1 Preliminaries

We consider the following approximation of the SGD dynamics:

d
7w =—E=x viﬁ(Xﬁy? fw) - %E*

dt Viﬁ(X,y,fw)HQw (F.10)

The results of [ ] (when m is a scalar) and | ] (when m is a vector) imply the fol-
lowing:

Theorem F.2. Let t,, be the weak recovery time of the ODE (F.10), with the same initial conditions
as the process (6.2), and let vy} <k be the number of gradient steps of Definition 6.1. Then for small
enough n and any 6 > 0, there exist constants c(3), C(0) such that if

v = ¢(8)(dt,) ™, (F.11)
then with probability at least 1 — §
vy < C(8)dt.

On the other hand, for any number of steps v < C(8)dty, if y < ¢(6) (dv)~Y2, then with proba-
bility1 — 6

V;;’“k > c(0)v

When y does not satisfy the bound (F.11), we cannot show a strong enough concentration around
the deterministic ODE dynamics, and hence directly showing non-convergence of (6.2) is difh-
cult. However, as we shall see in the proof, above this value of y the inhibitive term in (F.10)
dominates at initialization, and hence the ODE dynamics stay trapped around zero overlap with
the target subspace. For this reason, we shall consider (in line with [ ]) that the sample com-
plexity cannot be improved by increasing v above the bound (F.11).

Remark F.1. When vy is instead fixed below the value (F.11), the bitting time of the dynamics 6.2
is instead given by

weak

vy (v) < ’y_ltn.

We shall also assume that mg > 0, and that the coefficients appearing in the gain expression in
Theorem 6.2 are all non-negative. As mentioned in [ ; s ], this condi-
tion can be ensured with probability 1/2 by randomly setting the learning rate to 7y with equal
probability.

E.3.2 An ODE for overlap evolution

We begin by computing the expectation of the gradient term:
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Lemma F.4. In the tied case, we have when||w|| = 1

E x ‘C(X7y7 ftz'ed) = ]Ey2 - 22 Ck(U)Ck(g) X (1L7 R ]-L)mk +Ha”w :
k>0

In the untied case, we have instead

E x ‘C(X?ya funtz'fd) = Ey2 -2 ch(a)ck(g) X (m’ s 7m) +Ha-||w :
k>0

Proof. Recallthat £L(X,y, f) = (y— f(X))? = y*> —2yf(X) + f(X)?. Forsimplicity, define

Wied =(Ww ... w) € R,

dL
Wyntied :(’LU1 cee wL) eR s and

*
T — 0 w; -~ 0 c RLXdL
0O 0 wi,

Then, for O € {tied, untied}, we have

foX)=o0 ((@D,ﬂj/t;n(X») and  y(X) = g(W* - flatten(X)).

. flatten(X) . wQ w* .
in is a standard normal vector, and both =2 and “= are orthogonal matrices an
Since UL lsast d o vector, and bo ~ d T, areorthogo ces, we C

use the Hermite expansion properties to find

Ex fo(X)y(X) = > (Cr(f): Cr(y))

k>0

= Y (@), Culg) x (W7, ... W)
k>0

= Z Ck(U)Ck(.g) X (W*UNJD, ey W*HNJD).
k>0

In the tied case, we have W*W,.q = m1y, while in the untied case W* Wy 4.4 = ™. For the
. wi,fl X ~
last term, we have in both cases % ~ N(0,1) whenever||wg]||* = L, and hence

Efa(X)? =l

This ends the proof. O
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When||w]| (resp. ||w;]| is different from one, the expressions of Lemma F.4 depend on ¢ = ||w||?
(resp. ¢i = ||w;||*). However, we can write

0 0
VwEE(Xa Y, ftied) = %E‘C()Q Y, ftied)w* + 287QE£(X7 Y, ftied)w~
As aresult, we have
1 0 *
vwEE(Xa Y, ftied) = (MEE(X’ Y, ftied)> (’LU - mw)

The same holds for the untied case:

a *
v'zJI;]E‘C(Xaya ftied) = < ]E‘C(Xaya ftied)) (w - mlwl)

Omi

We arrive at the following result:
Proposition F.1. Define the drift functions

Grica(m) = 2(1 = m?) Y " keg(0)Crlg) x (1z,..., 1L)m*
k>0

d)untz'ed(m) = 2(1 —mo m) © ZCk(U)Ck(g) X (IL,’ITL, s 7m)'
k>0

Then the tied and untied overlaps satisfy the following ODE;:

dm 2

T = Gualm) = JE x| VoL (X, fu) [ m (F.12)
dm 2

E = (buntz'fd(m) - %E * V,J:UE(X,y, f’w)H m (F13)

F.3.3 Controlling the gradient norm
We turn our attention to the inhibitive terms in Proposition F.1. We show the following:

Lemma E.5. There exist ann > 0 and two constants ¢, C such that if m < 1 (resp. |m|| < n),

2
ed < B+ | Vi L(X,y, fu)| < Cd

Proof. We only treat the tied case; the untied one is done similarly. Differentiating the loss w.r.t
w, we find

R <a (s Renl D)) y(X)) I




208 APPENDIX F. SGD IN SINGLE-LAYER ATTENTION NETWORKS

We write ; = :L'L| + :Df, where x;

w?*. Then

is the projection on x; on the subspace spanned by w and

I
ViL(X,y, f) =20 <w> (U, (M) _ y(X)> X —ww D) + 3 )

VL VL VL

1
7
while the first vector is a fixed-dimensional Gaussian. As a result, we have

Importantly, the vector ;- is independent from any of the prefactors, and has squared norm d—2,

B« |[ValX, A = Ex fulXP20(X) ~ fulX))2(d - 2) +0)

It remains to show that the expectation above is bounded away from zero. Assuming that the
labels are centered for simplicity, when m = 0 the expectation simplifies to

Lo = Ex fou(X)2E 5 y(X)2 + E % foo (X)* > 0.

By continuity, we can choose 77 > 0 such thatif |m| <7

2 < B ful(XP(X)  fulX) <200,

which ends the proof. O

F.3.4 Hitting time for the tied dynamics

We are now ready to prove Theorem 6.1 (as well as part of Theorem 6.2). In light of Theorem F.2,
it suffices to compute the hitting time ¢, of the tied dynamics (F.12). Since ¢yeq(m) = 2Csig X
(1r,...,12)mSE=L 4 O(mSE), there exists an 1eq > 0 such that if m < 7geq,

CSIE(U)CSIE X (IL, e lL)mSIE_l < ¢tied(m) < 3651}3((7)0511; X (IL, ceey lL)mSIE_l

Combining this with the bound of Lemma F.5, we find that whenever m/(t) < n for some con-

stant ¢ > 0,

d
diT >c- CSIE X (lL, ceey lL)mSIE_l — C’ydm

Forany § > 0, there exists a constant () such that with probability at least 1 — 0,

~—

)

m(0) > R\(/g

As aresult, when v < fi(é)SIE_lC_ld_%H, thenfor0 <t <t
dm

E > C/ : CSIE X (]-La ceey lL)mSIEil

This implies:
* when SIE =1,

Csig x (1r,...,1p)

C/
5 t, hence t, < i

t) > .
m(t) 2 mo + "= o x (1)
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* when SIE = 2,

Csip x (17, - ..
2

C' In(d) '
CSIE X (IL,...,IL)’

1
m(t) > mgexp < ’ L)t> , hence t, <

* when SIE > 3,

m(t) > (m(O)Q—SIE _ Gs (1;’ o 11) (SIE — 2)t> T

hence
SIE_ 1

t, < ¢z
= CsiE X (IL,...,IL)'

The bound on 7y above is always weaker (up to constant factors) than the bound y < C/(dt,)) ™!
of Theorem F.2, and hence we always have

vyt < Cdty,

which corresponds to the statement of Theorem 6.1.

On the other hand, for any t > 0 we have

d
C%L < 3C§E X (IL, ey lL)mSIEfl,

which by the same reasoning implies that the bounds on ¢, that we obtained are sharp up to
constants.

F.3.5 Hitting time for untied dynamics

We are now ready to finish the proof of Theorem 6.2. Since

Punticd(M) = 2¢51£(0)Csie X (I, m, . .., m) + O(|m|>™"),

for small enough 17 > 0 we have fort < ¢,

df|m|]

g = Cax(m,....m) +[|Cotel[[Im P < (C + 1| Csee | - 7

Recall that the hitting time £, yneied corresponds to ||m || hitting the threshold nV/'L. As a result,
since the dependency in 7) is of leading order only for SIE = 1, we find

/L  ifSIE=1
tn,untied > L log(d) if SIE = 2
| Csie |

dZ-1 ifSIE > 3
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2
. tn,untied
gain =< | = |,
n

this proves the first part of Theorem 6.2.

Since the gain satisfies

For the second part, assume that Csrg, is odeco, hence there exists A1, . .., A, and orthogonal vec-
tors v1, . .., v, such that

L
— § ®SIE
CSIE == )\i’U,L- .

i=1
We assume that the \; are ordered by absolute value, so that||Csie|| = |A1] Letting m(") =
(m,v1), we have
(v1,Csig x (I, m, ..., m)) = Csig X (v, m,...,m) = A\ (mH))SE1

For small enough 7, this implies that
1)
—— > ¢[| G| (mD)!

Since||m/| > m) by the Cauchy-Schwarz inequality, the hitting time ¢, ;nced is at most that of

m™, and hence

nvL  ifSIE =1
tn,untied < ‘m log(d) if SIE = 2
S 51 IR > 3

This closes the upper bound of Theorem 6.2.

E.3.6 The effect of positional encoding on the flatness

We conclude with the proof of Lemma 6.1.

Proof. Let R*V (e, m) and R(m) be the reduced population losses of Equation (6.9) for the
model with and without positional encoding, respectively, so that R(m) = R"V(0,m). Then

8kRnew dkR
— 5 (0,0) = —(0),

Omk dmk
and hence VFR(0) # 0 implies that V¥R (0,0) # 0. The first non-vanishing derivative
of R™ at the origin therefore appears at an order no larger than that of R, which is exactly
’%( new SSI) < /’i( SSI)' ]

w Jw,) = wy Jw,
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Figure F.1: Population loss of the model in Equation (F.15) with odd targets. (left) g(2.) =
He1(24,1) + He1(24,2), no positional encoding; (center-left) g(24) = He1(24,1) + He1(24,2),
injected positional encoding; (center-right) g(2,) = Hes (2, 1) + Hes(242), no positional en-
coding; (right) g(z,) = Hes(z4,1) + Hes(2.,2), injected positional encoding. L = 2, P=0
in order to isolate the effect of the injection.

F.4 Sequence Information Exponent Beyond attention

In the main paper, we discussed the learning of a generic Sequence Single Index model with a
parametrized model like Equation (6.1), with the goal of modelling the attention mechanism
learning. The theory of Sequence Information Exponent goes beyond this, and can be used to
understand the sample complexity of the learning of a generic sequence single-index model both
as a target and as a trained model. In this Appendix, we focus on a particular choice of positional
encoding that breaks the even symmetry of the model, allowing attention to weakly recover odd
SIE targets. In particular, we consider a dynamical positional encoding of the form:

P, = iw + P, with P, € RE*9 3 fixed vector. (F.14)

Vd

¢ € RE is a fixed vector of coefficients. We call this special version of positional encoding 7njected
positional encoding. The trained model becomes:

. N T
= sortmax i T £ T
fw(X) =1I |soft <X + \/ﬁ) ww (X + \/3) +cc , (F.15)

and it has now a non-zero odd Hermite expansion. In Figure F.1 we show examples of popula-
tion losses with odd targets, learned with the model in Equation (F.15). The injected positional
encoding breaks the symmetry, as the population risk plots show.

E.5 Further analysis on the effect of sequence length
The aim of this Appendix is to clarify and give further examples on Theorem 6.2. Here we pro-

vide an intuitive explanation of the result, while the mathematical details can be found in Ap-
pendix F.3.
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E.5.1 Anatomy of the gain

The gain counts gradient steps (Definition 6.1), while the analysis of Appendix F.3 is carried out
on the gradient flow of Equation (6.11), which lives in continuous time. The learning rate is what
converts one into the other, and it is precisely this conversion that decides whether the sequence
length enters the gain once or twice. In this Appendix we write tyeq and tynged for the weak re-
covery times of the gradient flow — called ¢, and ¢;; yntied in Appendix F.3 — and keep /" eak for
the number of gradient steps.

From continuous time to gradient steps Theorem F.2 relates the two, for a network whose
gradient flow reaches weak recovery at time ¢. As long as the learning rate obeys

max 1
YIS AT~ pre (F.16)
weak recovery is reached after
w t
vyt ~ 5 (F.17)

gradient steps, whereas above y™** the inhibitive term of Equation (6.11) dominates at initializa-
tion and the network never leaves the uninformative region. The key observation is that ¢ appears
in both equations: saturating Equation (F.16) gives ek ~ d 12, 50 the weak recovery time of the
flow is paid twice when the learning rate is itself scaled up with L, and only once when it is held
fixed. This is the whole origin of the two regimes discussed below.

The two weak recovery times  Close to initialization, both networks follow a flow of the same

shape (Appendix F.3),

d
d—? ~amSEt (F.18)
and differ only through the drift constant o and the threshold ¢ that the overlap has to reach:
Oltied = CSIE X (]—7 ey 1)) etied =,
(E.19)
Quntied = HCSIEHOP s Ounticd = TI\FL-

The drifts differ because of the structure of the two networks: the tied network builds up cor-
relation faster than the untied one, since its single weight vector composes the L signals of the
sequence coherently and therefore feels the target through its contraction along (1, . .., 1); the
untied network, having L independent weights, can only follow the leading direction of the tensor
Csig, whose strength is measured by the operator norm. The thresholds differ for a purely geo-
metric reason: weak recovery of the untied network is expressed through mynied = ImI/VL, so
its overlap vector has to reach a norm v/L times larger than the scalar overlap of the tied network.

Integrating Equation (F.18) from the initial overlap m(0) ~ 1/vd up to 6 gives

e SIE = 1,
t~—qlnd  SIE=2, (F.20)

471 SIE > 3,
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and this is where the special role of SIE = 1 is born. When SIE = 1 the overlap grows linearly
in time, so the weak recovery time is directly proportional to the threshold, and a threshold VL
times larger costs exactly v/L times more time. When SIE > 2 the growth is instead exponential
(SIE = 2) or explosive (SIE > 3), and the weak recovery time is dominated by the escape from the
small initial overlap m(0): the threshold then enters only logarithmically, or through a bounded
additive term, and its v/L is subleading. Dividing the two hitting times,

tunicd _ Cste X (L,...,1) {ﬁ SIE = 1, F2)

Liied | Cst Hop 1 SIE > 2.

Why the factor for SIE = 1 is sometimes v/ and sometimes . Writing Equation (F.17)
for both networks, the gain splits into two factors,

Vweak_ q ¢ q Ved
i — _Tmuntied untied tie
gain = —— - —, (F.22)
Vn tied  Yuntied

and everything hinges on how the two learning rates are chosen. If the networks are trained with
the same learning rate — or, more generally, with two rates whose ratio does not scale with L
— the second factor is 1. If instead each network is given the largest learning rate it can afford,

3 H max max J—
Equation (F.16) turns the second factor into a second copy of the first, because Y4 /Y2 | =

tuntied/tiied- Hence

tuntied

tried

equal learning rates,

(F.23)

gain ~

2
t .
( umled) optimal learning rates.
ttied

Substituting Equation (F.21) in the second case gives

2

C 1,...,1 L SIE=1

gain ~ sie > (1,0 1) ’ (F.24)
G515l op 1 SIE>?2,

which is exactly the statement of Theorem 6.2: the theorem is formulated at the optimal learning
rate, as announced when the gain was defined. The extra factor attached to SIE = 1 is therefore
not a constant of the model: it is /L when the two networks share the same learning rate, and
L when both rates are pushed to their maximum. It is one and the same effect — the VL larger
threshold of Equation (F.19) — counted once or twice, exactly like the drift ratio next to it.

For later use, combining Equations (F.16) and (F.20), the largest admissible learning rates scale
with the sequence length as

’yn'?ﬁ‘ X CSIE X (1,...,1),

VL SIE =1, (F.25)

Vantied % |CstEllop - {1 SIE > 2

up to factors that do not depend on L. Their ratio is again tyneied /tried> as it must be.
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Figure F.2: The gain in the case of a target function with SIE = 2, where both cases use the same
learning rate 79 = 0.005. (left) The evolution of the overlap, (middle) the weak recovery time
and (right) the gain. The gain is proportional to L, as predicted. d = 3000, 0 = ReLU

FE.5.2 Example at non-optimal learning rate

In Figure 6.3 we presented the speed up in the case of a target function with SIE = 2, and optimal
learning rate for both the tied and untied network. Here we want to show that our result predicts
the gain well even when the learning rates are not scaled up optimally. In particular, consider the
same setting as in Figure 6.3, but with the learning rates

independent of L. (F.26)

Yied = Yuntied = 70

The targetis g(z,) = 25:1 Heg(24,i),s0 that Cy = I, Cy x (1,1) = L and||C'2||0p =1
Since SIE = 2 there is no threshold correction, and Equation (F.21) gives tyntied /tiied ~ L. The
two learning rates are equal, so we are in the first case of Equation (F.23) and the flow ratio is
counted only once:

tun ie
—unded 7, (F.27)

gain ~
tied

In Figure F.2 we show the result of the simulation, where we can see that the gain is indeed pro-

portional to L, as predicted. It is worth stressing that this is the very same target function as in
Figure 6.3, where the measured gain is instead L?: the two experiments differ only in the choice
of the learning rates, which decides whether the flow ratio is counted once or twice.

E.5.3 The upper bound on the learning rate scaling

In this subsection we want to show an example proving that not all scalings of the learning rate
are allowed: if it grows too fast with the sequence length, the network will not be able to learn.

Let’s take as example the SIE = 1 target function

L
1
Zy) = —= Zxiis F.28
g( *) \/Z ; *, ( )
with the corresponding leading Hermite tensor
¢y = (o IIVI) € RE, (F.29)
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Figure F.3: The gain in the case of a target function with SIE = 1, where both cases use the same
learning rate 79 = 0.015. (left) The evolution of the overlap, (middle) the weak recovery time
and (right) the gain. The gain is proportional to L, as predicted. d = 1000, 0 = ReLU

for which C; x 1 = v/L and||C} Hop = 1. This time SIE = 1, so the threshold correction of

Equation (F.21) is active and contributes a second VL:

tunied  C1 X 1 NL=VL VL =1L (F.30)

ttied HCl H op

We train both networks with one and the same L-independent learning rate

Yied = Yuntied = 70> (F31)

so that, once again, the flow ratio is counted only once:

gain ~ funied 7 (F.32)
tied

In Figure F.3 we show the result of the simulation, where we can see that the gain is indeed propor-
tional to L, as predicted. Note that here the SIE = 1 correction shows up asa V/L, and not as the
L of Theorem 6.2, precisely because the learning rates are held fixed: had we instead scaled both
of them up to their maximum, Equation (F.24) would have predicted gain ~ (VL) L = L2
The two experiments of this Appendix therefore both measure a gain proportional to L, but for
different reasons: for SIE = 2 the whole factor comes from the drift ratio, while for SIE = 1 half
of it comes from the drift ratio and half from the larger threshold of the untied network.

We can now ask what happens if we push the learning rate scaling of the untied network beyond
the limit of Theorem 6.2. If we keep Yed = Y0 and set

Yuntied = 70 * L) (F33)

the ratio between the learning rates becomes now Vet/yues = 1/L, and Equation (F.22) would
give

L
7 =L
Apparently, the untied network performance is matching the one of the tied network. The predic-
tion is however void, because Equation (F.17) only holds below the threshold of Equation (F.16):

gain ~ L - (F.34)
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Figure F.4: The gain in the case of a target function with SIE = 1, where the untied network
is trained with Yynted = V0L, beyond the bound of Equation (F.16), while the tied one keeps
Yied = Yo = 0.05. (left) The evolution of the overlap, (middle) the weak recovery time and
(right) the gain. The gain diverges, as predicted. d = 3000, o = ReLU
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Figure F.5: Comparison between the learning of the tied network with squared activation (or-
ange), namely linear attention, and the single-layer softmax attention (green). (left) The evolution
of the overlap; each symbol is a different value of L. (right) the weak recovery time. The two net-
works learn at the same rate, but with different constants. g(z,) = Z{;l Hes(24,i), d = 1000,
o = RelLU

for this target the largest admissible rate of the untied network decreases with the sequence length
as 1/v/L, by Equation (F.25), so a learning rate growing as o L overshoots it by a factor L2, Fig-
ure F.4 shows the result of the simulation of such a case: the learning rate of the untied network
is too high, the untied network stops reaching weak recovery as L grows, and the measured gain
diverges instead of settling to a constant. This plot proves our bounds on the learning rate scaling

are indeed correct.

F.5.4 Equivalence between Single-Layer attention and Tied network

In the main paper we proved that the tied network model is a generalization of the single-layer
attention model. In particular, if the activation function is o(z) = 22, the tied network is
equivalent to the single-layer /inear attention. We also claimed that adding a non-linearity to
the attention can only improve the performance of the network, although not affecting the scal-
ing with the sequence length. In Figure F.5 we show the comparison between the learning of the
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tied network with squared activation (orange), namely linear attention, and the single-layer soft-
max attention(green). The two networks learn at the same linear rate, but with different growth
constants. Softmax attention performs better than the tied network with squared activation for
sufficiently large sequence lengths.

E.5.5 Pathological cases

Theorem 6.2 shows that there could be cases where the gain from learning is 0, meaning that the
tied network cannot learn anything, while the untied one possibly can. In particular the degener-

ate condition happens when
CSIE X (1,...,1) :0, (F35)

where Theorem 6.2 guarantees that the gain is 0. Examples of such pathological cases are:

¢ SIE = 1: a possible pathological target could be

9(24) = 21 — 2Zi2-

In this case the leading term in Hermite expansion is

Cq = (_11) and consequently C1 x 1 = 0.

¢ SIE = 2: analogously, a possible pathological target could be

9(zs) = Zil - 23,2-

In this case the leading term in Hermite expansion is

1 0 1 1
Cy = (O 1) and consequently C x (1 1) =0.

In Figure F.6 we show the pathological case for SIE = 1 and SIE = 2. The untied network is not
able tolearn the target function because of the symmetry: the tied network is by design symmetric,
while the target is constructed to be as antisymmetric as possible in the sequence length. The
untied network instead is able to learn the target function, because the weights are not constrained
to be equal, thus the symmetry is broken by the initialization.

The degeneracy of the tied network could be solved by weighting randomly the neurons. In that
case, almost surely we have

CSIE X (1,...,1) 7&0 (F36)

Although this is a possible solution, we leave the study of the effect of random weights for sym-
metry breaking for future work.
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Figure F.6: Pathological cases for SIE = 1 (left) and SIE = 2 (right). The untied network is able
to learn the target function, while the tied one cannot.

F.6 Further discussion on the positional-semantic transition

F.6.1 SIE of model (6.18)

Definition 6.2 of the sequence information exponent does not apply directly to the model (6.18)
because the model has a non-scalar output. However, we can still extend the concept of SIE to
this case by looking at the update rule of sufficient statistics around initialization.

The population loss function is given by

R(€7 m) = IEz,z*NP(e,m) [

. a2 —a2
(1 — w) softmax (z*z* ) + w softmax 2 a2

|

— softmax (zzT>

= IEz,z*NP(e,m) [E(Za Z*)]
(F.37)

with

m

0
| (F.38)
0

—~ o3 o

0

1

0
m

o3 o~

Using parity arguments, we can easily show that the gradient of the population loss is 0 at the
initialization point (e, m) = (0, 0). Let p(2,, z; €, m) be the probability density function asso-
ciated with the distribution P (e, m). Then the gradient at initialization is

v(e,m)p('z*v zje, m)

V(e,m)R(€7 m) e—m=0 = Ez7z*mp(€,m) p(z*, Z, O, 0)

L(z,2z4) (F.39)
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L(zy, z) is an even function of (2, z), while the gradient of the probability density function is
an odd function of (2, z). Therefore, the product is an odd function of (2, z) and the expec-
tation is 0.

v(e,m) R(ea m)

= (0,0). (F.40)

e=m=0

We can use the same computation technique to compute the Hessian of the population loss at
initialization. This time the parity arguments does not apply, and we can show numerically that
the Hessian is non-null

0%R
" Oedm
0

O’R

Oe?

0*R

" Om?
e=m=0

£0. (F.41)

e=m= e=m=0

The information exponent We can also compute the information exponent by looking at what
rate m grows around initialization. We use spherical gradient descent because we assumed the
norm of the vector w to be constant (as Ben Arous also does in his paper on Information Expo-
nent):

The update rule of w is

w

v+l _ w” — YVl NG
|[w” =YV L]y
multiplying both sides by w- /d we get

v Wy VoL

m 7
mu-i—l _ d \/;i
[w” — VL]

We can assume to be in the gradient flow regime, where the learning rate v < 1

w- VL
lw —1VaLlly = Vol 270 - Vul + 42|V l]* x/&\/l -—,

that finally lead us to

vt y w, - Vo £ w-V,L L, WiVl , w- VL

d
(F.42)

where in the last step we used again the small learning rate limit.
Now we can use the chain rule for getting the gradient in terms of the derivatives we already have

oL oL 0L w, 0L p
= om Ve e Vel = o T e

Vuwl

We can rearrange the equation above as

mYtl —m oL w, OL p oL w, OL p
T:_w*. _ - = +w

om d T oe Vi om 4 T oe Vi
_oc or oc
 Om m@m 686
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Figure F.7: Reproduction of Figure 6.5 for d = 100. The transition is smoother than in the
d = 1000. Averaged over 25 runs.

where we used the fact p - w, ~ 0 in high dimension (as already assumed above), and||w,|| = d.

We are interested in what is happening at initialization, therefore all the derivatives should be
evaluated around (e, m) = 0. We already know that V@mﬁ‘
the next order in m

eem—o = U, so we expand the at

0L

—e ——
omode
m,e=0

my Tt —mV 0*L
_ = —Mm —
V/d om?

m,e=0
We can repeat the same derivation for finding the analogous equation for e:

0*L

—-m
omoe
m,e=0

—ev 0*L
= —6 ——

V/d Oe?

m,e=0

Since the Hessian of the loss has always a negative eigenvalue, both these equations need v =
O(dlogd) steps of population gradient descent at constant learning rate 7y to escape a neighbor-
hood of initialization, leading to SIE = 2. This step count is not the sample complexity of online
SGD: controlling the gradient noise forces v = O(1/logd), and the same estimate v < d/5 - log d
then returns O(d log2 d) — the extra logarithmic factor that Theorem 6.1 suppresses when it
quotes the sharp O(d logd).

F.6.2 Numerical experiments on the transition

In this Appendix we would like to provide more details on the phase diagram of Figure 6.4.

In Figure F.7 we reproduce Figure 6.5 for d = 100, clarifying the finite size effects we claimed in
the main text. Smaller values of d lead to a smoother transition, since the gradient flow assumption
is less valid. In the limit d — 0o we expect to see a step function.

The yellow region in the phase diagram of Figure 6.4 is predicted to have a unique global seman-
tic minimum, while SGD is aligned with the positional direction at initialization. The resulting
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Figure F.8: The loss surface in the yellow region of the phase diagram. The SGD trajectory is
shown in yellow. The training moves towards the direction orthogonal to the one of global min-
ima, ultimately slowing down the convergence.

trajectories are shown in Figure F.8: the dynamics moves towards the minima direction, get stuck
in the local flat (but not critical) region around (e,m) = (1,0), and then it moves towards the
global minima. In this region the convergence is very slow. The turning point of the dynamics
is a bit misplaced because of the numerical errors given by the loss integration; details on this in
Appendix F.7.

F.6.3 An alternative model without phase transition

In order to highlight the peculiarity of the model (6.18), we present an example of a model that
does not exhibit a phase transition between the positional and semantic regimes. Let’s assume
that our target is a softmax attention matrix with positional encoding

y(X) = softmax [(X + PV w,w] (X + P /ﬁ)ﬂ
where

P, = <+113*> , w, =V 1—wiw, + wp*\/& with  w, Lp;.
—Hx

w plays the same role as in the model (6.18), and we can set w = 0 to get the semantic model,

orw = 1 to get the positional model. The difference is that in this case the positional encoding

is added to the input of the softmax function, while in the previous model it was added to the

output. This change has a significant impact on the behavior of the model.

The global minima of the population loss function does not transition from a positional to a
semantic regime, but rather it smoothly move from the semantic to the positional regime as w
increases. We leave the details and numerical experiments for future work.
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E.7 Numerical experiments details

All the codes used to run the experiments are available at this GitHub repository; where details
for reproducing figures are not available in the paper, we provide the code to reproduce them in
the repository.

The experiments run on a Mac Studio M2 Ultra, within at most few hours for the largest ones.
The code is written in Python, using the libraries numpy, scipy, torch and matplotlib.
hydra is used to manage the configuration files.

E7.1 Details on the integration method of squared loss

All the plot of population loss we showed are a numerical integration of the loss function. As
showed in Section 6.1, the population loss is given by a multivariate Gaussian integral of 2L di-
mensions, where the mean and the covariance are determined by the sufficient statistics. The
integral can’t be computed analytically, so we use a custom numerical procedure based on the
Gauss-Hermite quadrature.

Let f: R?Y — R be a function of 2L variables to be integrated, and let € R* and ¥ €
R2L%2L be the mean and covariance of the multivariate Gaussian distribution. The integral we
want to compute is

1 1 B
I = /]R?L f(x)m €xp <—2(x — M)TE 1(3: — N)) dx (F.43)

The numerical procedure is as follows:
(i) Compute the 1D Gauss-Hermite nodes and weights for Ni,, points
{5 and {wi}
where x; are the nodes given by the roots of the Hermite polynomial H;,, (x) and w; are
the corresponding weights, computed as

Nj 1
W — 2 Ninet- Nint!ﬁ
=

Hgvint (xZ)Q
(i) Compute the 2L dimensional nodes and weights by taking the Kronecker product of the
1D nodes and weights
o 2k N [ N
{Xi}, 2 = ®{$z}z=f and {W;}, 1 = ®{wi}i:in1[
=1 =1

(iii) Let 7" be the Cholesky decomposition of X, ie. ¥ = TTT. We can then change the
variable to y = T~ !(z — ) and compute the integral as

I :/RQL f(ac)wldetzexp <_;(gg )T (- u)) dz

1 1
:/Ru f(Ty+ p) @n) P (—QyTy) dy
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(iv) The integral can then be approximated, as

Nat [ 2L
I~ Wii | F(TXi + )
=1 =1

The precision of the integral is obviously regulated by the number of points Nj,. we use. In our
experiments, we used Ni,, = 17, while for the phase diagram in Figure 6.4 we used Ni,e = 19.
Some effects of this integration error are visible in Figure F.8.
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