
École Polytechnique Fédérale de Lausanne

Doctoral Program in Physics (EDPY)

Effective Dynamics of

Stochastic Gradient Descent

in High-Dimensional
Neural Networks

to be presented on 26th August 2026
from

Luca Arnaboldi

Composition du jury :

Directeur de thèse Prof. Florent Krzakala (EPFL)

Jury interne Prof. Nicolas Flammarion (EPFL)

Jury externes Prof. Sebastian Goldt (SISSA)
Prof. Joan Bruna (NYU)

Lausanne, 2026





“Roads? Where we’re going, we don’t need roads.”
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Abstract

Understanding why gradient-trained neural networks succeed requires theoretical models that
capture how they discover low-dimensional structure buried in high-dimensional data. Despite
the empirical dominance of large-scale deep learning, even small, shallownetworks remain analyti-
cally elusive: the dynamics that governwhat they learn, and how fast, are not yet fully understood.
This thesis builds on a statistical-physics-inspired theory of these dynamics, studying stochastic
gradient descent on shallow networks and simplified attention architectures trained on synthetic,
teacher-generated data, by tracking the evolution of a handful of summary statistics rather than
every individual weight. In the high-dimensional limit, this evolution is described exactly by a
closed system of deterministic differential equations, making the speed and difficulty of learning
fully quantifiable.
Initially, we frame previously separate descriptions of these dynamics — the classical gradient-
flow, high-dimensional, and overparameterized mean-field regimes — as special cases of a single
underlying process. Within this framework, we give closed-form sample-complexity formulas for
learning hard, phase-retrieval-type targets, and show that increasing network width speeds up
learning only by a constant factor, without escaping the hardness controlled by the target’s in-
formation exponent.
The second part studies how simple modifications to vanilla stochastic gradient descent move
training out of this hardness landscape. A small amount of data reuse, seeing each sample twice
rather than once, shifts the obstruction away from the information exponent that governs one-
pass learning, to a smaller generative exponent, recovering almost any hidden direction efficiently,
with a hierarchical mechanism accounting for the remaining hard cases. We identify the batch
size that minimizes training time for a target of given difficulty, and introduce amodified loss that
removes the resulting speed limit altogether.
Finally, we extend the analysis beyond static inputs to sequential data and a simplified attention
layer, showing that positional structure can substantially accelerate learning relative to unstruc-
tured inputs.
Together, these results give a solvable, unified theory of the training dynamics of shallownetworks
and simple attentionmodels. They quantifywhen gradient-based learning succeeds at uncovering
hidden structure, how far simple algorithmic changes can push that success, andwhich properties
of the data and training govern its speed.

Keywords: deep learning, neural networks, stochastic gradient descent, training dynamics, sta-
tistical physics, mean-field theory, teacher-student models, sample complexity, phase retrieval, at-
tention mechanisms
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Sommario

Per comprendere il motivo per cui le reti neurali addestrate con il metodo del gradiente ottengono
risultati positivi, sono necessari modelli teorici in grado di cogliere il modo in cui esse individuano
strutture a bassa dimensionalità nascoste all’interno di dati ad alta dimensionalità. Nonostante il
predominio empirico del deep learning su larga scala, anche le reti di piccole dimensioni e poco
profonde rimangono analiticamente sfuggenti: le dinamiche che regolano ciò che apprendono, e
la velocità con cui lo fanno, non sono ancora pienamente comprese. La presente tesi si basa su una
teoria di tali dinamiche ispirata alla fisica statistica: studia la discesa stocastica del gradiente su reti
poco profonde e su architetture di attenzione semplificate, addestrate su dati sintetici generati da
un «insegnante», monitorando l’evoluzione di un ristretto numero di statistiche riassuntive anzi-
ché di ogni singolo peso. Nel limite ad alta dimensionalità, tale evoluzione è descritta esattamente
da un sistema chiuso di equazioni differenziali deterministiche, rendendo la velocità e la difficoltà
dell’apprendimento pienamente quantificabili.
Inizialmente, inquadriamo descrizioni di questa dinamica precedentemente separate — i regimi
classici del flusso di gradiente, ad alta dimensionalità e del campo medio sovraparametrizzato —
comecasi particolari di ununicoprocesso sottostante. All’internodi questoquadro, forniamo for-
mule in forma chiusa relative alla complessità campionaria per l’apprendimento di obiettivi diffici-
li, del tipo «recupero di fase» (phase retrieval), e dimostriamo che l’aumento della larghezza della
rete accelera l’apprendimento solo di un fattore costante, senza sfuggire alla difficoltà determinata
dall’esponente di informazione dell’obiettivo.
La seconda parte studia come semplici modifiche alla discesa stocastica del gradiente standard (va-
nilla stochastic gradient descent) consentano di spostare l’addestramento al di fuori di questo pa-
norama di difficoltà. Un modesto riutilizzo dei dati, ovvero l’osservazione di ciascun campione
due volte anziché una sola, sposta l’ostacolo dall’esponente di informazione (information expo-
nent) che governa l’apprendimento a passaggio singolo verso un esponente generativo (generative
exponent) più piccolo, consentendo di recuperare in modo efficiente quasi tutte le direzioni na-
scoste, con un meccanismo gerarchico che tiene conto dei casi difficili rimanenti. Identifichiamo
la dimensione del batch che minimizza il tempo di addestramento per un obiettivo di data diffi-
coltà e introduciamo una funzione di perdita modificata che elimina del tutto il limite di velocità
risultante.
Infine, estendiamo l’analisi oltre gli input statici ai dati sequenziali e a un livello di attenzione sem-
plificato, dimostrando che la struttura posizionale può accelerare sostanzialmente l’apprendimen-
to rispetto agli input non strutturati.
Nel loro insieme, questi risultati forniscono una teoria risolvibile e unificata delle dinamiche di
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addestramento delle reti poco profonde e dei modelli di attenzione semplici. Essi quantificano
quando l’apprendimento basato sui gradienti riesce a scoprire la struttura nascosta, fino a che pun-
to semplici modifiche algoritmiche possano potenziare tale successo e quali proprietà dei dati e
dell’addestramento ne determinino la velocità.

Parole chiave: apprendimento profondo, reti neurali, discesa del gradiente stocastica, dinamiche
di addestramento, fisica statistica, teoria di campo medio, modelli insegnante-studente (teacher-
student), complessità campionaria, recupero di fase, meccanismi di attenzione



Résumé

Pour comprendre pourquoi les réseaux neuronaux entraînés à l’aide de laméthode du gradient ob-
tiennent des résultats positifs, nous avonsbesoindemodèles théoriques capables de rendre compte
de la manière dont ils identifient des structures cachées de faible dimension au sein de données de
haute dimension.Malgré la prédominance empirique de l’apprentissage profond à grande échelle,
même les petits réseaux peu profonds restent difficiles à appréhender d’un point de vue analy-
tique : les dynamiques qui régissent ce qu’ils apprennent — ainsi que la vitesse à laquelle ils le
font — ne sont pas encore pleinement comprises. Cette thèse s’appuie sur une théorie de ces dy-
namiques inspirée de la physique statistique : elle étudie la descente stochastique du gradient sur
des réseaux peu profonds et des architectures d’attention simplifiées, entraînés sur des données
synthétiques générées par un « enseignant », en suivant l’évolution d’un petit nombre de statis-
tiques récapitulatives plutôt que celle de chaque poids individuel. Dans la limite des dimensions
élevées, cette évolution est décrite exactement par un système fermé d’équations différentielles dé-
terministes, ce qui rend la vitesse et la difficulté de l’apprentissage entièrement quantifiables.
Dans un premier temps, nous replaçons les descriptions auparavant distinctes de cette dynamique
— les régimes classiques du flux de gradient, de la haute dimensionnalité et du champmoyen sur-
paramétré — dans le cadre de cas particuliers d’un processus sous-jacent unique. Dans ce cadre,
nous fournissons des expressions sous forme close pour la complexité d’échantillonnage de l’ap-
prentissage d’objectifs difficiles, tels que la « récupération de phase », et démontrons que l’aug-
mentation de la largeur du réseau n’accélère l’apprentissage que d’un facteur constant, sans échap-
per à la difficulté déterminée par l’exposant d’information de l’objectif.
La deuxième partie examine comment de simples modifications apportées à la méthode standard
(classique) de descente stochastique du gradient permettent de déplacer l’entraînement hors de ce
paysage dedifficulté.Une réutilisationmodérée des données—c’est-à-dire observer chaque échan-
tillon deux fois au lieu d’une seule — déplace l’obstacle de l’exposant d’information (information
exponent) régissant l’apprentissage en un seul passage vers un exposant génératif (generative ex-
ponent) plus faible, permettant ainsi la récupération efficace de la quasi-totalité des directions ca-
chées, grâce à un mécanisme hiérarchique qui prend en compte les cas difficiles restants. Nous
identifions la taille de lot qui minimise le temps d’entraînement pour une cible de difficulté don-
née et introduisons une fonction de perte modifiée qui élimine complètement la limite de vitesse
qui en résulte.
Enfin, nous étendons l’analyse au-delà des entrées statiques aux données séquentielles et à une
couche d’attention simplifiée, démontrant que la structure positionnelle peut accélérer considé-
rablement l’apprentissage par rapport à des entrées non structurées.
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Pris dans leur ensemble, ces résultats fournissent une théorie unifiée et résolvable de la dynamique
d’entraînement des réseaux peu profonds et desmodèles d’attention simples. Ils quantifient à quel
moment l’apprentissage basé sur les gradients parvient à découvrir une structure cachée, dans
quelle mesure de simples modifications algorithmiques peuvent améliorer ce résultat, et quelles
propriétés des données et de l’entraînement déterminent sa vitesse.

Mots-clés : apprentissage profond, réseaux de neurones, descente de gradient stochastique, dyna-
miques d’entraînement, physique statistique, théorie du champmoyen, modèles enseignant-élève
(teacher-student), complexité d’échantillonnage, récupération de phase, mécanismes d’attention
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Foreword

In this thesis, we study the training dynamics of neural networks under stochastic gradient de-
scent, with a focus on characterizingwhen and how fast learning happens. Our analysis is inspired
by the statistical physics of high-dimensional systems: wework in the limitwhere the input dimen-
sion is large and the number of samples needed to learn grows with it at a rate set by the difficulty
of the target, and we use low-dimensional equations that describe the full training trajectory. The
central organizing concept is the information exponent, an integer thatmeasures the flatness of the
loss landscape near initialization and sets the sample complexity of one-pass SGD. It is our point
of departure rather than the final word: much of what follows is devoted to charting where this
baseline breaks down, showing how a change of training protocol or of architecture replaces the
information exponent with a related quantity—a generative, leap, or sequence exponent—that
governs learning in the new setting.

To set the stage, Chapter 1 develops the mathematical framework that underlies the subsequent
chapters. We motivate the statistical physics approach, introduce the teacher–student setup that
serves as our laboratory throughout the thesis, and derive the Saad–Solla ordinary differential
equations governing online SGD in two-layer networks. We then show how the information ex-
ponent emerges from these equations as the keyquantity controlling escape from the initialization
saddle, and we discuss its generalizations to multi-index functions and broader algorithm classes.

Chapter 2 provides a unifying derivation of dimensionless ODEs for SGD, reconciling the high-
dimensional andmean-field viewpointswithin a single framework and identifying theminimal set
of order parameters needed to describe training. Chapter 3 applies this framework to character-
ize the escape frommediocre initialization when learning hard single-index models such as phase
retrieval, giving sharp conditions on the learning rate and noise level under which SGD escapes
mediocrity or stalls.

Chapters 4 and 5 extend the theory in two complementary directions. Chapter 4 examines the
role of batch size, showing that it governs a fundamental time–complexity tradeoff: enlarging the
batch up to a critical size, which grows with the hardness of the target, proportionally reduces the
number of gradient steps needed to learn while leaving the total number of samples consumed
unchanged, so the gain is one of parallelism rather than of sample efficiency. Chapter 5 turns
to multi-index models, where the target function depends on several latent directions simultane-
ously, and shows that a simple data-repetition scheme restores learnability in this harder setting:
revisiting the same data lets the network sidestep the barrier set by the information exponent and
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learn almost every direction in a number of steps nearly linear in the input dimension.

Chapter 6 extends the framework beyond fully connected two-layer networks to sequencemodels
and single-layer attention networks. We derive the SGD asymptotics in this architecturally richer
setting and show that analogous effective equations govern learning, with a sequence information
exponent taking over the organizing role once the architecture introduces structured dependen-
cies between tokens.

Each chapter is typically accompanied by its own repository containing the code to reproduce its
numerical experiments; see the corresponding paper’s introduction for the link. The code for the
additional numerical experiments added specifically for this thesis and not present in the original
papers, together with the full LATEX source of the manuscript and the Claude Code Skills used to
assemble it, is available at https://github.com/arn4/phd-thesis.

Publications

This thesis is a collection of 5 papers I have co-authored during my PhD, carefully reviewed and
edited to be included in the thesis. Below I summarize each paper’s contribution.

1. From high-dimensional & mean-field dynamics to dimensionless ODEs: A unifying
approach to SGD in two-layer networks
Luca Arnaboldi, Ludovic Stephan, Florent Krzakala, Bruno Loureiro
Conference on Learning Theory (COLT) 2023

Abstract. This manuscript investigates the one-pass stochastic gradient descent (SGD) dynamics
of a two-layer neural network trained on Gaussian data and labels generated by a similar, though not
necessarily identical, target function. We rigorously analyse the limiting dynamics via a deterministic
and low-dimensional description in terms of the sufficient statistics for the population risk. Our unify-
ing analysis bridges different regimes of interest, such as the classical gradient-flow regime of vanishing
learning rate, the high-dimensional regimeof large input dimension, and the overparameterised “mean-
field” regime of large network width, covering as well the intermediate regimes where the limiting dy-
namics is determined by the interplay between these behaviours. In particular, in the high-dimensional
limit, the infinite-width dynamics is found to remain close to a low-dimensional subspace spanned by
the target principal directions. Our results therefore provide a unifying picture of the limiting SGD
dynamics with synthetic data.

Contribution. I have contributed all numerical experiments and illustrations. I have helped design
part of the theoretical framework.

2. Escaping mediocrity: how two-layer networks learn hard generalized linear models
with SGD
Luca Arnaboldi, Florent Krzakala, Bruno Loureiro, Ludovic Stephan
arXiv preprint 2023, accepted at NeurIPS 2023Workshop OPT

Abstract. This study explores the sample complexity for two-layer neural networks to learn a gen-
eralized linear target function under Stochastic Gradient Descent (SGD), focusing on the challenging
regimewheremany flat directions are present at initialization. It is well-established that in this scenario
n = O(d log d) samples are typically needed. However, we provide precise results concerning the
pre-factors in high-dimensional contexts and for varying widths. Notably, our findings suggest that

https://github.com/arn4/phd-thesis
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overparameterization can only enhance convergence by a constant factor within this problem class.
These insights are grounded in the reduction of SGD dynamics to a stochastic process in lower di-
mensions, where escaping mediocrity equates to calculating an exit time. Yet, we demonstrate that a
deterministic approximation of this process adequately represents the escape time, implying that the
role of stochasticity may be minimal in this scenario.

Contribution. I have authored the theoretical framework and the numerical experiments.

3. Online Learning and Information Exponents: On The Importance of Batch size, and
Time / Complexity Tradeoffs
Luca Arnaboldi, Yatin Dandi, Florent Krzakala, Bruno Loureiro, Luca Pesce, Ludovic Stephan
International Conference onMachine Learning (ICML) 2024

Abstract. We study the impact of the batch size nb on the iteration time T of training two-layer
neural networks with one-pass stochastic gradient descent (SGD) on multi-index target functions of
isotropic covariates. We characterize the optimal batch size minimizing the iteration time as a function
of the hardness of the target, as characterized by the information exponents. We show that performing
gradient updates with large batches nb . d

`/2 minimizes the training time without changing the total
sample complexity, where ` is the information exponent of the target to be learned [BGJ21] and d is the
input dimension. However, larger batch sizes than nb � d

`/2 are detrimental for improving the time
complexity of SGD. We provably overcome this fundamental limitation via a different training pro-
tocol, Correlation loss SGD, which suppresses the self-interaction term in the loss function. We show
that one can track the training progress by a system of low-dimensional ordinary differential equations
(ODEs). Finally, we validate our theoretical results with numerical experiments.

Contribution. I have contributed to the problem formulation and design. I have designed the code
for the numerical experiments, and executed a portion of them.

4. Repetita Iuvant: Data Repetition Allows SGD to Learn High-Dimensional Multi-
Index Functions
Luca Arnaboldi, Yatin Dandi, Florent Krzakala, Luca Pesce, Ludovic Stephan
arXiv preprint 2024

Abstract. Neural networks can identify low-dimensional relevant structureswithinhigh-dimensional
noisy data, yet our mathematical understanding of how they do so remains scarce. Here, we inves-
tigate the training dynamics of two-layer shallow neural networks trained with gradient-based algo-
rithms, and discuss how they learn pertinent features in multi-index models, that is target functions
with low-dimensional relevant directions. In the high-dimensional regime, where the input dimension
d diverges, we show that a simplemodification of the idealized single-pass gradient descent training sce-
nario, where data can now be repeated or iterated upon twice, drastically improves its computational
efficiency. In particular, it surpasses the limitations previously believed to be dictated by the Infor-
mation and Leap exponents associated with the target function to be learned. Our results highlight
the ability of networks to learn relevant structures from data alone without any pre-processing. More
precisely, we show that (almost) all directions are learned with at most O(d log d) steps. Among the
exceptions is a set of hard functions that includes sparse parities. In the presence of coupling between
directions, however, these can be learned sequentially through a hierarchical mechanism that general-
izes the notion of staircase functions. Our results are proven by a rigorous study of the evolution of the
relevant statistics for high-dimensional dynamics.

Contribution. I have contributed to the problem formulation and design. I have designed the code
for the numerical experiments, and executed a portion of them.
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5. Asymptotics of SGD in Sequence-Single Index Models and Single-Layer Attention
Networks
Luca Arnaboldi, Bruno Loureiro, Ludovic Stephan, Florent Krzakala, Lenka Zdeborová
Neural Information Processing Systems (NeurIPS) 2025

Abstract. We study the dynamics of stochastic gradient descent (SGD) for a class of sequencemod-
els termed Sequence Single-Index (SSI) models, where the target depends on a single direction in input
space applied to a sequence of tokens. This setting generalizes classical single-index models to the se-
quential domain, encompassing simplified one-layer attention architectures. We derive a closed-form
expression for the population loss in terms of a pair of sufficient statistics capturing semantic and po-
sitional alignment, and characterize the induced high-dimensional SGD dynamics for these coordi-
nates. Our analysis reveals two distinct training phases: escape from uninformative initialization and
alignment with the target subspace, and demonstrates how the sequence length and positional encod-
ing influence convergence speed and learning trajectories. These results provide a rigorous and inter-
pretable foundation for understanding how sequential structure in data can be beneficial for learning
with attention-based models.

Contribution. I have designed the theoretical framework, not including the formal proofs. I have
conducted all numerical experiments and illustrations.

A paper partially related to the thesis work, but not included in the thesis, is:

6. TheBenefits ofReusingBatches forGradientDescent inTwo-LayerNetworks: Break-
ing the Curse of Information and Leap Exponents
Yatin Dandi, Emanuele Troiani, Luca Arnaboldi, Luca Pesce, Lenka Zdeborová, Florent Krzakala
International Conference onMachine Learning (ICML) 2024

Abstract. We investigate the training dynamics of two-layer neural networks when learning multi-
index target functions. We focus onmulti-pass gradient descent (GD) that reuses the batches multiple
times and show that it significantly changes the conclusion about which functions are learnable com-
pared to single-pass gradient descent. In particular, multi-pass GDwith finite stepsize is found to over-
come the limitations of gradient flow and single-pass GD given by the information exponent [BGJ21]
and leap exponent [AAM23] of the target function. We show that upon re-using batches, the network
achieves in just two time steps an overlap with the target subspace even for functions not satisfying the
staircase property [Abb+21]. We characterize the (broad) class of functions efficiently learned in finite
time. The proof of our results is based on the analysis of the Dynamical Mean-Field Theory (DMFT).
We further provide a closed-form description of the dynamical process of the low-dimensional projec-
tions of the weights, and numerical experiments illustrating the theory.

Contribution. I have contributed to the problem formulation and design. I have participated in
the numerical implementation and executed a portion of the numerical experiments.

My collaborators and I have also explored a new promising line of research on the spectral theory
of hierarchical feature learning in deep networks.

7. Deep Learning as Neural Low-Degree Filtering: A Spectral Theory of Hierarchical
Feature Learning
Yatin Dandi, Matteo Vilucchio, Luca Arnaboldi, Hugo Tabanelli, Florent Krzakala
arXiv preprint 2026, under review at NeurIPS 2026
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Abstract. Understanding howdeepneural networks learn useful internal representations fromdata
remains a central open problem in the theory of deep learning. We introduceNeural Low-Degree Fil-
tering (Neural LoFi), a stylized limit of gradient-based training in which hierarchical feature learning
becomes an explicit iterative spectral procedure. In this limit, the dynamics at each layer decouple: given
the current representation, the next layer selects directions with maximal accessible low-degree correla-
tion to the label. This yields a tractable surrogate mechanism for deep learning, together with a natural
kernel-space interpretation. Neural LoFi provides a mathematically explicit framework for studying
multi-layer feature learning beyond the lazy regime. It predicts how representations are selected layer
by layer, explains how emergence of concepts arises with given sample complexity, and gives a concrete
mechanism by which depth progressively constructs new features from old ones through low-degree
compositionality. We complement the theory with mechanistic experiments on fully connected and
convolutional architectures, showing that Neural LoFi improves over lazy random-feature baselines,
recovers meaningful structured filters, and predicts representations aligned with early gradient-descent
feature discovery with real datasets.

Contribution. I have contributed to the codebase for the numerical experiments, and executed a
portion of them.

In the last two years of the doctoral program, we have started a collaboration on large language
models for information retrieval, that ended up in a state of the art model on BEIR benchmark,
in the class of models <150M parameters. The model was SOTAwhen

released in January 2026, but
has been surpassed since then.

This project was possible thanks to a grant awarded
by the Swiss AI Initiative, for 26,000 GPU hours on the Swiss National Supercomputing Centre
(CSCS) Clariden cluster.

8. ColBERT-Zero: To Pre-train Or Not To Pre-train ColBERT models
Antoine Chaffin, Luca Arnaboldi, Amélie Chatelain, Florent Krzakala
Late InteractionWorkshop at European Conference on Information Retrieval (ECIR) 2026

Abstract.

Current state-of-the-art multi-vector models are obtained through a small Knowledge Distillation
(KD) training step on top of strong single-vectormodels, leveraging the large-scale pre-training of these
models. In this paper, we study the pre-training ofmulti-vectormodels and show that large-scalemulti-
vector pre-training yields much stronger multi-vector models. Notably, a fully ColBERT-pre-trained
model, ColBERT-Zero, trained only on public data, outperformsGTE-ModernColBERT aswell as its
base model, GTE-ModernBERT, which leverages closed andmuch stronger data, setting new state-of-
the-art for model this size. We also find that, although performing only a small KD step is not enough
to achieve results close to full pre-training, adding a supervised step beforehand allows to achievemuch
closer performance while skipping the most costly unsupervised phase. Finally, we find that aligning
the fine-tuning and pre-training setups is crucial when repurposing existing models. To enable explo-
ration of our results, we release various checkpoints1 as well as code used to train them2.

Contribution. I was responsible for writing and deploying the training code on the cluster, run-
ning all ablations; I have also made some minor contributions to the underlying packages (pylate,
sentence-transformers) that power the training code.

Finally, I was part of the creation of one of themost used benchmarks formeasuring the reasoning
capabilities of large language models, calledHumanity’s Last Exam.

1https://huggingface.co/collections/lightonai/colbert-zero
2https://github.com/lightonai/pylate/tree/main/examples/train/ColBERT-zero/

https://huggingface.co/collections/lightonai/colbert-zero
https://github.com/lightonai/pylate/tree/main/examples/train/ColBERT-zero/
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9. A benchmark of expert-level academic questions to assess AI capabilities
Center for AI Safety, Scale AI, HLE Contributors Consortium
Nature vol. 649, 2026

Abstract. Benchmarks are important tools for tracking the rapid advancements in large language
model (LLM)capabilities. However, benchmarks are not keepingpace indifficulty: LLMsnowachieve
over 90% accuracy on popular benchmarks like MMLU, limiting informed measurement of state-of-
the-art LLM capabilities. In response, we introduce Humanity’s Last Exam (HLE), a multi-modal
benchmark at the frontier of human knowledge, designed to be the final closed-ended academic bench-
markof its kindwithbroad subject coverage. HLEconsists of 2,500questions across dozens of subjects,
including mathematics, humanities, and the natural sciences. HLE is developed globally by subject-
matter experts and consists ofmultiple-choice and short-answer questions suitable for automated grad-
ing. Each question has a known solution that is unambiguous and easily verifiable, but cannot be
quickly answered via internet retrieval. State-of-the-art LLMs demonstrate low accuracy and calibra-
tion on HLE, highlighting a significant gap between current LLM capabilities and the expert human
frontier on closed-ended academic questions. To inform research and policymaking upon a clear un-
derstanding of model capabilities, we publicly release HLE at this https URL3.

Contribution. I have designed 2 questions that were included in the benchmark, that at the time
of the release were not solvable by any LLM.

3https://lastexam.ai/

https://lastexam.ai/
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Chapter 1

Introduction

1.1 Motivation

Artificial Intelligence (AI) is the buzzword of this decade. The release of ChatGPT in late 2022
triggered a wave of public interest inmachine learning that had been building for years in research
laboratories. What made this transition possible was the solution of an extraordinary engineering
challenge: the construction of a pipeline capable of digesting nearly the entirety of human dig-
ital knowledge and using it to train deep learning models of unprecedented scale. This achieve-
ment draws on decades of cumulative work spanning hardware design, software engineering, and
fundamental research: from the first attempts to emulate the human brain with artificial neural
networks in the 1950s, through the development of backpropagation in the 1980s, to the rise of
GPU computing in the 2000s and the explosion of large-scale datasets in the 2010s. Yet for all this
engineering progress, our theoretical understanding of why these models work remains strikingly
limited.

The reasons to close this gap are manifold. The most immediate are practical: a deeper under-
standing can guide the design of better algorithms, improve the efficiency of existing models,
and reduce the enormous computational and energy costs of training. The social motivations
are equally compelling: a rigorous theory underpins the growing fields of interpretability, fair-
ness, and robustness, which are essential if AI systems are to be deployed safely in high-stakes
settings. But this thesis is submitted to the École Doctorale de Physique (EDPY), and physicists
are not driven by practical concerns alone. We are also moved by the desire to understand the
fundamental principles governing the behavior of complex systems. There is something deeply
human in wanting to understand the mechanisms of a technology that increasingly surrounds us
and shapes every aspect of our lives; satisfying that curiosity is a legitimate scientific goal in its own
right, and has historically led to unexpected discoveries with far-reaching consequences.

What makes deep learning theoretically challenging is precisely what makes it empirically power-
ful. Many machine learning models are theoretically grounded by construction: support vector
machines rest on the geometry of convex optimization; decision trees can be analyzedwith combi-
natorial and probabilistic tools. Deep learning broke free of these clean frameworks. The central
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idea, using a very large number of parameters to fit data, violates the assumptions underlying clas-
sical statistics: the bias–variance trade-off, convexity, and the availability of closed-form solutions.
Yet deep networks learn effective representations, generalize remarkably well to unseen examples,
and are trained with algorithms as simple as stochastic gradient descent navigating a highly non-
convex loss landscape. This has challenged many of the intuitions we had about learning and
generalization, and continues to generate vigorous debate in the research community.

A physicist’s instinct, confronted with a phenomenon that outstrips existing theory, is to build a
model, a simplified but principled caricature that retains the essential features and can be under-
stood analytically. Think of where chemistry stood at the end of the nineteenth century: practi-
tioners could synthesize remarkably complex molecules and predict reactions with considerable
reliability, yet nobody understood the deep mechanism, why atoms bond the way they do. The
Thomsonmodelwas the first crude, almost certainly incomplete picture of the underlying atomic
structure. It was wrong in important ways, but concrete enough to be tested, refuted, and im-
proved. This is, roughly speaking, where we stand with deep learning today, and it is the role we
aspire to play. We want to be Thomson, so that someone can be Bohr after us, and eventually
someone arrives at quantummechanics.

One advantage we have is that our experiments run on computers. We do not need a particle
collider to test a theory of deep learning: we need a laptop (or a cluster for large-scale experiments)
and a fewdays of compute time. This is an enormous freedom, andwe should exploit it. A second
advantage is that the fundamental process at the core is mathematically well-defined: training a
neural network is an optimization procedure whose rules are written down precisely, even if their
consequences are not. We do not need to figure out what the process is; only why it works and
how its dynamics unfold. The goal is a theory that is both analytically tractable and grounded
in controlled experiments. The settings we analyze remain idealizations, and closing the gap to
real-world systems is the longer goal; here we take one small, deliberate step toward it.

Among the many aspects of deep learning that resist theoretical explanation, we focus on the dy-
namics of training: the process bywhich randomly initialized parameters converge to a configura-
tion that generalizeswell to unseen data. The loss landscape of deep learning is highly non-convex,
and it is far from obvious why stochastic gradient descent should find good solutions in it. Yet it
does, and the dynamics induced by SGD introduce an inductive bias that correlates with gener-
alization. Understanding this bias, its origins, and its consequences is the central thread running
through this thesis.

Classical learning theory—PAC learning, VCdimension, Rademacher complexity and all this jar-
gon of tools—analyzes generalization in the worst case over all possible data distributions. This
regime is useful as a foundation but tends to produce pessimistic bounds that badly overestimate
the true error of well-trained deep networks. Statistical physics offers a complementary perspec-
tive, analyzing the typical behavior of learning algorithms averaged over a natural distribution of
instances. This leads to sharper, more realistic predictions. The connection between statistical
physics and machine learning is not new: the tools of disordered systems and mean-field theory
were applied to neural network capacity and generalization as far back as the 1980s. In some sense,
machine learning is a canonical problem of statistical physics: large numbers of parameters, large
datasets, and emergent collective behavior. We inherit and build on this tradition.
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1.2 Settings and terminology

With thesemotivations in place, we nowdescribe the concrete setting that serves as our laboratory
throughout the thesis. Wework in supervised learning with scalar labels: given a dataset of input–
output pairs, the goal is to learn a function that predicts the label from the input. Among all
learning paradigms, supervised regression is the one that affords the most control: we need not
rely on the data’s complex internal structure to build our model, and a scalar label carries more
signal than a class label. This level of control is precisely what a physicist needs to build and test a
theory.

For any supervised learning algorithmweneed three ingredients: adata distribution, amodel class,
and a learning algorithm. Each ingredient offers enormous freedom, and our choices are guided
by a single criterion: retain only the features that are essential for the phenomenawewish to study,
and strip everything else.

What data do we need? Real-world data—images, text, audio—has rich statistical structure
that is not yet amenable to exact analysis. We therefore replace it with the simplest distribution
that still supports non-trivial learning: isotropic Gaussian inputs. Concretely, x ∈ Rd is drawn
i.i.d. from

x ∼ N (0, Id).

Obviously, this is a strong assumption that does not reflect the complexity of real data. The main
analytical payoff is that any linear transformation of a Gaussian vector is again Gaussian. As we
will see, this turns a d-dimensional stochastic problem into a low-dimensional one. Although
real data is rarely Gaussian, Gaussian universality justifies it as a tractable proxy for studying SGD
dynamics. Goldt et al. [Gol+20] show, via the Gaussian Equivalence Property – later established
rigorously by Goldt et al. [Gol+22] – that for data drawn from a one-layer generative model (the
hidden-manifold model) the pre-activations driving online SGD become jointly Gaussian in the
high-dimensional limit, with the data entering only through its first two moments; the result-
ing learning dynamics then coincide with those of an equivalent Gaussian model. We therefore
adopt i.i.d. Gaussian inputs, not as a literal data model but as the canonical representative of a
universality class capturing the relevant high-dimensional dynamics. There have been some re-
cent efforts to relax this assumption: Zweig, Pillaud-Vivien, and Bruna [ZPB23] generalize some
single-index results to spherically symmetric distributions, while Cagnetta et al. [Cag+24] intro-
duce a different hierarchical model of the data. In Independent Component Analysis (ICA) the
departure from Gaussianity is not a nuisance but the very quantity to be recovered: the hidden
directions surface only through the higher-order cumulants that a Gaussian lacks [RBG25]. The
Gaussian case nonetheless remains the most tractable and best understood, thus it is the one we
adopt in this thesis.

We still need a label y for each input x. We take it to be generated by a fixed teacher function f?,
with optional additive Gaussian noise:

y = f?(x) +
√
∆ ξ, ξ ∼ N (0, 1), (1.1)

where∆ ≥ 0 is the noise variance and∆ = 0 is the realizable case; we add this to simulate the
noise and imperfections of real data. The teacher models the hidden rule that generates the data.
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We would like it to be non-trivial but not arbitrary; the right compromise is to suppose that the
labels dependon the input only through a fewdirections—the canonical formof low-dimensional
structure. More precisely, we take the teacher to be amulti-index model:

f?(x) = h?
(
W ?x√
d

)
, (1.2)

where W ? = {w?
r}r∈[k] ∈ Rk×d is the teacher weight matrix whose k < d rows w?

r are
the teacher directions, and h? : Rk → R is a possibly nonlinear link function.The normalization of the

teacher directions plays an
important role in the defi-
nition of all the subsequent
quantities, and different
conventions are used in the
literature. We take them
to be standard Gaussian,
w?

r ∼ N (0, Id), so that
‖w?

r‖ ≈
√
d, and state this

convention explicitly when-
ever it is relevant.

The special
case k = 1 is the single-index model, with a single relevant direction w?. The subspace V ? =
span(w?

1, . . . ,w
?
k) in a d-dimensional space is the teacher subspace. These k � d directions are

the features of the problem: they are the only aspect of the input onwhich the label depends, and
the entire learning process can be thought of as the discovery of this subspace and the alignment
of the student’s weights with it. This is precisely what feature learning means here, in an unam-
biguous and measurable sense, and it is what makes the multi-index model the right laboratory
for the rest of the thesis: the difficulty of recovering V ? is exactly what the information, leap, and
generative exponents of Section 1.4 will quantify.

What model do we use? Deep learning is a broad family of models, often designed for a spe-
cific data modality or task. Yet, the core of deep learning is the same across all these variations:
stacked layers of linear transformations and nonlinear activations. We take its simplest non-trivial
representative: a two-layer (shallow) neural network with p hidden neurons, first-layer weights
W = {wj}j∈[p] ∈ Rp×d, second-layer weights a = (a1, . . . , ap)

> ∈ Rp, and pointwise
activation function σ : R → R:

f(x; W,a) =
1

p

p∑
j=1

aj σ

(
〈wj ,x〉√

d

)
. (1.3)

Figure 1.1 contrasts this student network with the multi-index teacher it is trained to imitate.

Two-layer multi-index networks are just one among infinitely many possible ways to proxy deep
learning. As non-exhaustive examples, in the literature we find deep linear networks [SMG14;
ACH18], infinite-depth-and-width limits with DMFT [Bor+24], and tensor programs [Yan19].
The approach we discuss is not the only one for two-layer networks either: diagonal linear net-
works [PPF21; Eve+23], the mean-field limit of two-layer nets [MMN18; CB18; RV22; SS20],
theneural tangent kernel / lazy regime [JGH18], and the landscape geometryof linearnetworks [TKB20].

The 1/p prefactor is the mean-field normalization, which keeps the output finite as p → ∞.
The student parameters are Θ = (a,W ). Crucially, Equation (1.3) has the same functional
dependence on a low-dimensional projection of the input as the multi-index teacher (1.2): the
student is a special case of the teacher. This symmetry is why the setting is called the teacher–
student scenario. The two-layer network is the simplest architecture that generates a non-convex
loss landscape; alreadywithk = p = 1 and a nonlinear activation, the landscape has saddle points
and spurious local minima that make the dynamics of gradient descent non-trivial.Think of phase retrieval

(σ(z) = z2): the loss
landscape has at least two
global minima, atw =
±w?, and a saddle point at
w = 0.

Tomeasure the quality of the prediction of the model, we use the quadratic (square) loss

`(ŷ, y) = 1
2(ŷ − y)2
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Figure 1.1: The teacher–student scenario. (a) The multi-index teacher (1.2): the Gaussian input
x ∼ N (0, Id) is projected onto the k < d teacher directionsW ? (each drawn in its own color)
and passed jointly through a general nonlinear link h? to produce the label. (b) The two-layer
student (1.3): each of the p hidden neurons applies the pointwise activation σ to a linear readout
〈wj ,x〉/

√
d through its first-layer weightswj (a row ofW , each neuron in its own color), and

the second-layer weights a combine them with the mean-field normalization 1/p. The student is
the special case in which the teacher’s link is a sum of pointwise activations.

throughout, and measure the overall performance with generalization error or population risk,

R(W,a) = E(x, y)

[
1

2

(
f(x; W,a)− y

)2]
. (1.4)

Note that the expectation is taken over the data distribution, not the training set; this is what
makes it a measure of generalization, since we know the precise data distribution. The training
happens on samples drawn from the data distribution, and not on the population risk, which is
not accessible to the learning algorithm.

The square loss—predicting a scalar y ∈ R—is especially convenient: its gradient is proportional
to the residual error, the population risk admits a closed-form expression in a small set of order pa-
rameters (definedbelow), and the resulting loss landscape,while non-convex, is structured enough
to be studied rigorously.

What algorithm do we use? Stochastic gradient descent (SGD) is the workhorse optimizer of
modern deep learning: virtually everymodel in practice is trainedwith it or one of its descendants.
Our proxy for SGD is online (one-pass) SGD: at each step ν a fresh, independently drawn sample
(xν , yν) is used to form a gradient estimate and update the first-layer weights,

w ν+1
j = w ν

j − γ∇wj `
(
f(xν ; W ν ,a), yν

)
, j ∈ [p], (1.5)

with learning rate γ > 0. The number of stepsn equals the number of samples consumed. Mod-
ern practice uses mini-batch multi-epoch training with sophisticated optimizers (Adam, Muon,
etc.) on datasets that are revisited many times. Ours is simpler in the one key respect that makes
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it analytically tractable: the independence of successive gradient steps. This independence is also
not as artificial as it might seem: when the dataset is large enough that each sample is seen at most
once, the training regime is effectively online.We relax the independence

assumption in Chapter 5,
and lifting it turns out to be a
pivotal step in the theory.

Finally, we initialize the weights randomly: w0
j ∼ N (0, Id).

Order parameters. We now come to the central observation that makes the whole program
analytically tractable: both teacher and student see the input only through a handful of one-
dimensional projections, the pre-activations (or local fields)

λ =
Wx√
d

∈ Rp, λ? =
W ?x√
d

∈ Rk, (1.6)

whereW andW ? are the student and teacher weight matrices respectively (defined above). In-
deed, the student (1.3) depends on the input only through its own pre-activations: writing λj =
〈wj ,x〉/

√
d, we have

f(x; W,a) = h(λ,a), h(λ,a) =
1

p

p∑
j=1

aj σ(λj), (1.7)

which mirrors exactly the teacher f?(x) = h?(λ?) from (1.2).

Because the input is Gaussian and the pre-activations are linear in x, the pair (λ,λ?) is jointly
Gaussian, with zero mean and a covariance fixed entirely by the weight matrices, not by any indi-
vidual data point. That covariance is assembled from the pairwise inner products of the student
and teacher rows, which we collect into the order parameters (or overlap matrices):

Qjl =
〈wj , wl〉

d
, Mjr =

〈wj , w
?
r〉

d
, Prs =

〈w?
r , w

?
s〉

d
. (1.8)

The matrixQ ∈ Rp×p encodes the self-correlations among student neurons;M ∈ Rp×k mea-
sures the alignment of each student neuronwith each teacher direction; andP ∈ Rk×k describes
the geometry of the teacher (concentrating on P = Ik in the high-dimensional limit under our
Gaussian normalization of the teacher directions). Together they form the covariance of the pre-
activations,

(λ,λ?) ∼ N (0,Ω), Ω =

(
Q M
M> P

)
∈ R(p+k)×(p+k). (1.9)

The triple (Q,M,a)—equivalently (Ω,a), sinceP is fixed—is therefore a set of sufficient statis-
tics for the problem: every quantity that depends on the weights only through the joint law of the
pre-activations is a function of it alone.

The population risk is exactly such a quantity. Substituting the student (1.7) into the risk (1.4)
and using the joint Gaussianity (1.9), the expectation over x ∈ Rd collapses to an expectation
over the (p+ k)-dimensional GaussianN (0,Ω):

R(Ω,a) = E(λ,λ?)∼N (0,Ω)

[
1

2

(
h(λ,a)− h?(λ?)

)2]
. (1.10)
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The crucial feature of this expression is that it does not scale with d: it involves only theO(p2+pk)
entries of (Ω,a), with the ambient dimension entering nowhere. Rather than tracking the p× d
weight vectors and an expectation over Rd, we track a handful of scalar overlaps and integrate
a fixed low-dimensional Gaussian. It is precisely this dimension-independence that lets us send
d→ ∞, the core missing piece of our analysis.

1.3 The Saad & Solla equations

We now turn to the result from the literature on which much of this thesis is built. Compress-
ing the problem to the order parameters (Q,M,a) is only half of the story; the other half is the
high-dimensional limit d → ∞. In this regime the stochastic fluctuations of the order param-
eters around their mean become negligible, and the entire training trajectory concentrates on a
deterministic path governed by a system of ordinary differential equations (ODEs).

1.3.1 The order-parameter dynamics

We canmake Equation (1.5) explicit in terms of the local fields, andwrite the stochastic dynamics
of the weightswj and the output weights aj of the student network as

wν+1
j = wν

j +
γ

p
√
d

(
yν(λ?,ν)− h(λν)

)
ajσ

′(λνj )x
ν , (1.11)

aν+1
j = aνj +

γ

pd

(
yν(λ?,ν)− h(λν)

)
σ(λνj ) (1.12)

where λν = 1√
d
(〈w1,x

ν〉, . . . , 〈wp,x
ν〉) and λ?,ν = 1√

d
(〈w?

1,x
ν〉, . . . , 〈w?

k,x
ν〉) are the

local fields (i.e., pre-activations) of the student and teacher networks, respectively, relative to the
current inputxν used in the ν-th SGD step. The quantity yν(λ?,ν) := y(λ?,ν) +

√
∆ξν is the

noisy label of the current training sample. The second-layerweightsaj are updatedwith a rescaled
learning rate γ/d, which keeps both layers evolving on the same timescale as d→ ∞. With a little
extra work we can derive the update rule for the order parameters themselves,

Qν+1
jl =Qνjl +

γ

pd

(
yν(λ?,ν)− h(λν)

) (
alσ

′(λνl )λ
ν
j + ajσ

′(λνj )λ
ν
l

)
+

+
γ

pd

γ

p

(
yν(λ?,ν)− h(λν)

)2
ajalσ

′(λνj )σ
′(λνl )

‖xν‖2

d
,

Mν+1
jr =Mν

jr +
γ

pd

(
yν(λ?,ν)− h(λν)

)
ajσ

′(λνj )λ
?,ν
r ,

aν+1
j =aνj +

γ

pd

(
yν(λ?,ν)− h(λν)

)
σ(λνj ).

(1.13)

Since we are interested in the high-dimensional limit, the factor ‖xν‖2/d in the Q update can be
replaced by its expectation E

[
‖xν‖2/d

]
= 1. This is the classical à la

physique argument from
Saad and Solla [SS95a]. In
the next section we will
report a formalization of this
argument.

The update rules above are still stochastic, but they
no longer depend explicitly on the inputxν : they involve only the local fieldsλν andλ?,ν , which
are Gaussian random variables whose covariance is given by the order parameters themselves. In
other words, we have a duality between the process in the space of the weightsW ∈ Rp×d and
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the process in the space of the order parameters (Q,M,a) ∈ Rp×p × Rp×k × Rp

update rule forW ↔ update rule for (Q,M,a)

sample xν ∼ N (0, Id) ↔ sample (λν ,λ?,ν) ∼ N (0,Ω)

population riskR(W ) ↔ population riskR(Q,M,a).

This duality gives a full characterization of the random SGD process in dimension d that is itself
independent of d. The population risk is a quantity that fully characterizes the generalization
properties of the student network, and it can be computed directly from the order parameters;
the dynamics, in turn, is self-contained in the order-parameter space, so we can study the general-
ization of the student without ever dealing with the high-dimensional weightsW directly.

1.3.2 From discrete updates to ODEs

The update rules in Equation (1.13) can be rearranged as

Qν+1
jl −Qνjl
γ/pd

=
(
yν(λ?,ν)− h(λν)

) (
alσ

′(λνl )λ
ν
j + ajσ

′(λνj )λ
ν
l

)
+

+
γ

p

(
yν(λ?,ν)− h(λν)

)2
ajalσ

′(λνj )σ
′(λνl ),

Mν+1
jr −Mν

jr

γ/pd
=
(
yν(λ?,ν)− h(λν)

)
ajσ

′(λνj ),

aν+1
j − aνj
γ/pd

=
(
yν(λ?,ν)− h(λν)

)
σ(λνj ).

(1.14)

Intuitively, when d→ ∞ the left-hand side of the equations above can be interpreted as a deriva-
tive with respect to a continuous time variable t = ν γ

pd , while the right-hand side can be replaced
by its expectation over the Gaussian distribution of the local fields, which is parametrized by the
order parameters themselves.In the traditional derivation

of the Saad & Solla equations,
the usual time scaling is
t = ν

d
. We will later clarify

why we prefer this scaling.

This leads to a system of ODEs for the order parameters, known as
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the Saad & Solla equations [SS95a; SS96]:

dQjl
dt

=

=: ΦQjl(Ω, a)︷ ︸︸ ︷
E(λ,λ?)∼N (0,Ω)

[(
h?(λ?)− h(λ)

) (
alσ

′(λl)λj + ajσ
′(λj)λl

)]
+
γ

p
E(λ,λ?)∼N (0,Ω)

[((
h?(λ?)− h(λ)

)2
+∆

)
ajalσ

′(λj)σ
′(λl)

]
︸ ︷︷ ︸

=: ΨQ
jl(Ω, a)

,

dMjr

dt
=E(λ,λ?)∼N (0,Ω)

[(
h?(λ?)− h(λ)

)
ajσ

′(λj)λ
?
r

]
︸ ︷︷ ︸

=: ΦMjr (Ω, a)

,

daj
dt

=E(λ,λ?)∼N (0,Ω)

[(
h?(λ?)− h(λ)

)
σ(λj)

]
︸ ︷︷ ︸

=: Φaj (Ω, a)

.

(SS-ODEs)

Once the initial conditions are fixed, the trajectory drawn by these equations is completely de-
termined: the dynamics is deterministic, and the randomness of the training process has been
averaged out in the high-dimensional limit.

Remark 1.1. Note that, even though the Saad& Solla equations determine a deterministic trajec-
tory for the order parameters, the actual trajectory of the weightsW is still stochastic, and impossible
to characterize without knowing the specific realization of the training data xν . The Saad & Solla
equations only describe the trajectory of the order parameters, and consequently of the population risk.

The formalizationof the argument above, togetherwith theproof of convergence of the stochastic
process to the deterministic one, was first given by Goldt et al. [Gol+19]. The original theorem was

stated for matching student
and teacher networks, but
the proof extends straightfor-
wardly to the more general
case of a multi-index teacher
and a general student net-
work.

Theorem 1.1 (Convergence of the Saad & Solla equations, [Gol+19]). Suppose that

(i) The function σ is bounded, and its derivatives up to the second order exist and are bounded
too;

(ii) The function h? grows at most like a polynomial, i.e., |h?(λ?)| ≤ K(1 + ‖λ?‖α) for some
constantsK and α;

(iii) W ? is of rank k;

(iv) The initial macroscopic stateΩ0 is deterministic and bounded by a constant;

(v) The constants∆, p, k and γ are all finite.

Then, for any T > 0, the overlap matrix satisfies

max0≤ν≤TdE

∥∥∥∥∥∥(Ων , aν)−
(
Ω̃

(
νγ

pd

)
, ã

(
νγ

pd

))∥∥∥∥∥∥
 ≤ C(T )√

d
, (1.15)
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1Figure 1.2: Excess riskR − ∆/2 = E[12(h − h?)2] against training time t = νγ/(pd) for the
erf soft-committee machine (p = 8, k = 4, γ = 2, d = 2000). Left (∆ = 0): the order
parameters align with the teacher and the excess risk decreases monotonically toward zero. Right
(∆ = 10−3): the variance termΨ, proportional to γ, pins the dynamics at a finite noise plateau
even as t → ∞. The solid line is the deterministic Saad & Solla ODE; dots are a single online-
SGD run at finite d, started from the same initial condition.

where
(
Ω̃, ã

)
is the unique solution of Equations (SS-ODEs), with the initial condition

(
Ω̃(0), ˜a(0)

)
=
(
Ω0, a0

)
.

1.3.3 Anatomy of the equations: learning vs. noise

It is worth interpreting the actual content of the Saad & Solla equations; for this we follow the
nomenclature used by Veiga et al. [Vei+22]. There are two types of terms:

(i) learning terms Φ: these are the terms that drive the dynamics to align the student with the
teacher, and consequently to reduce the population risk; it can be shown that these same
terms are the only ones that survive in the gradient flow limit, and are therefore what drives
the learning.

(ii) variance termΨ: this is the term that arises from the stochasticity of the training process,
and it is responsible for the fluctuations of the order parameters around their mean tra-
jectory; notably, it is proportional to the learning rate γ and does not vanish for∆ = 0.
This is the crucial noise introduced by SGD, and is precisely what differentiates it from the
gradient flow limit.

When label noise is present (∆ > 0), the irreducible∆-dependent contribution to the variance
term is responsible for the noise plateau phenomenon [Vei+22]: the order parameters converge to
a suboptimal fixed point and cannot reach the global minimum even as t→ ∞; see Figure 1.2.

Practitioners often address this problemwith a decaying learning rate, which effectivelymakes the
variance termvanish, combinedwith larger batch sizes, which reduce the variance of the stochastic
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gradients by averaging out the label noise. It is natural to ask how Equations (SS-ODEs) change
when the learning rate and the batch size are themselves allowed to scale with the dimension d;
this is exactly the topic of Chapter 4. Letting both scale as powers of dmodifies the Saad & Solla
equations through intra-batch, finite-d corrections to the otherwise dimension-free dynamics,
and uncovers a genuine time/complexity trade-off : a larger batch averages the gradient noise and
suppresses the variance termΨ, but beyond a critical size it no longer reduces the number of steps
and merely consumes more samples per step. The resulting phase diagram, in the nb–γ plane of
the batch size and the learning rate, separates a regime in which the network fails to learn, an in-
termediate regime on the edge of learning where the plateau persists, and a regime of successful
recovery, and it pinpoints the batch size that minimizes the training time.

1.3.4 Closed-form examples

Equation (SS-ODEs) can fully describe the dynamics only when it is actually possible to integrate
analytically the expectations on the right-hand side, arriving at a closed-form expression for Φ
andΨ as functions of the order parameters. This depends strongly on the choice of the activation
function σ and of the teacher function h?; in the literature the problem is often tackled in the
simple setting ofmatching architectures.

Assume for simplicity that the teacher is itself a two-layer network, with k hidden neurons and
the same activation function σ as the student (which has p hidden neurons):

f?(x) =
1

k

k∑
j=1

a?jσ

(
w?
j · x√
d

)
or equivalently h?(λ?) =

1

k

k∑
j=1

a?jσ(λ
?
j ) (1.16)

The integrability of Equation (SS-ODEs) then boils down to whether we can compute, for a
generic covarianceCp ∈ PSDRp×p, the following expectations:

I risk2 (C2) := E(z1,z2)∼N (0,C2)

[
σ(z1)σ(z2)

]
, (1.17)

Inoise2 (C2) := E(z1,z2)∼N (0,C2)

[
σ′(z1)σ

′(z2)
]
, (1.18)

I3(C3) := E(z1,z2,z3)∼N (0,C3)

[
σ(z1)σ

′(z2)z3
]
, (1.19)

I4(C4) := E(z1,z2,z3,z4)∼N (0,C4)

[
σ′(z1)σ

′(z2)σ(z3)σ(z4)
]
. (1.20)

Here I risk2 appears in the expression of the population risk andΦa, I3 appears in the learning terms
ΦM andΦQ, while Inoise2 and I4 appear in the variance termΨQ.

A substantial body of literature has been devoted to whether these expectations admit a closed
form, and hence to whether the asymptotic equations are exact, depending on the choice of the
activation function σ. Some of these activations

do not fully satisfy the as-
sumptions of Theorem 1.1,
yet they have been shown to
work empirically; the theo-
rem is, in all likelihood, not
tight.

• linear σ(x) = x: this case is trivial, since the student and the teacher are then just linear
models, and the dynamics can be fully solved in closed form;

• error function σ(x) = erf(x/√2): this is the original setting of Saad and Solla [SS95a],
where the equations canbe fully solved in closed formand the dynamics fully characterized;
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• ReLU σ(x) = max(0, x): this is the most common activation function used in practice,
but it has no closed-form solution for the expectation I4. The other integrals were studied
in Yoshida and Okada [YO19] using results from Yoshida et al. [Yos+17];

• phase retrieval σ(x) = x2: the study of Equations (SS-ODEs) for this activation function
is the full content of Chapter 3. We determined the exact closed form of the expectations
and used it to study the number of samples needed to learn the teacher network;

• polynomial σ(x) = p(x): the framework introduced in Chapter 3 can be extended to any
polynomial activation function. The code attached to that work can be used to compute
the exact closed form of the expectations, although the number of terms grows exponen-
tiallywith the degree of the polynomial, making it impractical for high-degree polynomials;

• GELU σ(x) = xΦ(x), whereΦ denotes the standard Gaussian CDF: this is a smooth ap-
proximation of the ReLU function, and it has been shown to admit a closed-form solution
for the expectations I2 and I3 [Ric+23].

The other activations commonly used in practice (such as sigmoid, tanh, and so on) do not admit
a closed-form solution for the expectations, and the dynamics can then only be studied numer-
ically, by approximating the expectations. One option is a Monte Carlo approximation of the
expectations, but in our experience this is rarely precise enough and often leads to worse results
than simulating SGD on the weights directly. A better option is to approximate the activation
function with Hermite polynomials, for which the expectations do admit a closed form;Expanding in Hermite poly-

nomials along every dimen-
sion is essentially equivalent
to a tensor-product Gauss–
Hermite quadrature of the
correlated expectation; this
technique is used in Chap-
ter 6, in a slightly different
setting.

a more
advanced technique for approximating the expectations is discussed in Citton, Richert, and Biehl
[CRB24], where the authors expand both the activation function and the correlated Gaussian
measure in the Hermite basis to obtain a very precise approximation of the expectations for any
activation function.

Even though the Saad & Solla equations are not always analytically solvable, they remain a very
powerful tool for studying the dynamics of SGD around initialization: for small displacements,
anyσ andh? can be expanded in a series ofHermite polynomials, which again yields a closed-form
expression for the expectations and approximates the dynamics of the order parameters. This idea
is at the core of several chapters of this thesis, and we develop it further in the next section.

1.3.5 Beyond the high-dimensional limit

WhenderivingEquations (SS-ODEs), we took the infinitesimal time step to be γ/pd, which indeed
vanishes as d→ ∞. However, this is not the only way to obtain a vanishing time step:

• γ → 0, d, p finite: this is the classical limit that, for online SGD, converges to gradient
flow [RM51];

• p → ∞, d, γ finite: this is the infinite-width limit, sometimes called themean-field limit,
studied for two-layer networks in [MMN18; CB18; RV22; SS20].

The key observation is that the convergence of the overlap process to these equations is, more
generally, controlled by the effective time step γ/pd alone: a non-asymptotic refinement of Theo-
rem 1.1 due to Veiga et al. [Vei+22] bounds the deviation from the deterministic trajectory by a
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Figure 1.3: The three limiting regimes of one-pass SGD and the regimes that interpolate them.
As long as the effective time step satisfies γ/pd → 0+, the order-parameter dynamics admits a
deterministic, low-dimensional description. The corners are the high-dimensional (d → ∞),
classical gradient-flow (γ → 0), and mean-field (p → ∞) limits, while the edges and interior
interpolate between them; see Chapter 2 for details.

quantity that vanishes whenever γ/pd → 0+, regardless of how that limit is reached. The deter-
ministic, low-dimensional description in terms of the order parameters is therefore valid beyond
the high-dimensional limit on which the original Saad& Solla analysis focused, and the three lim-
its above can be treated on the same footing. This equivalence holds, however, only on finite time
horizons t = O(log d): the bound of Veiga et al. [Vei+22] carries a prefactor that grows exponen-
tially in time, so it controls theO(1)-time regimes treated here but not themuch longer timescales
on which learning escapes its initial plateau. Those long-time results rest on separate stochastic
arguments rather than on the deterministic ODE, as discussed in Section 1.4 and quantified in
Appendix A.2.

In Chapter 2 we build on this observation to study the connection between the Saad & Solla
equations and the other two limits within a single framework, summarized by the phase diagram
of Figure 1.3. Its three corners are the high-dimensional, classical gradient-flow, and mean-field
limits, while the edges and interior cover combinations such as the high-dimensional gradient-
flow and high-dimensional mean-field limits, which are not captured by the classical Saad & Solla
equations.

The mean-field corner is the most delicate. Because Equations (SS-ODEs) track theO(p2 + pk)
order parameters, they become intractable precisely in the overparametrized regime p → ∞ for
which the mean-field description [MMN18; CB18; RV22; SS20] was devised. We bridge the
two by exploiting the fact that, throughout training, the student weights remain close to the low-
dimensional subspace spanned by the teacher directions: projecting the dynamics onto this sub-
space collapses the growing system of ODEs back to a description of constant dimension, recov-
ering a mean-field PDE while keeping the explicit dependence on d. This connects the order-
parameter picture of this section to the hydrodynamic, optimal-transport viewpoint of themean-
field literature.
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1.4 Information exponent and beyond

The core question of this section is to characterize the sample complexity of learning a function
h?, given an expressive enough student. We show that the answer is controlled by a single integer,
the information exponent of Ben Arous, Gheissari, and Jagannath [BGJ21], which measures the
flatness of the population risk at the initialization saddle. We then discuss two generalizations: the
leap exponent of Abbe, Adsera, andMisiakiewicz [AAM22] and Abbe, Adserà, andMisiakiewicz
[AAM23], which governs the multi-index case k > 1, and the generative exponent of Damian et
al. [Dam+24], which measures the hardness of the problem under a broader class of algorithms.

We focus for now on the single-index setting, where the teacher is a single-index model f?(x) =
h?(w? · x/

√
d) and the student has the same shape f(x) = σ(w · x/

√
d) with a different

activation function σ. The overlap matrices of Equation (1.8) then collapse to two scalars, the
self-overlap and the teacher overlap,

q =
‖w‖2

d
, m =

〈w,w?〉
d

, (1.21)

and the pre-activations are jointly Gaussian, (λ, λ?) ∼ N (0,Ω)with covariance

Ω =
( q m
m 1

)
.

Wemake one more assumption on top of the setting of Section 1.2:

Assumption 1.1 (Projected SGD). The student is trained with projected SGD, where each step is
projected back onto the sphere Sd−1(

√
d); in other words, the update rule

wν+1 =
√
d
wν − γ∇w`(f(x

ν), yν)∥∥wν − γ∇w`(f(xν), yν)
∥∥ .

The effect of this is to keep the normof the studentweights fixed, q = 1, so that the only degree of
freedom is the teacher overlapm. This technical simplification lets us focus on the true signal, the
correlationwith the teacher direction, by decoupling it from changes in the student-weight norm,
which can alter the risk without contributing to recovery; see Chapter 3 for a detailed discussion.
The Saad& Solla equations (SS-ODEs) then reduce to a single ODE form that naturally encodes
the spherical constraintWe are actually neglecting

the variance termΨ in the
self-overlap equation, which
is subleading in the small-
learning-rate regime that
governs the escape from
initialization; in Chapter 3
we keep it and show that the
derivation goes through.

dm
dt

=E
[(
h?(λ?)− σ(λ)

)
σ′(λ)λ?

]
︸ ︷︷ ︸

drift

−mE
[(
h?(λ?)− σ(λ)

)
σ′(λ)λ

]
︸ ︷︷ ︸

spherical constraint

(1.22)

The equation above can be rearranged in a more compact and insightful form

dm
dt

= (1−m2)C ′(m) withC(m) = E[h?(λ?)σ(λ)]. (1.23)

The derivation is reported in Appendix A.1. The prefactor (1 − m2) is purely geometric: the
spherical Jacobian sin2 θ form = cos θ. Hence the activations σ and h? enter the dynamics only
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through C(m), and the equation is exact for everym ∈ [−1, 1], not merely near initialization.
On the sphere the marginal terms ofR are frozen, leaving

R(m) = const− C(m), (1.24)

so that the overlap dynamics is gradient ascent onC .

Since one-pass SGD consumes one sample per gradient step, the sample complexity equals

n =
d

γ
t,

so the time t serves as a direct proxy for the number of samples up to the constant d/γ. Although
the ODE (1.23) is dimension-independent, its initial condition is not: at random initialization
w0 ∼ N (0, Id), the student-teacher overlap is a sum of d independent mean-zero terms, and is
therefore tiny,

m0 =
〈w0,w?〉

d
= Od

(
1√
d

)
.

The student starts nearly orthogonal to the teacher, and thedynamicsmust dragm fromO(1/
√
d)

up to afinite,d-independent value before anymeaningful alignment is established. This is the bot-
tleneck that determines the d-scaling of the total sample count; oncem reaches a finite value, the
remaining optimization is fast and contributes only sub-leading terms. The relevant milestone is
therefore weak recovery.

Definition 1.1 (Weak recovery). We say that the student has achieved weak recovery of the teacher
with threshold η if the teacher overlapm has reached a finite value η independent of the dimension
d:

m =
〈w,w?〉

d
≥ η, η ∈ (0, 1). (1.25)

We denote by tweak(η) the first time at which the solution to Equation (1.23) reachesm(tweak) = η.

The sample complexity of weak recovery is therefore n = Od(d tweak(η)).

In practice, we can take η small enough that Equation (1.23) is well approximated by its leading
order expansion aroundm = 0 The actual factor in front

ofm`−1 is not dependent
on d and does not affect the
final escaping complexity.
In the same way, the factor
(1 −m2) does not change
the leading order of the
expansion.

dm
dt

∝ C(`)(0)m`−1, ` = min{j ≥ 1 : C(j)(0) 6= 0}. (1.26)

We can better understand the meaning of this by looking at some examples.

Example 1.1 (Linear regression). For the linear regression target h?(λ?) = λ? and the linear
activation σ(λ) = λ, the correlation potential isC(m) = m, soC ′(m) = 1 and

dm
dt

= 1−m2 m�1
≈ 1 with i.c. m0 ≈ 1/

√
d. (1.27)

The solution ism(t) = m0 + t, so the weak recovery time is tweak(η) ≈ η, giving a total sample
complexity of n = Od(d).
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Figure 1.4: Correlation potentialC(m) for three values of the information exponent. Each
panel plotsC(m) = E[h?(λ?)σ(λ)] as a function of the student–teacher overlapm ∈ [−1, 1].
(a) ` = 1: both He1–He1 (linear regression) and erf–erf have a non-zero slope atm = 0, so
gradient ascent onC immediately pushes the student away frommediocrity. (b) ` = 2: He2–He2
and the phase-retrieval target x2–x2 differ by a constant, but since the ODE depends only on
C ′(m) the dynamics is identical; both are flat to first order atm = 0. (c) ` = 3: the potential
is cubic, flat to second order atm = 0, causing the longest search phase and hence the largest
sample complexity n = O(d`−1).

Example 1.2 (Phase retrieval). For the phase retrieval target h?(λ?) = (λ?)2 and the quadratic
activation σ(λ) = (λ)2, the correlation potential isC(m) = 1 + 2m2, soC ′(m) = 4m and

dm
dt

= 4m (1−m2)
m�1
≈ 4m with i.c. m0 ≈ 1/

√
d. (1.28)

The solution ism(t) = m0 e4t, so the weak recovery time is tweak(η) ≈ 1
4 log(η

√
d), giving a total

sample complexity of n = Od(d log d).The predicted tweak(η) =

O(log d) is exactly the time
scale of the validity window of
Theorem 1.1; this passage re-
quires a more careful analysis,
see Appendix A.2.

In Chapter 3 we carry out a finer analysis of the equation,
studying the precise constants and how they scale with the learning rate γ and the label noise∆.

In summary: the flatter the correlation potential (equivalently, the population risk) at initializa-
tion, the harder the escape from the saddle atm = 0, and the more samples needed to achieve
weak recovery. Geometrically, inweight space, the population risk atw0 is a strict saddle, flat along
all but one direction—a golf course with a single hole—so the student is stuck atmediocrity, only
weakly correlated with the teacher. In the space of the order parameterm, this translates into a
flat potentialC(m) atm = 0 (Figure 1.4), with initialization very close to the critical point.

The integer ` in Equation (1.26) is the information exponent of Ben Arous, Gheissari, and Ja-
gannath [BGJ21], and it is the only quantity that matters for the sample complexity of learning
a single-index target with SGD. Expanding h? =

∑
k akHek and σ =

∑
k bkHek, and using

the orthogonality of Hermite polynomials under a correlated Gaussian, E[Hej(λ)Hek(λ?)] =
δjk k!m

k; the correlation is then a pure power series in the overlap,

C(m) =
∑
k≥0

k! ak bkm
k, (1.29)

so that near the saddleR(m)−R(0) = −
∑

k≥1 k! akbkm
k.
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Assumption 1.2 (σ excites the `-th mode). The student activation σ is such that

b` =
1

`!
E[σHe`] 6= 0.

In other words, the student is expressive enough to excite the mode of any teacher.

The first term that bends the landscape is the lowest kwith ak 6= 0—which is exactly `. In words,
the information exponent is the order towhich the population risk is flat at themediocrity saddle:
R(m) −R(0) ≈ − `! a`b`m

`. Near the saddle the geometric factor in (1.23) is 1 −m2 ≈ 1,
so the escape drift inherits the same order,

dm
dt

= (1−m2)C ′(m) ∼ ` `! a`b`m
`−1. (1.30)

We can now state the original definition of the information exponent.

Definition 1.2 (Information exponent [BGJ21]). The information exponent ` of a single-index
target h? is the lowest order of the Hermite expansion of h? with non-zero coefficient,

` = min{j ≥ 1 : aj =
1

j!
Ez∼N (0,1)[h

?(z)Hej(z)] 6= 0}. (1.31)

This Hermite-degree characterization has an early precursor in the Gaussian-space analysis of
single- and multi-index models by Dudeja and Hsu [DH18], who showed that for Gaussian co-
variates the population landscape of themaximum-likelihood objective is free of spuriousminima
and gave an iterative procedure recovering the index space with a sample complexity governed by
the degree of its first informative Hermite component.

The last piece of the puzzle is to understand how the information exponent controls the sample
complexity of learning. Integrating the deterministic drift (1.30) fromm0 = O(1/

√
d) gives the

escape time, hence the number of samples:

tescape �


1 ` = 1,

log d ` = 2,

d`/2−1 ` ≥ 3.

(1.32)

However, the escape time predicted by Equation (1.30) is not sufficient to determine the sample
complexity for ` ≥ 3. The obstruction is that Theorem 1.1 certifies the ODE as a faithful proxy
for the SGD process only over a finite time horizon. The convergence guarantee

degrades as eCt/
√
d, the

sharp form of the bound is
derived in Appendix A.2.
Even for ` = 2 the stochastic
noise already dominates the
escape, yet the drift still fixes
the correct scaling.

The theorem itself remains true for every `,
but for ` ≥ 3 the escape occurs at tescape � log d, far outside this window: there the deterministic
ODE is simplyno longer close to the SGDtrajectory, so the exit time it predicts carries nomeaning.
The deterministic drift captured by theODE is only themean of the stochastic dynamics, and the
potential is so flat that the fluctuations of the order parameter around themean trajectory cannot
be neglected. Effectively, the dynamics can be divided in two parts:

• search phase: the student is stuck in the flat region aroundm = 0, and the dynamics is
dominated by the stochastic fluctuations of the order parameter; the escape time is there-
fore longer than predicted by the deterministic ODE (1.23) for ` ≥ 3;
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• descent phase: once the student has escaped the flat region, the drift dominates and the
dynamics is well approximated by the ODE (1.23); the duration of this phase is therefore
well captured by the Saad & Solla equations (SS-ODEs).

The search phase is the bottleneck that determines the scaling of the sample complexity with d,
while the descent phase always happens linearly ind and contributes to the sample complexity only
through sub-leading terms, for ` ≥ 2. Capturing the searchphase therefore demands tools that go
beyond the deterministic ODE. Ben Arous, Gheissari, and Jagannath [BGJ21] track the overlap
directly through its noisy stochastic recursion, controlling it with amartingale decomposition of
the summary statistic together with a hitting-time analysis of the escape from the saddle; they
explicitly bypass the classical ODE method, which is blind to the search phase precisely because
there the martingale fluctuations outweigh the increments of the drift. This yields the following
theorem.Every information exponent

` ≥ 2 hides an extra polylog-
arithmic factor, present but
not proven sharp. Informally
we quote the sharp bound;
the formal proofs keep all log-
arithmic factors, a convention
we follow throughout the
thesis.

Theorem 1.2 (Informal version of Ben Arous, Gheissari, and Jagannath [BGJ21]). The sample
complexity of learning a single-index target with information exponent ` with one-pass SGD is

n =


O(d) ` = 1,

O(d log d) ` = 2,

O(d`−1) ` ≥ 3.

(1.33)

The concept of information exponent is actually more general than the one presented here. Ev-
ery problem whose loss depends only on the scalar product 〈w,x〉 and is optimized by one-pass
spherical SGD has a well-defined information exponent that controls the sample complexity of
learning. This includes, for example, online PCA, spiked matrix/tensor estimation, or Gaussian
mixture clustering, as in the seminal work of Ben Arous, Gheissari, and Jagannath [BGJ21].

Chapter 4 extends the exponent to the single-index case where nb and γ scale with d. The chap-
ter reveals a sharp threshold at nb ∼ d`/2: below it, scaling the learning rate proportionally to
the batch size reduces the number of gradient steps proportionally while keeping the total sample
complexityN = nbT = O(d`−1) unchanged, offering a practical speed-up through parallelism.
Above the threshold, continuing to scale the learning rate this waymakes the gradient signal dom-
inated by self-interaction terms that contract the correlation to zero, and standard SGD fails to
achieve weak recovery; holding the learning rate fixed at γ = O(1) instead, SGD still weakly
recovers the target, but the number of steps stops decreasing with nb and the sample complexity
grows toN = O(nbd

`/2−1), so the extra samples per step arewasted rather than traded for speed.
A modified algorithm, Correlation Loss SGD, suppresses this self-interaction term and restores
the optimal sample complexityN = O(d`−1) up to nb ∼ d`−1. Figure 1.5 shows the resulting
phase diagram.

Chapter 6 extends the exponent to amodel that proxies the attention layer. The inputX ∈ RL×d
is now a sequence ofL d-dimensional vectors, and our learned model isThe bilinear read-out is dis-

played here for concreteness.
Chapter 6 establishes its re-
sults for a general reduction
mapΠ : RL×L → Rkout ,
where kout is the attention
output dimension, distinct
from the teacher-direction
count k.

f(X) = a>L softmax

((
X +

P√
d

)
ww>

(
X +

P√
d

)>
)
aR,
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Figure 1.5: Time / Batch size trade-off for weak recovery (from Chapter 4). Phase diagram
of the weak-recovery time exponent θ = logd T as a function of the batch-size exponent µ =
logd nb, for a target with information exponent ` ≥ 3. At µ = 0 (one sample per step) the
time exponent is ` − 1, the top of the accessible region. Increasing nb up to the optimal point
nb ∼ d`/2 trades iterations for parallelism at constant total sample costN = O(d`−1). Beyond
this, standard SGD’s optimal time plateaus at T = O(d`/2−1) rather than continuing to fall, so
the extra samples per step are wasted; pushing the learning rate to shrink T further enters the self-
interaction regime and not correlating region, where standard SGD cannot achieve weak recovery
at all. Correlation Loss SGD extends the accessible region to its optimal point at nb ∼ d`−1.

whereP is a fixed positional encoding, andaL,aR ∈ RL are the read-out vectors. The informa-
tion exponent is then defined as the smallest degree of the Hermite multivariate expansion of the
target function, now called the Sequence Information Exponent (SIE), and the sample complexity
obeys the same d-scaling hierarchy as (1.33)with ` replaced by the SIE. The order-parameter space
expands from the scalarm to the pair (e,m), wherem = w? · w/d is the teacher overlap and
e = Pw/

√
d encodes the alignment of the student weights with the positional encoding P ; the

dynamics is described by a coupled ODE in (e,m), illustrated in Figure 1.6.

1.4.1 Leap exponent

When the teacher has more than one relevant direction (k > 1), the single-index picture extends
naturally. The teacher is now amulti-index model,

f?(x) = h?
(
W ?x√
d

)
, W ? = (w?

1, . . . ,w
?
k)

> ∈ Rk×d, (1.34)

and the single overlapm of Equation (1.21) broadens to an overlap vectorm ∈ Rk,

mr =
〈w,w?

r〉
d

, r ∈ [k]. (1.35)
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Figure 1.6: Population loss of the Sequence Single Index Model in the (e,m) plane (from
Chapter 6). Workingwith twoorder parameters instead of one canproduce richer loss landscapes,
including multiple local minima. Here the semantic minimum at (e,m) = (0, 1) is the global
one, yet SGD trajectories (yellow) are attracted to the local positional minimum at (e,m) =
(1, 0).

The multivariate target h? : Rk → R admits a Hermite expansion in the teacher pre-activations
λ? =W ?x/

√
d,

h?(λ?) =
∑
α∈Nk

aα

k∏
r=1

Heαr(λ
?
r), aα =

1

α!
E

h?(λ?) k∏
r=1

Heαr(λ
?
r)

 . (1.36)

Lifting the degree ` part to the ambient spaceRd gives theHermite tensor of order `,

T` =
∑
α∈Nk

|α|=`

aα sym
(
w?⊗α1

1 ⊗ · · · ⊗w?⊗αk
k

)
∈ (Rd)⊗`. (1.37)

Exactly as in the single-index case (1.30), the escape from initialization (m ≈ 0) is governed
by the leading non-trivial tensor. The population gradient drives the student weights along the
contraction of T` withw itself,

dw
dt

∝ `! b` T`[w
⊗(`−1)], ` = min{|α| : aα 6= 0}, (1.38)

and the overlap vector follows by projection onto the teacher directions,

dmr

dt
=

1

d

〈
w?
r ,

dw
dt

〉
, r ∈ [k]. (1.39)

Here b` is the `-th Hermite coefficient of σ, and T`[w⊗(`−1)] ∈ Rd denotes the contraction of
T` with (` − 1) copies ofw; each such contraction brings down a factor 〈w?

s ,w〉 = dms, so
the drift ofm is a polynomial of degree ` − 1 in the overlaps—the multi-index counterpart of
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them`−1 drift of (1.30). The integer ` = min{|α| : aα 6= 0} is the multi-index analogue of the
information exponent, the lowest degree of the non-trivial Hermite tensors of f?, and, exactly as
in the single-index case, it fixes the costO(d`−1) of the first escape from the flat saddle.

An equivalent formulation, direction by direction, makes the analogy with the single-index case
fully explicit. For each direction v in the teacher subspace V ? = span(w?

1, . . . ,w
?
k), define the

directional information exponent (see Chapter 5) as

`v = min
{
j ≥ 1 : E

[
yHej

(
〈v,x〉

)]
6= 0

}
; (1.40)

then ` = minv∈V ? `v , and the direction achieving the minimum is the one the student aligns
with first. When a single escape suffices, this exponent already coincides with the leap complexity
of Abbe, Adsera, andMisiakiewicz [AAM22] and Abbe, Adserà, andMisiakiewicz [AAM23]; in
general, as we see next, the leap can exceed `.

Staircase dynamics Capturing the staircase dynamics requires the student to also have p ≥ k
neurons,

f(x) =
1

p

p∑
j=1

aj σ

(
wj · x√

d

)
, (1.41)

each with its own overlap vectormj = W ?wj/d ∈ Rk. Every neuron starts from an inde-
pendent random initialization and evolves according to Equation (1.38), so different neurons can
specialize to different teacher directions.

Multi-index learning unfolds as a staircase [AAM22; AAM23; Dan+24a]. At initialization all
overlaps areO(1/

√
d), so all terms in the expansion (1.36) vanish and the dynamics is flat in ev-

ery direction. Neurons first align with the direction v achieving the minimum `v = `, requiring
O(d`−1) samples. Once that direction is weakly recovered, its overlapmr reaches anO(1) value
and henceforth acts as a constant multiplier: every coefficient aα withαr > 0 in (1.36) now con-
tributes a finite term to the correlation rather than vanishing. This lowers the effective directional
information exponent of the remaining directions: the exponent that was `v′ (minimum total
degree with αv′ > 0) becomes the minimum degree in direction v′ alone, which can be strictly
smaller, and the next escape costs fewer samples. The dynamics progresses from saddle to saddle
in turn.

Example 1.3 (The staircase λ?1 + λ?1λ
?
2 + λ?1λ

?
2λ

?
3). Consider the k = 3 target

h?(λ?) = λ?1 + λ?1λ
?
2 + λ?1λ

?
2λ

?
3.

Its only nonzero coefficients in (1.36) sit at

α ∈ {(1, 0, 0), (1, 1, 0), (1, 1, 1)}.

Here ` = 1, set by the linear rung λ?1, and since every rung adds a single new direction the leap is
Leap = 1 as well; the learning happens in 3 steps:

(i) the dynamics escapes the flat saddle alongw?
1 inO(d) samples;
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Figure 1.7: Learning the staircase λ?1 + λ?1λ

?
2 + λ?1λ

?
2λ

?
3 with a matched student architecture:

online SGD (dots) matches the corresponding Saad & Solla equations (lines). Left, overlapsmr;
right, population risk. The staircase (solid) is an effective staircase—learned one direction after
another (m1, then m2, then m3); the bare monomial λ?1λ?2λ?3 (dashed) is too hard and learns
nothing.

(ii) oncem1 = O(1), the quadratic rung reads as λ?1λ?2 ≈ m1 λ
?
2: a linear signal in the second

direction, whose effective degree has dropped to one. Sow?
2 is now leap-one andm2 escapes in

a furtherO(d);

(iii) withm1,m2 = O(1), the cubic rung reads as λ?1λ?2λ?3 ≈ m1m2 λ
?
3 andm3 follows in a

finalO(d). The three phases climb the staircase inO(d) samples in total.

The leap stays at one even though the target has degree three: each overlap, once recovered, lowers
the effective degree of the rung above it to one. The intermediate rungs are precisely what make the
climb cheap: strip them away and the bare top monomial λ?1λ?2λ?3 has leap three, costing O(d2).
Figure 1.7 illustrates both regimes numerically.

The overall cost is therefore set not by the first escape but by the hardest step along the way. Fol-
lowing Abbe, Adserà, andMisiakiewicz [AAM23], the leap is the largest number of new teacher
directions any single step must recover at once, minimized over the order in which the directions
are learned, equivalently, the maximal effective directional exponent met along the staircase. For-
mally, for a set S of already-recovered directions, the effective exponent of a remaining v is the
degree carried by the not-yet-recovered coordinates of the lowest monomial involving v,

`Sv = min
{∑

r:w?
r /∈S αr : aα 6= 0, αv > 0

}
, (1.42)

and the leap is the smallest achievable value of the worst step,

Leap = min
π∈Sk

maxr∈[k] `
Sr−1

w?
π(r)

, Sr−1 = {w?
π(1), . . . ,w

?
π(r−1)}. (1.43)
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It is the leap, not the first-escape exponent `, that fixes the total sample complexityO(dLeap−1):
targets whose directions are all linearly connected (leap one) are recovered inO(d) samples, while
each additional unit of leap raises the cost in direct analogy with (1.32).

Example 1.4 (A disconnected leap: λ?1 + λ?2λ
?
3λ

?
4). The rung λ?1 has directional exponent 1,

while the block λ?2λ?3λ?4, sharing no coordinate with it, has exponent 3. The leap is the maximum,
Leap = 3, so the cost isO(d2) even thoughminv `v = 1.

Example 1.5 (A nested leap: λ?1 + λ?1λ
?
2λ

?
3λ

?
4). The first rung again has exponent 1, but condi-

tioned on recoveringw?
1 the block reduces tom1 λ

?
2λ

?
3λ

?
4, still three new directions at once, effective

exponent 3. So again Leap = 3 and the cost is O(d2), despite the monomial λ?1λ?2λ?3λ?4 having
Leap = 4 in isolation.

1.4.2 Generative exponent

Returning to the single-index setting, the population risk on the sphere isR(m) = const−C(m)
(Equation (1.24)). The gradient with respect to the student weights is therefore

∇wR = −E
[
y σ′(λ)

x√
d

]
,

which is a correlational query: a functional of the input that is linear in the label y. This is the
fundamental constraint of one-pass SGD: each gradient step can only ask “how correlated is y
with this function ofx?”. It is shared by every algorithm that processes each sample exactly once.

The class of algorithms restricted to queries of the form E[y ϕ(x)] for arbitrary ϕ : Rd → R
is called the Correlated Statistical Query (CSQ) model. Damian et al. [Dam+23] established a
CSQ lower bound: no CSQ algorithm can achieve weak recovery of a target with information
exponent `with fewer than d`/2 samples. This bound is strictly tighter than the d`−1 rate of one-
pass SGDfor ` ≥ 3; the gapbetween the two arises from the stochastic fluctuations that dominate
the escape from the flat saddle, which loss smoothing suppresses. The CSQ bound d`/2 is tight:
the partial-trace algorithm of Anandkumar et al. [Ana+17] achieves it by directly estimating the
populationHermite tensorT` via a spectralmethod (seeAppendixA.3); Damian et al. [Dam+23]
propose a gradient-based algorithm on a smoothed loss that achieves the same bound. However,
it is still a CSQ algorithm: it correlates the raw label y linearly with a function ofx, and therefore
cannot break the CSQ barrier.

Both one-pass SGD and the partial-trace algorithm are restricted to querying the label in its raw
form, without prior nonlinear transformation. The key question is: what if we first apply a non-
linear transformation g to the label, and then query E[g(y)ϕ(x)]? The minimumHermite de-
gree for which such a query can be non-zero defines a new exponent. Damian et al. [Dam+24]
formalized this as the generative exponent:

Definition 1.3 (Generative exponent [Dam+24]).

`? = min
{
j ≥ 1 : Ez∼N (0,1)

[
g(h?(z))Hej(z)

]
6= 0 for some g : R → R

}
, (1.44)

where the minimization now ranges over all label transformations g as well as over the Hermite
degree.



24 CHAPTER 1. INTRODUCTION

Since the choice g = id recovers Equation (1.31), one always has `? ≤ `; a nonlinear g can only
lower the exponent, and frequently does so strictly.The transformation g is

target-dependent, but can be
estimated from the data with
a few guesses, as explained in
the original work.

Damian et al. [Dam+24] showed that, when
the partial-trace algorithm is runon a transformed label g(y), the sample complexity of recovering
the hidden direction is governed by `? rather than `: weak recovery is achieved in d`?/2 samples,
saturating the Statistical Query (SQ) lower bound. The algorithmic counterpart of this easy class
was characterized concurrently by Dandi et al. [Dan+24b]: reusing each batch of an extensive
(O(d)) dataset even twice lets a two-layer networkweakly recover any non-even single-index target
(exactly the generative-exponent-one `? = 1 family) inO(d) samples, whereas single-pass SGD
requires polynomially many more steps. The separation between ` and `? can be substantial, as
the following examples show.

Example 1.6 (He3). He3 has information exponent ` = 3, yet because it is odd one can take
g(y) = sign(y) and correlate the transformed label with He1, giving `? = 1. From a practical
standpoint, this means that even the optimal partial-trace algorithm recoversw inO(d3/2) when
restricted to linear queries of the label, but if it is allowed to first transform the label with g(y) =
sign(y) it can recoverw inO(d). See Figure 1.8(a) for a numerical illustration.

Example 1.7 (He4). He4 has information exponent ` = 4, but taking g(y) = y2 allows one to
correlate the transformed label withHe2, giving `? = 2. The complexity drops fromO(d2) under
CSQ toO(d log d); see Figure 1.8(b) for a numerical illustration.

The generative exponent is composition-invariant: no further transformation of the label can
lower it; d`?/2 is a genuine barrier and not an artifact of the query class: problemswith `? > 2 are
hard even for the best first-order method, approximate message passing [Tro+25a]. That analysis
in fact delivers more than the exponent: being optimal among first-order methods, approximate
message passing fixes the sharp weak-recovery thresholds, i.e. the exact critical sample ratio n/d
above which a target with `? ≤ 2 becomes weakly learnable, and shows that no finite ratio suf-
fices once `? > 2.

Displaced gradient SGD achieves the generative exponent rate The generative exponent
sets the complexity lower bound, but can a gradient-based algorithm achieve it agnostically, with-
out prior knowledge of the optimal transformation g? The key mechanism is remarkably simple:
data reuse. When the gradient step uses the same sample twice, as in the displaced gradient al-
gorithm of Chapter 5, the update direction becomes a nonlinear function of y. Concretely, the
displaced gradient first computes a perturbed weight w̃ = w − ρ∇w` and then evaluates the
gradient at w̃ on the same sample:If ρ is positive the method is

known as extragradient, and
if ρ is negative it is known as
sharpness-aware minimiza-
tion.

∇w`
(
f(x; w̃), y

)
= − y σ′(λ̃)

x√
d
, λ̃ =

〈w̃,x〉√
d

.

With ρ = Θ(1)Chapter 5 states the same per-
turbation with ρ = ρ0/d;
that chapter works with the
raw pre-activation 〈w,x〉
rather than the 1/

√
d-

normalized λ used here,
and the two conventions
agree once the extra factor of√
d from λ = 〈w,x〉/

√
d

is accounted for.

, the perturbed pre-activation λ̃ = λ+ ρ y σ′(λ) ‖x‖2/d receives anO(1) per-
turbation that is a nonlinear function of y (because ‖x‖2/d→ 1). Taylor-expanding σ′ around
λ generates higher-order correlational queriesE[p(y)ϕ(x)] for a polynomialpdetermined by the
activation

∇w`
(
f(x; w̃), y

)
≈ − x√

d

(
y σ′(λ) + ρ y2 σ′(λ)σ′′(λ) +

ρ2

2
y3 σ′(λ)2σ′′′(λ) + · · ·

)
,
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Figure 1.8: Information exponent vs. generative exponent: separation in sample complex-
ity (fromChapter 5). Bothpanels plot the teacher–student overlapm as a functionof thenumber
of gradient steps T , for one-pass SGD (crosses) and the displaced gradient algorithm (circles) at
several values of d. (a) Target He3 has ` = 3 but `? = 1 (the label can be sign-transformed to
produce a linear-exponent query): one-pass SGD requiresO(d2) steps, while the displaced gra-
dient recovers the teacher inO(d). (b) Target He4 has ` = 4 but `? = 2 (it is even, so `? ≥ 2):
one-pass SGD needsO(d3) steps, while the displaced gradient achieves recovery inO(d log d).

so the network implicitly synthesizes the label transformation, providedσ has higher-order deriva-
tives. This result is formalized in the following theorem: The theorem is stated only

for `? ≤ 2 because if h? is a
polynomial, then `? ≤ 2, as
proved in Chapter 5. There
is no guarantee of the exact
same sample complexity for
`? > 2, but it cannot be
better than the SQ lower
bound d`

?/2 ≥ d
3
2 (the last

inequality holding because
`? ≥ 3 in this regime).

Theorem 1.3 (Informal version of Chapter 5). The displaced gradient algorithm of Chapter 5,
which sees each sample exactly twice, achieves weak recovery of any polynomial single-index target
with generative exponent `? in

n =

{
O(d) `? = 1,

O(d log d) `? = 2.
(1.45)

This is the same sample-complexity table as (1.33), with ` replaced by `?. Since `? ≤ `, the
displaced gradient is always at least as efficient as one-pass SGD and strictly better whenever `? <
`.

In the multi-index setting, data reuse extends the staircase hierarchy. One-pass SGD follows the
CSQ staircase of Abbe, Adserà, andMisiakiewicz [AAM23]: each phase aligns with the direction
of smallest directional information exponent and the cost of each step scales as d`v−1. With the
displaced gradient, the staircase is governed by the generative exponent instead, enabling an SQ
staircase over a strictly larger class of functions. The same object is called the

grand staircase by Troiani
et al. [Tro+25a], in the setting
of approximate message
passing; we keep SQ staircase
to stress that the climbable
hierarchy is the one set by the
generative (SQ) exponent.
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Figure 1.9: An SQ staircase that SGD cannot climb (from Chapter 5). Maximum cosine sim-
ilarity between the student neurons and each teacher direction—w?

1 (blue), w?
2 (orange), w?

3

(green)—as a function of the normalized iteration time, for the displaced gradient on the target
h?(λ?) = He4(λ?1)+ sign(λ?1λ?2λ?3). Using repeated data gradient descent (EgD), the first direc-
tion is weakly recovered inO(d log d) steps through its generative exponent `? = 2; that overlap
then unlocks the remaining two in a further O(d log d). One-pass SGD cannot start the climb
at all: the two components have information exponents ` = 4 and ` = 3, so no rung is CSQ-
accessible.

Example 1.8 (SQ staircase). A canonical example is

h?(λ?) = He4(λ?1) + sign(λ?1λ
?
2λ

?
3).

TheHe4 component has ` = 4, `? = 2, and the displaced gradient weakly recovers the first direction
inO(d log d) steps; oncem1 = O(1), the sign component, which has ` = `? = 3, becomes learnable
and is recovered in a second O(d log d) phase. The same function is invisible to the CSQ staircase
because its first direction has `v = 4. A numerical illustration is shown in Figure 1.9.

Together, the three exponents trace the arc of this thesis: the information exponent fixes the cost
of one-pass SGD on a single-index target, the leap exponent lifts it to the multi-index staircase,
and the generative exponent marks the lower limit that becomes reachable once we step beyond a
single pass.



Chapter 2

From high-dimensional & mean-field
dynamics to dimensionless ODEs:
A unifying approach to SGD in
two-layers networks

Luca Arnaboldi, Ludovic Stephan, Florent Krzakala, and Bruno Loureiro

Abstract. This manuscript investigates the one-pass stochastic gradient descent (SGD)
dynamics of a two-layer neural network trained on Gaussian data and labels generated by a
similar, though not necessarily identical, target function. We rigorously analyse the limit-
ing dynamics via a deterministic and low-dimensional description in terms of the sufficient
statistics for the population risk. Our unifying analysis bridges different regimes of interest,
such as the classical gradient-flow regime of vanishing learning rate, the high-dimensional
regime of large input dimension, and the overparameterised “mean-field” regime of large
network width, covering as well the intermediate regimes where the limiting dynamics is de-
termined by the interplay between these behaviours. In particular, in the high-dimensional
limit, the infinite-width dynamics is found to remain close to a low-dimensional subspace
spanned by the target principal directions. Our results therefore provide a unifying picture
of the limiting SGD dynamics with synthetic data.

2.1 Introduction

A detailed understanding of the performance of stochastic gradient descent (SGD) in neural net-
works is a major endeavor in machine learning, and significant progress was achieved in the con-
text of large two-layer neural networks. In particular the optimization over wide two-layer neu-
ral networks can be rigorously studied using a well-defined partial differential equation (PDE)
[MMN18; CB18; RV22; SS20]. A consequence of these results is the global convergence of over-
parametrized two-layer networks towards perfect learning provided that the number of hidden

27
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neurons is large, the learning rate is sufficiently small, and enough data is at disposal. This line
of work is commonly referred to as the mean-field limit of neural networks. The phenomenol-
ogy in this regime was also studied for synthetic data with simple target functions by [MMM19;
AAM22].

Interestingly, the SGDdynamics of two-layer neural networks trained on synthetic Gaussian data
was considered as early as in the seminal work of [SS95b; SS95a; SS96], and has witnessed a re-
newal of activity over the last few years [Ver18; Gol+19; Vei+22; BGJ22]. However, differently
from the mean-field limit, these works investigated the opposite limit of fixed hidden layer width
and diverging data dimension, and studied the limiting SGD dynamics through a set of ordinary
differential equations (ODEs).

Given these different limits, one may naturally wonder what is the relation, if any, between these
sets of works. More generally, given data in dimension d and a two-layer network with p hidden
units trained by SGDwith a learning rate γ, one might inquire about the different regimes beside
the mean-field (p → ∞) and high-dimensional (d → ∞) ones. This is the question investi-
gated in this work. We consider a two-layer network trained on Gaussian data and labels given
by a similar, though not necessarily identical, two-layer neural network target (hereafter also re-
ferred to as the teacher), and investigate the one-pass stochastic gradient descent (SGD) dynamics
as a function of the relevant parameters d, p and γ. As summarized in Figure 2.1, we show that
as long as γ/dp → 0+, a unifying deterministic description can be provided. In particular, our
description recovers all the previously studied limits (mean field, high-dimensional and the classi-
cal gradient flow regime) and builds a bridge between them in a unified formalism. Namely, our
main contributions are:

• Starting from the general approach of [SS95b; SS96], we build on the non-asymptotic re-
sults [Vei+22] and show how it allows to describe the entire phase space in Figure 2.1, that
interpolates between the high-dimensional, classical, and mean-field limits.

• We unveil a remarkable dimension independence in the classical gradient-flow limit: once
the initial conditions are given, the dynamics in terms of the sufficient statistics turns out
to be entirely independent of the data dimension d.

• We explicitly construct the mean-field solution starting from the ODEs in the mean-field
regime, bridging the hitherto different worlds of [SS95b; SS96] with the mean-field “hy-
drodynamic” approach. More precisely, for p→ ∞, we show how theODEs simplify and
give rise to amean-field PDE, thanks to a decoupling of the learning dynamics that is found
to remain close to a low-dimensional subspace spanned by the target principal directions.

• We further discuss how the SGD dynamics in the mean-field regime behave differently
whether the input dimension d is small or large, leading to different finite-d and high-d di-
mensionlessPDEs. This generalizes the recent “dimension-free” results in [HC23;AAM22].

• We provide a numerical solver for these equations. A GitHub repository with the code
employed in the present work is available on GitHub repository1. Additionally, we discuss

1https://github.com/IdePHICS/DimensionlessDynamicsSGD

https://github.com/IdePHICS/DimensionlessDynamicsSGD
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Figure 2.1: We discuss a unifying low-dimensional description of the one-pass SGD dynamics
Equation (2.3) for two-layers neural networks as γ/dp → 0+. This includes, in particular, the
mean-field (p → ∞), the high-dimensional (d → ∞) and the classical gradient flow (γ → 0)
limits.

the interesting case of quadratic activation that allows to drastically reduce the complexity
of the ODEs & PDEs.

Related work — Stochastic gradient descent was first introduced [RM51] as a stochastic ap-
proximation method, and later applied as an approximation to population risk minimization in
[BC03; BB07]. Its properties have been extensively studied for finite learning rate and input di-
mension in the strongly convex setting [Pfl86; MB11; DFB17; DDB20], and more recently in
convex problems in the interpolating regime [MBB18; VBS19; Zou+21; VPF21], to cite a few.
High-dimensional limits of SGD were studied in [Ver18; BGJ21] for non-convex, single-index
models. Recently, [BGJ22] has generalized and abstracted this discussion.

In the context of two-layer neural networks, the high-dimensional limit of SGD draws back from
the seminal work of [SS95b; SS95a; SS96] and was subsequently studied by many authors un-
der different settings [BS95; CC95; BRW96; Gol+19; Gol+20; Gol+22; Ref+21]. The infinite-
width (a.k.a. mean-field) limit of the SGD dynamics of two-layer neural networks was studied by
[MMN18; CB18; RV22; SS20], who proved global convergence under certain conditions on the
architecture and initialization. A bridge between these two limits was discussed by [Vei+22], who
studied the joint limit where the hidden-layer width and the learning rate scale with the diverging
input dimension.

Closer to us, dimension-free limits of the mean-field equations have been derived by [AAM22]
for low-dimensional target functions in the hypercube and by [HC23] for ReLU networks when
the target is invariant under certain symmetries. [BPF22] has proven global convergence of the
gradient flow dynamics at finite width for orthogonal input data.
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2.2 Setting

In this manuscript we consider a supervised learning regression task where we are given n inde-
pendent samples (xν , yν)ν∈[n] ∈ Rd+1 from a probability distribution ρ. We are interested in
the problem of learning the training data with a (fully-connected) two-layer neural network:

fΘ(x) =
1

p

p∑
i=1

aiσ(w
>
i x), (2.1)

where Θ = (a,W) ∈ Rp(d+1) denote the trainable parameters and σ : R → R the acti-
vation function. Since one of our goals is to connect with this line of work, for convenience
we have adopted the mean-field normalization [MMN18; CB18; RV22; SS20]. As usual, train-
ing is performed via empirical risk minimization, where the statistician chooses a loss function
` : (fΘ(x), y) ∈ R2 7→ `(fΘ(x), y) ∈ R+ penalizing deviations from the true labels and op-
timizes the training parametersΘ by minimizing the loss over the training data. As it is common
in regression, we use the square loss `(ŷ, y) := 1/2(ŷ− y)2, and focus on the generalization error
or population risk:

R(Θ) := E(x,y)∼ρ

[
1

2
(fΘ(x)− y)2

]
(2.2)

Training algorithm: This empirical risk minimization problem being non-convex, different
optimization algorithms might reach different minima. Our goal is to characterize the training
dynamics of two-layer networks under one-pass stochastic gradient descent:

Θν+1 = Θν − γ∇Θ`(fΘν (xν), yν), ν ≤ n (2.3)

Note that in one-pass SGD, a fresh sample of data is used to estimate the gradient at each step,
and therefore the quantity of data seen by the algorithm coincides with the number of steps. In
particular, thismeans that at each step ν we have a randomunbiased estimation of the population
gradientwhich is uncorrelated to the previous step, defining aMarkov chain. It is useful to rewrite
Equation (2.3) by making explicit the effective noise of the process:

Θν+1 = Θν − γ∇ΘR(Θν) + γεν , εν := ∇Θ

[
R(Θν)− `(fΘν (xν), yν)

]
(2.4)

which is a zero mean random variable. Therefore, characterizing the training dynamics of one-
pass SGD translates into characterizing this stochastic process.

Data model: Stochasticity in Equation (2.3) is induced by the draw of samples (x, y) ∼ ρ.
In the following, we will assume that the input xν are Gaussian xν ∼ N

(
0d, 1/dId

)
while yν is

drawn from the following generative model:

yν =
1

k

k∑
r=1

a?rσ
?(w?

r
>xν) +

√
∆zν , zν ∼ N (0, 1) (2.5)
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In other words, the target function fΘ? is itself a two-layer neural networkwith parametersΘ? =
(a?,W?) ∈ Rk(d+1) and activationσ?. This setting, commonly refereed to as the teacher-student
scenario, provides a rich data model for studying generalization, and has been employed both in
the analysis of one-pass SGD [SS96; Gol+19; Vei+22] but also more broadly in high-dimensional
statistics [Lou+21]. In particular, wewill bemostly interested in the realizable scenariowherek ≤
p, and therefore the minimum of the population risk in Equation (2.2) is achieved by perfectly
learning the target.

Technical assumptions: We assume that the SGD dynamics remains in a bounded subset of
Rp×d:

Assumption 2.1. Onan eventwith high probability, the SGD iterates are bounded in the following
sense: for someK > 0, we have

∀i ∈ [p], ‖wi‖2 ≤ K. (2.6)

This assumption can be easily checked on either the simulations or their deterministic approxi-
mations (see below), or otherwise enforced with a weight decay (as in [WJ22]).

Assumption 2.2. The student activation function σ is twice differentiable, with ‖σ(i)‖∞ ≤ K
for i = 0, 1, 2. The teacher activation σ? is also upper bounded byK .

Note that in some plots, we will sometimes use the function σ(x) = x2, which does not satisfy
this assumption. However, Assumption 2.1 ensures thatwe stay in a bounded subset ofRd, hence
we can replace σ by σ ∧K forK sufficiently large.

Simplifying assumptions: Sincemost of the interestingphenomenologyhappens at thehidden-
layer, to lighten the discussion in the following we will focus on the case in which a?r = 1 and
aνi = 1 are fixed throughout learning and p is divisible by k. All of the discussion that follows
can be readily generalized to the case in which aν is learned and p ≥ k generically. We shall also
assume that the teacher matrix W? is full rank; this can be avoided with a more careful definition
of projections, but complicates the analysis.

2.3 The three limit regimes and their dimensionless description

As discussed before, the optimization problem introduced in Section 2.2 defines a non-convex
optimization problem. Moreover, modern neural networks operate in a regime where both the
data dimension d and the number of parameters in the network p are large. Therefore, charac-
terizing the evolution of the weights Θν ∈ Rp(d+1) amounts to studying p(d + 1) non-linear,
coupled, non-convex stochastic process - a challenging problem even for numerical methods. As
motivated in the introduction Section 2.1, in this section we derive a tractable, low-dimensional
description for SGD in different regimes of practical interest.
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2.3.1 Main concepts

Sufficient statistics: A first observation is that the performance of the predictor (Θν)ν≤n at
iteration ν ≤ n only depends on the statistics of the student and teacher pre-activations

λν := Wνxν ∈ Rp, λ?ν := W?xν ∈ Rk (2.7)

Moreover, since xν is Gaussian and independent of (Wν ,W?), the pre-activations are jointly
Gaussian vectors (λν ,λ?ν) ∼ N (0p+k,Ω

ν)with covariance:

Ων :=

(
Qν Mν

Mν> P

)
=

(
1/dWνWν> 1/dWνW?>

1/dW?Wν> 1/dW?W?>

)
∈ R(p+k)×(p+k) (2.8)

which is the sufficient statisticsmatrix for the population risk in Equation (2.2). Massaging Equa-
tion (2.3), we can derive a closed set of stochastic processes governing the evolution of the suffi-
cient statistics:

Mν+1
ir −Mν

ir =
γ

pd
σ′(λνi )λ

?ν
r Eν

Qν+1
ij −Qνij =

γ

pd

(
σ′(λνi )λ

ν
j + σ′(λνj )λ

ν
i

)
Eν + γ2 ||xν ||22

p2d
σ′(λνi )σ

′(λνj )Eν
2

(2.9)

where we defined for convenience the displacement vector

Eν := 1

k

k∑
r=1

σ?(λ?νr )− 1

p

p∑
j=1

σ(λνj ) +
√
∆zν . (2.10)

Note that so far we havemade no approximations: these equations are exact, and allow us to trade
the p(d + 1) dimensional process forΘν in Equation (2.3) for a p(k + p) dimensional process
for (Mν ,Qν). This can be particularly convenient if d� k, p.

The process in Equation (2.9) has been previously studied in different limits and particular cases.
For instance, [TV23] studied the stochastic dynamics in particular case ofk = p = 1 andσ(x) =
x2, also known as phase retrieval, and [BGJ21] extended this discussion for arbitrary σ. More
important to our work, [SS95b; SS96] has shown that this process admits a deterministic limit
when d→ ∞ at fixed p, γ, characterized by the following ODE:

dM
dt

= Ψ(M)(Ω),
dQ
dt

= Ψ(GF)(Ω) +
γ

p
Ψ(Var)(Ω), (2.11)

where the right-hand side functions are defined by the following equations.

Ψ
(M)
ir (Ω) = E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λi)λ

?
rE
]

Ψ
(GF)
ij (Ω) = E(λ,λ?)∼N (0p+k,Ω)

[(
σ′(λi)λj + σ′(λj)λi

)
E
]

Ψ
(Var)
ij (Ω) = E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λi)σ

′(λj)E2
] (2.12)

As will be discussed later in Section 2.3.2, the superscript notation for the right-hand side is sug-
gestive of their interpretation. This convergence was made rigorous by [Gol+19] and [Vei+22],
who showed the following non-asymptotic result:
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Theorem 2.1 ([Vei+22]). We place ourselves under Assumptions 2.1-2.2. Let Ων be the random
process of Equation (2.9), andΩ(t) the solution to the ODE (2.11) with starting pointΩ(0) = Ω0.
Define the step-size δt = γ/pd, and assume that γ/p = O(1). Then there exists a constantC > 0
such that for any ν ≥ 0,

‖Ων − Ω(νδt)‖∞ ≤ eCνδt
√

γ

pd
(2.13)

[Vei+22] also described the behavior of Ω for various choices of γ and p. In particular, when
γ/p� 1, Equations (2.11) reduce to the following simpler ones:

dM
dt

= Ψ(M)(Ω),
dQ
dt

= Ψ(GF)(Ω) (2.14)

Ourkeyobservation is that thedeterministic description above is validbeyond thehigh-dimensional
limit d → ∞ on which previous works [SS95b; Gol+19; Vei+22] have focused. Indeed, Theo-
rem 2.1 is non-asymptotic in (d, p, γ), and can thus be applied in any setting where γ/pd � 1.
This is leveraged to provide a tractable, low-dimensional description of SGD in different scenarios
of interest which we summarize in Figure 2.1.

2.3.2 The classical regime

The first and most well-studied scenario is the classical regime in which γ → 0+ at fixed dimen-
sions d, p = O(1). Defining the continuous weight Θν = Θ(νδt) via linear interpolation, a
classical result from stochastic optimization [RM51] is that one-pass SGD converges to gradient
flow on the population risk:

dΘ(t)

dt
= −∇ΘR(Θ(t)) (2.15)

Or in words: the effective SGD noise εν in Equation (2.4) is subleading in this limit. Note that
this is a deterministic ordinary differential equation of dimension p(d+ 1). Since d, p = O(1),
if they are small Equation (2.15) provides a computationally efficient description of the SGD dy-
namics, since it can be easily implemented and solved in a computer. Nonetheless, an alternative
description can be derived from the sufficient statistics of Equation (2.8). Indeed, Theorem 2.1
guarantees that in the limit γ → 0+, the stochastic process in Equation (2.9) converges to the
deterministic limit of Equation (2.14). This ODE can be easily seen to be equivalent to the one
of (2.15), through the following identity:

d〈wi,wj〉
dt

=

〈
wi,

dwj

dt

〉
+

〈
dwi

dt
,wj

〉
This gives rise to ordinary differential equations in p(k+p) parameters. Therefore, depending on
the values of (d, p), it can offer a more compact description of the evolution of the performance
of the predictor than Equation (2.15).

As it was previously hinted by the notation, Equation (2.14) also provides an intuitive interpreta-
tion of the right-hand side of the stochastic process (2.9). Indeed, the terms proportional to γ/pd
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in Equation (2.9) correspond exactly to the terms inside the expectation in Equation (2.14), and
correspond to the projection of the population gradient along the weights (Θ,Θ?). The remain-
ing term, which is proportional to γ2/p2d, comes from the variance of the effective noise ε, which
is subleading in the limit γ → 0+. This agrees with the characterization of the terms given in
[BGJ22], where an additional Brownian motion correction term at finer scales is also derived.

In Figure 2.2 (left) we plot the trajectories of individual neurons in the space spanned by the
two target neurons (k = 2); Mjr/

√
QjjPrr is the (normalized) scalar product between wj and

w∗
r . While, initially, all neurons are moving towards the superposition of the two teacher weights

((
√
2/2,

√
2/2), yellow dot), in the last phase of learning they “specialize” and split evenly to one of

the two ((1, 0), (0, 1), red squares). Note how the ODE trajectories closely follow the simulated
ones, given the specific initialization.

Finally, our results imply a remarkable dimension independence property: Differently from
(2.15), the alternative description (2.14) turns out to be independent of the data dimension d.
Given the initial conditions of the sufficient statistics (the overlaps), then the trajectories will be-
have exactly in the samewaywhetherd is large or small (see the illustration in Figure 2.2 (right)).
This remarkable property is a direct consequence of the Gaussianity assumption on the data.
Note, of course, that dimensionality still plays a crucial role through the initialization. Indeed,
for the typically employed random initialization θ0i ∼ N (0d, ς

2Id), the initial correlation be-
tween the hidden-units and the target, parameterized byM0

rj ∼ 1/
√
d, explicitly depends on d.

SinceM = 0 is often a fixed-point of the dynamics, d = O(1) or d � 1 will lead effectively to
different behaviors.

2.3.3 The high-dimensional regime

Modern machine learning practice often involves high-dimensional data. As early as in [SS95b;
SS96] it has motivated the study of the d → ∞ limit of the SGD dynamics (2.4), under the
assumption of fixed learning rate and model complexity p, γ = O(1). This setting has wit-
nessed a renewal of interest recently [Ver18; Gol+19; Vei+22; BGJ22]. In particular, a remark-
able phenomenon arises: differently from the classical limit Equation (2.14) discussed above, in
high-dimension the variance term induced by the SGD effective noise yields an explicit contribu-
tion to the limiting dynamics (2.11). This term can yield a finite risk contribution at large times
even for architectures for which the population gradient flow would otherwise converge to zero
population risk (i.e. perfect learning of the target fΘ?), so that the large time dynamics plateau at
finite risk (see for instance [Gol+19; BGJ22]). This is a major difference between the classical and
high-dimensional regime.

For strongly convex problems, it is known that SGDwith fixed learning rate γ converges to a sta-
tionary distribution of variance∝ γ [Pfl86; DDB20], leading to an asymptotic risk that closely
resembles the one observed by [SS95b] in the high-dimensional regime. This suggests a similar
phenomenology in the basin of the globalminima, althoughmaking this statement precise is chal-
lenging due to the non-convexity of the risk for two-layer networks. As noted by [Vei+22], this
noise term is subleading in γ/p, and can be mitigated by either taking γ → 0+ (i.e. seeing a lot of
data) or overparametrizing p → ∞. However, since Equations (2.11) are a system of p(p + k)
ordinary differential equations, they become intractable in the limit p → ∞, which is a major
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Figure 2.2: Dimension independence of the dynamics in the classical regime: Comparison
between the simulated SGD dynamic and the analytical one obtained by integrating the differen-
tial equations. All the plots are using σ = erf(·/√2). (Left) Trajectories for the cosine similar-
ity between each network neuron and the target; time evolution in simulation is blue to green,
ODE trajectories in orange (k = 2, p = 10, γ = 5 × 10−2,∆ = 0). (Right) Different low-
dimensional simulations, starting from the same identical initial condition (k = 5, p = 10, γ =
5× 10−2,∆ = 10−3).

shortcoming of this description.

2.3.4 The overparametrized regime

In both the classical and high-dimensional regimes, the effective description of the SGDdynamics
rely on quantities which scale with the hidden-layer width p, and therefore they are not adequate
to wide models. Yet, in many scenarios of interest we need to deal with wide, overparametrized
networks. The problem of finding an effective low-dimensional description of one-pass SGD for
the overparametrized regime p→ ∞was first addressed by [MMN18; CB18; RV22; SS20]. The
key idea in this line of work is to define an empirical density over the weights θνi := (aνi ,w

ν
i ):

µ̂νp(θ) =
1

p

p∑
i=1

δ(θ − θνi ) (2.16)

and to derive a closed-form update for the density µ̂νp(θ) from the SGD update of the weights,
Equation (2.4). In the limit p→ ∞, thoseworks have shown that the empirical density converges
to an asymptotic density over Rd+1, which for sufficiently small learning rate satisfies a partial
differential equation (PDE) that became known in the literature as themean-field limit. Drawing
from the theory of PDEs and optimal transport, this description allowed for the derivation of
important mathematical guarantees on the dynamics, such as the global convergence of SGD for
two-layer neural networks.
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However, the empirical measure µ̂νp is defined onRd+1, so a problem still remains when d is large.
Indeed, as remarked in [BC22] it remains challenging to draw quantitative results from this de-
scription except for considerably low-dimensional data. However, since in our setting the target
function (2.5) only acts on a low-dimensional subspace ofRd, it is possible to exploit the symme-
tries of the problem to derive an approximation of constant dimension. This low-dimensional
equivalent stems from invariance properties of mean-field equations, which were also used in
[AAM22] and studied in depth in [HC23]. However, [AAM22] only considers the d → ∞
limit, while we derive a limit that is valid for any value of d. [HC23], on the other hand, is closer
to our work (see e.g. their Lemma 4.2), but only handles the approximation of the dynamics by
PDEs instead of ODEs.

Decomposing the dynamics: The starting point of this low-dimensional description is the
decomposition ofW as

W =Wproj +W⊥, (2.17)

whereWproj is the orthogonal projection on the teacher vectorsW ?. This projection can be ex-
pressed using the sufficient statistics defined in Equation (2.8):

W =MP−1W ? +W⊥. (2.18)

Similar to (2.7), we can then define the orthogonal pre-activations and its covariance matrix:

λ⊥ν =W⊥νxν (2.19)
Q⊥ = 1/dW⊥(W⊥)> = Q−MP−1M>. (2.20)

Since we are in a regime where γ/p� 1, the ODE approximation of SGD corresponds to Equa-
tion (2.14). From there, with a little algebra (see Appendix B.2), we can derive the corresponding
equations forQ⊥:

dQ⊥
ij

dt
= E(λ⊥,λ)

[(
σ′(λi)λ

⊥
j + σ′(λj)λ

⊥
i

)
E
]
:= Ψ⊥

ij(Ω). (2.21)

Low-dimensional approximation: Informally, the interesting part of the dynamics happens
in a low-dimensional space: the one spanned by the target weightsW ?. The remainder of the
dynamics only depends on the student-student vector interactions, which are orthogonally in-
variant. We therefore make the following assumption to enforce this invariance at the start:

Assumption 2.3. The initial vectors (w1, . . . ,wp) are drawn i.i.d from an orthogonally invari-
ant and K2/d-subgaussian distribution µ0, for some constantK > 0.

We show in the appendix howwe can then approximate the dynamics by only tracking the evolu-
tion ofM and diag(Q⊥), and using the following ansatz:

w⊥
i ≈

√
d q⊥ii · gi, (2.22)
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where gi are i.i.d uniform random variables on Sd−k−1 independent from the q⊥ii . More pre-
cisely, we consider the reduced parameters Θ̃ = (M, q) ∈ Rp(k+1), and the followingmean-field
equivalent of the overlaps:

Ω̃ =

(
Q̃ M
M> P

)
, Q̃ =MP−1M> +D√

qΞD√
q (2.23)

whereD√
q is the diagonal matrix whose entries are the

√
qi, andΞ is a randommatrix with inde-

pendent entries such that

Ξii = 1, Ξij = 〈g, g′〉 with g, g′ ∼ Unif
(
Sd−k−1

)
Then, the mean-field ODEs read

dM
dt

= EΞ

[
Ψ(M)(Ω̃)

] dqi
dt

= EΞ

[
Ψ⊥
ii (Ω̃)

]
. (2.24)

Similarly, given the parametersΘ, the risk is computed as

R(Θ̃) = EΞ

[
R(Ω̃)

]
(2.25)

The consistency of this approximation is given by the following theorem:

Theorem 2.2. UnderAssumptions 2.2 and2.3, letΩ(t)and Θ̃(t)denote the solutions of theODES
(2.14) and (2.24), respectively. Then with probability at least 1− e−z

2 on the initialization:

sup
t∈[0,T ]

∣∣R((t))−R(̃(t))
∣∣ ≤ CeCT

(√
log(pT ) + z

)
/
√
p.

Theproof is given inAppendixB.3. It uses key elements from themean-field study of [MMM19].
Indeed, both the solutions of (2.14)& (2.24) can be viewed as the “particle dynamics” approxima-
tions (see e.g. [Che17]) of two mean-field PDEs µt, µ̃t on the space of network weightsw ∈ Rd
and the space of reduced parameters (m, q) ∈ Rk+1, respectively. In turn, the invariance prop-
erty of µ0 extends to µ̂t for every t ≥ 0, which implies thatR(µt) = R(µ̃t).

Remark 2.1. Wedo not imply in anyway, shape or form that Equation (2.22) represents the actual
distribution of the w⊥

i , or that (as in (2.23)) the entries of Q⊥ are independent. Rather, it is the
structure of the update equations that allows for this approximation to hold.

The high-dimensional limit of mean-field: When d → ∞, the off-diagonal entries of the
matrix Ξ are of order 1/√d, which suggests that they can be neglected safely. We therefore define
the following equivalent of Ω̃, which does not depend on auxiliary random variables:

Ω̄ =

(
Q̄ M
M> P

)
, Q̄ =MP−1M> + diag(q) (2.26)

The following lemma then holds:
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Figure 2.3: The mean-field regime: Comparison between population risks of the simu-
lated learning dynamic and the corresponding deterministic evolution, for (left) mean-field low-
dimensional regime with squared activation function (k = 2, d = 5, γ = 1,∆ = 0) and (right)
mean-field high-dimensional regime. Apart from finite size effects, there is agreement between
ODEs and simulated dynamics (k = 5, d = 1000, γ = 10).

Lemma 2.1. For any (M, q) ∈ Rp(k+1), we have:∥∥∥∥EΞ

[
Ψ(M)(Ω̃)

]
−Ψ(M)(Ω̄)

∥∥∥∥
∞

≤ C√
d
, and

∥∥∥∥EΞ

[
Ψ(⊥)(Ω̃)

]
−Ψ(⊥)(Ω̄)

∥∥∥∥
∞

≤ C√
d
.

(2.27)

We thus define the high-dimensional equivalent of (2.24):

dM
dt

= Ψ(M)(Ω̄)
dqi
dt

= Ψ⊥
ii (Ω̄). (2.28)

The same propagation of perturbations arguments discussed in Appendix B of [Vei+22], and the
Lipschitz property of the risk, easily imply the following theorem:

Theorem 2.3. Under Assumptions 2.2 & 2.3, letΩ(t) and Θ̄(t) denote the solutions of the ODES
(2.14) and (2.28), respectively. Then with probability at least 1− e−z

2 on the initialization:

sup
t∈[0,T ]

∣∣R(Ω(t))−R(Θ̄(t))
∣∣ ≤ CeCT

(√
log(pT ) + z

√
p

+
1√
d

)

This approximation eliminates the need to compute expectations in (2.24). We now argue that
this phenomenon is not only a consequenceof rotation invariance, but also a simple concentration
result. Indeed, irrespective of Assumption 2.3, we show the following result:∣∣∣∣Eλ?,λ⊥∼N (0,Ω)

[
σ(λi)λ

⊥
i E
]
− Eλ?,λ⊥∼N (0,Ω̄)

[
σ(λi)λ

⊥
i E
]∣∣∣∣ ≤ c

√
Q⊥
ii ·

‖Q⊥‖op
p

,

(2.29)
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For a random sub-gaussian initialization, classical matrix concentration arguments (see [Ver18],
Theorem 4.4.5) imply

‖Q⊥‖op = O

(
1 +

p

d

)
and common sense arguments (the presence of an attracting force towardsQ⊥ = 0) indicates that
this quantity stays within the same order of magnitude. On the other hand, by Assumption 2.1,
theQii (and hence theQ⊥

ii ) remain bounded by an absolute constant during the trajectory. We
therefore expect, using standard results fromODE perturbation, that

‖Ω̄(t)− Ω̃(t)‖∞ ≤ eCt

(√
1

p
+

√
1

d

)
. (2.30)

Contrary to the low-dimensional regime and the theorem above, this derivation does not require
any rotation invariance of thew⊥

i ; simply, the averaging properties ofΨ(M) are enough to show
direct concentration properties on the dynamics.

It is instructive to look at a concrete example where the phenomenology discussed above becomes
explicit. Perhaps the simplest one is given by the square activation σ(x) = x2, for which the ex-
pectation in Equation (2.12) can be explicitly expressed in terms of polynomials of the covariance
matrices (Qν ,Mν , P) (see Appendix B.5 for the derivation):

Ψ(M)(Ω) = 2

(
Tr [P]
k

− Tr [Q]
p

)
M+ 4

(
MP
k

− QM
p

)
Ψ(GF)(Ω) = 4

(
Tr [P]
k

− Tr [Q]
p

)
Q+ 8

(
MM>

k
− Q2

p

)

Ψ(⊥)(Ω) = 4

(
Tr [P]
k

− Tr [Q]
p

)
Q⊥ − 4

p

(
QQ⊥ +Q⊥Q

)
.

(2.31)

Similarly, the population risk as a function of the sufficient statistics reads:

R(Ω) =
Tr [P]2 + 2Tr

[
P2
]

2k2
−
Tr [P]Tr [Q] + 2Tr

[
MM>

]
pk

+
Tr [Q]2 + 2Tr

[
Q2
]

2p2
+

∆

2
.

(2.32)

The high-dimensional mean field limit is then particularly simple. Recalling the definition of Ω̄
in Equation (2.26), we obtain the explicit equations by replacing Ω with Ω̄. The situation is,
however, different for the low-dimensional mean-field limit, due to the randomness introduced
by matrixΞ. The ODEs and the risk, given the parameters Θ̃, are

EΞ

[
Ψ(M)(Ω̃)

]
= Ψ(M)(Ω̄) EΞ

[
Ψ(noise)(Ω̃)

]
= Ψ(noise)(Ω̄)

EΞ

[
Ψ⊥
ii (Ω̃)

]
= Ψ⊥

ii (Ω̄)−
8

p

∑p
j=1,j 6=i qj

d− k
qi

EΞ

[
R(Ω̃)

]
= R(Ω̄) +

1

p2

∑p
i=1

∑p
j=1,j 6=i qiqj

d− k
.

(2.33)
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In this case, the low-dimensional corrections are therefore just additive terms. As expected, these
corrections vanish when d → ∞, where we fall back to the high-dimensional mean-field. Con-
versely, when d = k the correction diverges, but we don’t need to track q anymore since the
teacher weights are spanning the whole spaceRd, and the orthogonal space is null; henceQ⊥ = 0
and this is a stable point of the dynamics. In Figure 2.3 we show some numerical experiments
using this activation function; for a more detailed discussion see Appendix B.6.

2.4 Conclusion

Our work provides a comprehensive analysis of the one-pass SGD dynamics of two-layer neural
networks. The study bridges different regimes of interest, offers a unifying picture of the limiting
SGD dynamics, sheds light on the behavior of neural networks trained on synthetic data and, we
believe, provides a useful tool for further investigations of the performance of these networks.
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Chapter 3

Escaping mediocrity:
how two-layer networks learn hard
generalized linear models with SGD

Luca Arnaboldi, Florent Krzakala, Bruno Loureiro, and Ludovic Stephan

Abstract. This study explores the sample complexity for two-layer neural networks to
learn a generalized linear target function under Stochastic Gradient Descent (SGD), focus-
ing on the challenging regime where many flat directions are present at initialization. It is
well-established that in this scenarion = O(d log d) samples are typically needed. However,
we provide precise results concerning the pre-factors in high-dimensional contexts and for
varying widths. Notably, our findings suggest that overparameterization can only enhance
convergence by a constant factor within this problem class. These insights are grounded in
the reduction of SGDdynamics to a stochastic process in lower dimensions, where escaping
mediocrity equates to calculating an exit time. Yet, we demonstrate that a deterministic ap-
proximation of this process adequately represents the escape time, implying that the role of
stochasticity may be minimal in this scenario.

3.1 Introduction

In this manuscript we are interested in the supervised task of learning the following target func-
tion:

y = σ?

(
w>
? x
)
+
√
∆z, x ∼ N (0, 1/dId), z ∼ N (0, 1). (3.1)

This target belongs to a general class of models known as single-index or generalized linear mod-
els, where the labels depend on the covariates x ∈ Rd only through its projection on a fixed
direction w? ∈ Rd, followed by a non-linear real-valued function σ? : R → R. Despite its
apparent simplicity, the study of single-index models with Gaussian i.i.d. covariates has been at

41
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the core of the recent theoretical progress in machine learning [TV23; BGJ21; Bie+22; DLS22;
BMZ24]. Note that if σ?(x) = x, learning could be achieved efficiently by linear methods such
as ridge regression or PCA.The presence of a non-linearityσ?makes it perhaps the simplest target
for which a non-linear hypothesis class is required. Moreover, the choice of isotropic covariates
x ∼ N (0, 1/dId)means that all structure in the target is in learning a representation of σ and a
particular direction w?. The popularity of this model is that different separation results can be
shown in the high-dimensional limit where d� 1:

• In the well-specified setting where we fit an isotropic single-index model with the same hy-
pothesis class (i.e. fθ(x) = σ?(w

>x)), it has been shown that the sample complexity of
one-pass SGD1 is determined by the first non-zeroHermite coefficient of the targetσ?, also
known as the information exponent [BGJ21]. Problems with non-zero first Hermite have
information exponent ` = 1, andw? canbe learned at linear sample complexityn = O(d).
Instead, problems with zero first and non-zero second Hermite coefficient have informa-
tion exponent ` = 2, requiring instead n = O(d log d) samples [TV23; BGJ21]. Note
that this is a factor log d higher than the Bayes-optimal sample complexity of n = O(d)
[Bar+19; Mai+20], hence defining a class of hard problems for SGD.

• For fully-connected two-layer neural networks fθ(x) = a>σ(Wx), several results are
known under different assumptions. For fixed first layer weightsW ∈ Rp×d (a.k.a. ran-
dom features model) and large enough width p, learning the k-th order Hermite coeffi-
cient of σ? requires n = O(dk) samples [MMM22], implying a sample complexity of
n = O(d2) for a quadratic problem, e.g. σ?(x) = x2. Recently, it was shown that wide
networks (p → ∞) can achieve the well-specified sample complexity of n = O(d) under
one-pass SGD, provided that all Hermite coefficients of both σ?, σ are non-zero [BMZ24].
In particular, this assumption covers only problems with information exponent ` = 1, ex-
cluding hard cases such as quadratic problems. Finally, for σ(x) = σ?(x) = x2, [SVZ20]
has shown that for p large enough, full-batch gradient flow achieves sample complexity
n = 2d, although at a running time of t = O(log d).

With the exception of [BMZ24], the worksmentioned above cover the scaling of the sample com-
plexity in the high-dimensional limit. Our goal is, instead, to derive sharp results for the sample
complexity of learning (3.1) with a fully-connected two-layer neural network in the challenging
case where σ? has a vanishing first Hermite coefficient. As discussed above, this case violates the
“standard learning scenario” of [BMZ24], and can be seen as a proxy for hard learning problems
for descent-based algorithms. For concreteness, in the following we focus on the purely quadratic
case:

y =
(
w>
? x
)2

+
√
∆z, w? ∈ Sd−1(

√
d) (3.2)

Learning the target (3.2) consists of learning the non-linearity σ?(x) = x2 and the directionw?.
In this work, we focus our attention in the second part, considering the following architecture

1Which we recall the reader is equivalent to the convergence rate.
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with squared-activation:

fΘ(x) =
1

p

p∑
i=1

ai(w
>
i x)

2. (3.3)

where Θ = (a,W ) is the set of trainable weights, which are trained with one-pass stochastic
gradient descent (SGD):

Θν+1 = Θν − γ∇Θ`(y
ν , fΘν (xν)) (3.4)

with square loss `(y, x) = 1/2(y − x)2 and initial conditionΘ0 = (a0,W 0). Note that at each
step ν, the gradient is evaluated at a fresh pair of data (xν , yν) ∈ Rd+1 drawn from the model
(3.2). In particular, this implies that after ν ∈ [n] steps, the algorithm has seen n data points.

Learning in this problem is hard, and can be compared to finding a needle in a haystack. Indeed,
with the exception of one direction that points towards ±w?, the population risk at (random)
initialization is mostly flat. This slows down the dynamics, which takes a long time to establish a
significant correlation with the signal - a scenario we refer to as escaping mediocrity.

At first, the particular case of purely quadratic activation might appear too specific. Indeed, as
we will see later the population risk for this task has a global maximum at initialization and a
degenerate set of globalminima. The choice ofmore generalσ? andσwith zero firstHermite but
not necessarily zero higher-order coefficients might give rise to other critical points such as saddle-
points, giving rise to a more complex SGD dynamics. However, since the focus of this work is on
escaping mediocrity, our conclusions will hold, up to constants, to more general activations with
information exponent ` = 2.

Summary of results — Our main contributions in this manuscript are:

• We derive a deterministic set ofODEs providing an exact and analytically tractable descrip-
tionof the one-pass SGDdynamics in the high-dimensional limitd→ ∞, and characterize
the leading order stochastic corrections to this limit.

• We provide an analytical formula for the number of samples required for one-pass SGD to
learn the phase retrieval target in high-dimensions at arbitrary network width. We show
that overparameterization can only improve convergence by a constant factor for phase re-
trieval.

• Finally, we compute the leading order stochastic corrections to the exit time, and show
that stochasticity does not help to escape the flat directions at initialization. This suggests
that the deterministic description is enough to fully capture the phenomenology of the
dynamics in this problem.

All the codes used for numerical experiments are provided in this GitHub repository2.

2https://github.com/IdePHICS/EscapingMediocrity

https://github.com/IdePHICS/EscapingMediocrity
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Further related work — The investigation of a deterministic high-dimensional limit of one-
pass SGD for two-layer neural networks draws back to the seminal works of [SS95a; SS95b; SS96],
andwas followedby a streamofworks that spandecades of research [RB95;CC95;RU98;Gol+19;
Gol+20; Gol+22; Vei+22; Arn+23]. More recently, the stochastic corrections aroundfixedpoints
of the dynamics have been investigated by [BGJ22]. In a complementary research line, [MMN18;
CB18; RV22; Gho+19; SS20] have shown that an alternative deterministic description of SGD
can be obtained in the infinite width-limit, a.k.a. mean-field regime. High-dimensional reduc-
tions of the mean-field equations have been studied by [AAM22; AAM23; HC23; BMZ24]. Re-
cently, [Vei+22; Arn+23] has shown that these apparently different limits of one-pass SGD can
be unified in a single description.

There has been a recent surge of interest in studying how increasing degrees of complexity in the
target function are incrementally learned by SGD [AAM22; AAM23; Jac+21; BPF22; BMZ24],
with an emerging staircase picture where complexity is sequentially learned in different scenar-
ios. This picture, however, is bound to classes of targets where SGD develops strong correlations
with the target directions at initialization, a notion which was mathematically formalized by the
so-called information exponent `by [BGJ21]. Instead, targets forwhich the landscape at initializa-
tion ismostly flat (` ≥ 2) are hard for SGDat high-dimensions, translating to very slowdynamics.
This is precisely the case for the phase retrieval problem (` = 2), a classic inverse problem arising
in many scientific areas, from X-ray crystallography to astronomical imaging [JCH16; Don+23].
Phase retrieval has been widely studied in the literature as a prototypical example of a hard inverse
problem [Can+13; CSV13; CLS15; MM18; Bar+19; Aub+20; Mai+20], providing a simple yet
challenging example of a non-convex optimization problemwhich is hard for descent-based algo-
rithms [SQW16; TV23; TV18; Che+19; DDP20; SVZ20; Sar+20; MUZ21].

3.2 High-dimensional limit of SGD

In this sectionwe introduce our key theoretical tool, which consists in low-dimensional reduction
of the projected SGD dynamics (3.4) in the high-dimensional limit d→ ∞ of interest.

Sufficient statistics — The key observation is to notice that the population risk only depends
on thehidden-layerweightsW ∈ Rp×d through the second layerweightsa ∈ Rp and theweights’
correlation matrices:

Ω :=

(
Q M
M> 1

)
=

(
1/dWW> 1/dWw?

1/d (Ww?)
> 1

)
∈ R(p+1)×(p+1), (3.5)

The explicit expression of the population risk is:

R(Θ) =E
[
`(y, fΘ(x))

]
=
∆+ 3

2
− 1

p

p∑
j=1

aj

(
Qjj + 2m2

j

)
+

1

2p2

p∑
j,l=1

ajal(QjjQll + 2Q2
jl)

(3.6)

Notice that thematricesM,Q are precisely the secondmoments of the pre-activations (λ?, λ) =
(w>

? x,Wx) ∈ Rp+1. Therefore, to characterize the evolution of the risk throughout SGD, it is
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sufficient to track the evolution of the second layer weights ai and the correlation matricesm,Q,
which consists of p(p+1) parameters. As shown in Appendix C.1, starting from Equation (3.4)
we can derive a set of self-consistent stochastic processes describing the evolution of (a,m,Q):

aν+1
j − aνj =

γ

pd
Eνλ2j (3.7)

mν+1
j −mν

j =
γ

pd
Mj(a, λ?, λ), Mj(a, λ?, λ) := 2Eνajλjλ? (3.8)

Qν+1
jl −Qνjl =

γ

pd
Qjl(a, λ?, λ), Qjl(a, λ?, λ) := 2Eν

(
aj + al

)
λjλl + 4

γ

p
Eν2||xν ||2ajalλjλl

(3.9)

where we have defined the displacement vector

Eν := (λ?ν)2 − 1

p

p∑
j=1

aj(λ
ν
j )

2 +
√
∆zν , (3.10)

andweused γ/d as the learning rate of the second layer, in order to have the same high-dimensional
scaling.

High-dimensional limit — As of now we have not made any assumptions on the dimension
of the problem; the stochastic processes defined in (3.7) are exact, with the right-hand side de-
pending implicitly on (m,Q) through the moments of (λ?, λ). However, our goal is to study
this process in the high-dimensional limit d → ∞ where learning is hard and simulating (3.4)
can be computationally demanding. Defining a step-size δt = γ/pd and a continuous extension
of (aν ,mν , Qν) to continuous time (a(νδt),m(νδt), Q(νδt)) by linear interpolation, it can be
shown that in the high-dimensional limit d→ ∞ the sufficient statistics (a(t),m(t), Q(t)) con-
centrate in their expectation (ā(t), m̄(t), Q̄(t)), which satisfies the following system of ordinary
differential equations (ODEs):

dāj
dt

= E(λ,λ?)∼N (0p+1,Ω)

[
Eλ2j

]
dm̄j

dt
= E(λ,λ?)∼N (0p+1,Ω)

[
Mj(a, λ?, λ)

]
=: Ψj (Ω)

dQ̄jl
dt

= E(λ,λ?)∼N (0p+1,Ω)

[
Qjl(a, λ?, λ)

]
=: Φjl (Ω)

(3.11)

with initial conditions given by (ā(0), m̄(0), Q̄(0)) = (a0, 1/dW 0w?, 1/dW
0W 0>). The ex-

plicit expression of these expected values can be found in Appendix C.1. As discussed in the re-
lated works, the high-dimensional limit of one-pass SGD for two-layer neural networks have been
studied under different settings in the literature [SS96; Gol+19; RU98; TV18; Vei+22; Arn+23;
BGJ22; BMZ24]. However, to our best knowledge our work is the first to derive and study these
equations for the squared activation in the high-dimensional limit.
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Initialization and mediocrity — In the noiseless case∆ = 0, it is easy to check that aj = 1
andwj = ±w? (mj = ±1 andQjl = 1) is indeed a stationary point of (3.11) that corresponds
to two degenerated global minima of the population risk (3.6). Adding a noise∆ > 0 only shift
these values. Similarly, it is easy to check thatmi = 0 and Qij = 0 for i 6= j are also stationary
points. These correspond to taking wj ⊥ wl ⊥ w? for all j 6= l in (3.11), and is a global
maximum of (3.6). This stationary point plays an important role in the dynamics. Indeed, in the
absence of knowledge on the process that generated the data (3.2), it is customary to initialize the
weights randomly:

w0
j ∼ N (0, Id), j = 1, · · · , p. (3.12)

When d→ ∞, the weights are being orthogonal with high probability. In terms of the sufficient
statistics:

Qjj ∼ Dirac(1), j 6= l :
√
dQ0

jl
d→+∞−−−−→ N (0, 1) and

√
dM0

j
d→+∞−−−−→ N (0, 1).

(3.13)
Therefore, since the variance of (m0, Q0) decays as 1/d, the higher the dimension, the closer a
random initialization is to a stationary point of the dynamics. Moreover, of all the d directions,
there exists d−p−1 directions orthogonal tow? and {w0

j}j∈[p] alongwhich the population risk
(3.6) remains constant. The proliferation of flat directions close to initialization severely slows
down the SGD dynamics at high-dimensions, which typically requires n = O(d log d) steps to
develop a significant correlationwith the signal in order to escape this region. This scenario, which
we refer to as escaping mediocrity, is common to many hard learning problems [BGJ21]. In the
following, we leverage the exact description (3.11) derived in this section to estimate precisely how
much data is required for SGD to escape mediocrity in the prototypical phase retrieval problem
(3.1).

Spherical constraint — Aphenomenon that is observed when starting from the initial condi-
tions above is a change in the norms of the weightswi without effectively correlating withw?. In
this phase, sometimes referred as norm learning,m ≈ Qjl ≈ 0 for j 6= l, whileQjj changes con-
siderably, resulting in a slight decrease in the population risk towards a plateau that reflects medi-
ocrity. Since the focus of this study is precisely on escaping mediocrity (i.e. developing non-zero
correlation with the signal), in the following we will fix the norm of the weightswνi ∈ Sd−1(

√
d)

at initialization and throughout the dynamics ν ∈ [n]. This assumption, which was also the fo-
cus of [BGJ21], amounts to imposing a spherical constraint at every step of SGD, also known as
projected SGD:

wν+1
j =

wν
j − γ∇wj`(y

ν , fΘν (xν))∥∥∥wν
j − γ∇wj`(y

ν , fΘν (xν))
∥∥∥
√
d. (3.14)

The high-dimensional limit of these equations lead to the following ODEs for the evolution of
the sufficient statistics (M,Q):

dm̄j

dt
= Ψj(Ω)−

m̄j

2
Φjj(Ω),

dQ̄jl
dt

= Φjl(Ω)−
Q̄jl
2

(
Φjj(Ω) + Φll(Ω)

)
. (3.15)

Note that Qjj = 1 is consistently fixed.
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3.3 Escaping mediocrity in the well-specified scenario

As a starting point, we consider the well-specified case of p = 1. As we are going to see, this case
captures almost all the phenomenology of interest, and is helpful to build an intuition for how
SGD escapes mediocrity. Moreover, despite its apparent simplicity, this case has been the subject
of several works in the literature [SQW16; TV23; Che+19; BGJ21]. In particular, [Che+19]
established a convergence rate t = O(log d) for randomly initialized gradient descent on the
population risk. In our setting (3.4), this corresponds to the γ → 0+ limit, and translates to a
sample complexity of n = O(d log d). [TV23] provided a refined analysis that accounts for the
stochasticity in one-pass SGD, reaching a similar n = O(d log d) rate for escaping mediocrity, in
agreement with the general information exponent characterization of [BGJ21].

In this section, we show that in the high-dimensional limit, the sample complexity constant for
one-pass SGD can be well estimated from the deterministic reduction (3.7). In particular, we
show that the stochastic corrections from a finer analysis of the process (3.7) can be neglected.

3.3.1 Population risk landscape

As previously discussed, one-pass stochastic gradient descent can be seen as a discretization of
gradient flow on the population risk [RM51]. Therefore, understanding the geometry of the
population risk can provide useful insight into the behavior of SGD. For p = 1 and imposing
the spherical constraint, the population risk (3.6) considerably simplifies since everything can be
expressed in terms of a single, scalar sufficient statisticsm = 1/dw>

? w ∈ [−1, 1]:

R(w)− ∆

2
= 2(1−m2) (3.16)

From this expression, it is easy to see that we have two global minimam = ±1 (corresponding to
w = ±w?) and one global maximumm = 0 (corresponding tow ⊥ w?). Indeed, the spherical
gradient of the population risk can also be computed explicitly (see Appendix C.7.1 for details):

gradSd−1R(w) = 4m (mw − w?) (3.17)

which confirm that these are the only critical points. Finally, we can also compute the spherical
Hessian exactly:

HessSd−1R(w) = 4
[
m2Id +mww>

? − w?w
>
?

]
(3.18)

Note that for w = ±w? (m = ±1) the Hessian is proportional to the identity, hence positive
definite as expected for a minimum. Instead, for w ⊥ w? (m = 0), the Hessian becomes a
rank-one matrix with d − 1 zero eigenvalues and a single negative eigenvalue with eigenvector
proportional to w?. Hence,m = 0 also corresponds to a strict saddle, i.e. the landscape is flat
along most of the directions, except for one that points towards the signal. Note that with high
probability, we have preciselym ≈ 0 for anuninformed random initialization in high-dimensions
d→ ∞.

This provides a typical picture of mediocrity in high-dimensions, where the landscape resembles
a flat golf course with a single hole, see Figure C.3 in Appendix C.7.
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3.3.2 Exit time from deterministic limit

We now move to the description of the one-pass SGD dynamics. Our key goal in this section
is to determine how much data / how long SGD takes in order to find the signal in the high-
dimensional limitd→ ∞. Aswehave discussed in Section 3.2, in this limit the sufficient statistics
concentrate, with its evolution being described by the following deterministic ODE:

dm̄(t)

dt
= m̄(t)

[
4(1− 6γ)(1− m̄2(t))− 2γ∆

]
with m̄(t) ∈ [−1, 1] (3.19)

with initial condition m̄(0) = 1/dw>
? w

0. See Appendix C.2 for an explicit derivation. Figure 3.1
(left) compares the evolutionof the risk predicted from solving the high-dimensionalODEs (3.19)
with different finite size (d = 3000) simulated instances of the problem, showing a good agree-
ment between the theory and the averaged population risk over the different runs.

Given the spherical constraint, thepopulation risk is nowsimply givenbyR(m) = 2
(
1−m2

)
+

∆/2. From this expression, it is clear thatm = ±1 are global minima andm = 0 is a global maxi-
mum. Therefore, the information theoreticallyminimumachievable risk isR(±1) = minR(m) =
∆/2.

We start with two immediate observations that can be drawn from (3.19). First, we have a neces-
sary upper bound on the learning rate for learning to occur: γ < 1/6. Moreover, from fixed-point
stability analysis we can get the value where m̄ converges for large times, and, consequently, the
asymptotic excess population risk achievable in this setting is:

lim
t→∞

R(m̄(t))− ∆/2 =
γ∆

1− 6γ
. (3.20)

The presence of an asymptotic risk plateau for the excess risk is consistent with previous results
for the high-dimensional limit of two-layer neural networks [SS96; Gol+19]. Note that in the
population gradient flow limit γ → 0+, SGD converges to the minimal risk [RM51]. Indeed,
the presence of a finite excess risk even in the well-specified setting is an intrinsic correction from
the SGDnoise in the high-dimensional regimewhere 1/d � γ [Vei+22], and can be related to the
radius of the asymptotic stationary distribution of the weights around the global minima [Pfl86;
DDB20].

We now move to our main problem: estimating the time SGD takes to escape mediocrity at ini-
tialization. LetT ∈ [0, 1] be the relative difference with respect to the initial value of the risk, and
let text be the time when the risk exits the region above the threshold T , see Figure 3.1 (right) for
an illustration. By construction, text can be found by solving the following equation:

(1− T )

(
R
(
m̄(0)

)
− ∆

2

)
= R

(
m̄ (text)

)
− ∆

2
. (3.21)

The above can be exactly solved by numerically integrating (3.19) and then finding the root of
(3.21). However, an analytical expression for the ODE exit time can be found from the following
two observations:
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• From the discussion around Equation (3.13), initializing at random in high-dimensions
imply that m̄(0) = ε � 1, so we can consider the linearization of equation (3.19) in ε
and solve it analytically. For small enough T , this will lead us to an accurate result;

• Even if the ODE trajectories are deterministic, the exit time text is a random variable of the
random initialization.

Note that these lead to two natural notions of average exit time over the initial conditions. The
first one is obtained by taking the expected value over initial conditions before solving the cross-
threshold equation

t
(anl)
ext =

log
[
Td+ (1− T )

]
8(1− 6γ)− 4γ∆

. (3.22)

Borrowing the jargon from statistical physics, we refer to t(anl)ext as the annealed exit time. The
second option is to take the expected value exit time obtained from solving (3.19) over a fixed
initial condition:

t
(qnc)
ext = Eµ0∼χ2(1)

 log
[
Td
µ0

+ (1− T )
]

8(1− 6γ)− 4γ∆

 . (3.23)

Again, borrowing the jargon from statistical physics we refer to t(qnc)ext as the quenched exit time.
Some comments on this result are in order:

• By concavity of the logarithm function, we have t(qnc)ext ≥ t
(anl)
ext .

• For both notions, we have text = O(log d) implying n = O(d log d) samples are required
to escape mediocrity, consistent with the rates in the literature [Che+19; TV23; BGJ21].

• Both exit times are monotonically increasing in both γ ∈ [0, 1/6] and∆ ≥ 0. Recalling
that δt = γ/d, this implies the existence of an optimal learning rate γopt = 1/(12 + ∆) that
minimizes the number of samples required to escape mediocrity.

3.3.3 Does stochasticity matter?

Note that the initial correlation parameter at random initialization (3.12) is given by:

m0 = O(1/
√
d) (3.24)

Therefore, in the high-dimensional limitd→ ∞ inwhich theODEdescription (3.19) is exact, we
have m̄(0) = 0. This is a fixed point (3.19), which suggests that strictly in the high-dimensional
limit SGD is trapped forever at mediocrity. However, in practice we always have d < ∞, mean-
ing that at initialization we always have a non-zero correlation with the signal m0 = ε � 1.
Moreover, at high but finite dimensions, (3.19) is just an approximation to the actual stochas-
tic dynamics (3.7). Indeed, this is precisely what we used in order to estimate the exit time from
the deterministic ODE (3.19). While the stochastic corrections to the high-dimensional limit do
not radically change the convergence rate scaling [TV23] (and hence the mediocrity picture), it is
important to ask whether it leads to important corrections on the precise exit time.
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Figure 3.1: Multiple run of the simulated SGD and the numerically integrated SDE, always start-
ing from the same initial condition, with d = 3000. All the text presented are obtained by solving
numerically (3.21). The SDE captures the variance that the ODE doesn’t exhibit, but the text do
not change considerably.

Stochastic corrections to the deterministic high-dimensional limit of one-pass SGD have been re-
cently discussed in a broad setting by [BGJ22]. In particular, this work has shown that close to
a fixed point the process for the sufficient statistics (3.7) can be well approximated in the high-
dimensional limit by a diffusion process with drift potential given by the corresponding deter-
ministic ODEs. We follow a similar strategy, and consider the following process specialized in the
case p = 1:

dM1 = Ψ1(Ω) dt+
√
γ

d
σM(Ω) · dBt

dQ11 = Φ11(Ω) dt+
√
γ

d
σQ(Ω) · dBt

(3.25)

where dBt is a 2-dimensional Wiener process, andσM andσQ are defined as(
σM
σQ

)
:=

√√√√( Var(λ,λ?)∼N (0p+1,Ω) [M1] Cov(λ,λ?)∼N (0p+1,Ω) [M1,Q11]

Cov(λ,λ?)∼N (0p+1,Ω) [M1,Q11] Var(λ,λ?)∼N (0p+1,Ω) [Q11]

)
.

(3.26)
The stochastic corrections are analogous with the ones obtained by [BGJ22]; in Appendix C.6
we present an alternative derivation of them, following their approach, and we highlight the fact
that our formulae generalize their result. Notice that the stochastic correction is proportional to√
γ/d, consistent to a first order correction to the deterministic limit. Similarly to the discussion

in Section 3.3.2, the spherical constraint can be imposed by projecting the process in the sphere.
This is discussed in detail in Appendix C.2, and for p = 1 reads:

dM1

dt
=

(
Ψ1(Ω)−

M1

2
Φ11(Ω)

)
dt+

√
γ

d

(
σM − m1

2
σQ

)
· dBt (3.27)
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Figure 3.1 compares different instances of finite size simulations with instances of the SDE (3.27)
with the same initial condition. Although the stochastic correction offers a better description of
the process at large but finite dimensions, we find that quite surprisingly they have a small impact
in the exit time. Hence, the formulas (3.22) & (3.23) derived in the Section 3.3.2 for random
initialization provide a good approximation to the exit time. In Appendix C.4 we discuss how to
derive an exit time formulae with the stochastic corrections, both annealed and quenched one.
As just shown, the new formulas do not offer any improvements compared to the deterministic
ones, nevertheless the stochastic process can describe the dynamics even when the initialization is
exactlym = 0, that is a fixed point of the ODE.

To summarize, in this sectionwehave shown that the deterministicODEsprovides a good approx-
imation for the precise number of samples required for escaping mediocrity in high-dimensions.
In other words, stochasticity does not help in navigating the flat directions at initialization and
correlating with the signal.

3.4 The role of width

Thus far our discussion has focused on the well-specified case. We now discuss the role of width
in escaping mediocrity. Our starting point are the deterministic ODEs (3.11) for the sufficient
statistics derived in Section 3.2. As in our previous analysis, we focus on the spherical setting
where wi ∈ Sd−1(

√
d), implying Qjj = 1, see Appendix C.2 for a detailed derivation. First,

we derive analytical expressions for the exit time for arbitrary width p ≥ 1 in the particular case
where the second layer is fixed at initialization a0j = 1, ∀j ∈ [p]. The role played by the second
layer is then discussed in Subsection 3.4.1.

Differently from the p = 1 case, the process cannot be described by a single sufficient statistic,
and instead we have to track p(p− 1)/2 non-diagonal entries of Q (it is a symmetric matrix), and
p components of the vector M. Note that equation (3.21) remains valid to define text, and can
be solved numerically. An analytical expression for the exit time can be derived under similar
assumptions to the ones discussed in Section 3.3.2, although the derivation is significantly more
cumbersome. Full details can be found in Appendix C.3. The final expressions for the annealed
and quenched exit times are given by

t
(anl)
ext =

log
[
T (p+1)d+(p+1)(1−T )

2p

]
8

[
1− γ

p

(
1 + 1

p +
4
p2

+ ∆
2

)] , (3.28)

t
(qnc)
ext =Eµ0,τ0∼Pd

p

 log
[
Tp(p+1)d+(2µ0p−τ0)(1−T )

2µ0p

]
8

[
1− γ

p

(
1 + 1

p +
4
p2

+ ∆
2

)]
 . (3.29)
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Figure 3.2: Ratio between the measured text from simulations and the corresponding analytical
formula (square = annealed, circle = quenched). We average over many initial conditions, for
different values of p. The ratio γ/p has been kept constant for different simulations.

With the distribution of the variables τ0 and µ0 given by

µ0, τ0 ∼ Pd
p wherePd

p ≡

d p∑
j=1

(uj · v)2, 2d
p∑
j=1

p∑
l=j+1

(uj · ul)2
 with v, uj ∼ Sd−1(1).

Notice that text is a monotonically decreasing function of the width. Nevertheless, for any p ≥ 1,
the leading order dependence in the dimension is text = log d. Hence, despite helping to escape
mediocrity, increasing the width cannot mitigate it. This can be contrasted to other aspects in
which overparameterization can significantly help optimization, for instance with global conver-
gence [BC22]. Interestingly, the minimal escaping time

t
(anl)
ext =

1

4
log(

T (p+ 1)d+ (p+ 1)(1− T )

2p
)

, obtained by choosing the learning rate that minimizes the sample complexity for escaping, has
the same pre-factor for any width p ≥ 1, with the only differences being the dependence in p
inside the logarithm and in the time scaling t = νγ/pd. At infinite width p → ∞, this simply
amounts to a factor 12+∆

2+∆ with respect to p = 1. Details of this computation can be found in
Appendix C.3.4.

Figure 3.2 compares our analytical formulas (3.28) and (3.29)with real one-pass SGDsimulations.
The simulation are averaged over many different instances of the initial conditions, and the ratio
γ/p is kept constant when varying p, for not having discrepancies due to the different learning rate
scaling. It’s interesting to notice how the two different formulas give the same outcome for large
width p� 1. Moreover, for narrownetworks they essentially differ by a d-independent constant.
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Figure 3.2 also suggests that, as for p = 1, the stochasticity can be neglected in the estimation of
the exit time. In Appendix C.5 we provide further evidence of that.

3.4.1 Training the second layer

In the previous section, we have derived analytical expressions for the exit time in the particular
case of fixed second layer weights a0j = 1. Here, we provide numerical evidence that training the
second layer does not significantly change our conclusions.

The key challenge is that by training the second layer we can’t measure text as the time needed to
escape the risk at initialization. Indeed, from equation (3.21) it can be seen that in the very first
steps of the learning the vector a changes slightly to adapt to the initial conditions, thereby fitting
the noise. In this scenario, instead of looking directly at the risk, we can instead use the largest
component of the correlation vectorm as a measure on how much the network has learned. At
random initialization, this is of order 1/√d and grows to 1 as the neural network correlates with
the target weights. A natural choice for initializing the second layer weights is a0j = 1, ∀j ∈ [p].
In principle, this initial condition guarantees that the risk at initialization is exactly equal to the
case where aj is fixed. On the other hand, as we already point out, the initial plateauwhere the dy-
namics gets stuck depends on the particular second layer initial condition. Even for other choices
of initialization, e.g. aj ∼ Bernoulli(1/2), the dynamics quickly goes to a plateau, so it does not
really matter which a0j is used. Therefore, for simplicity we choose a homogeneous initialization
a0j = 1. Figure 3.3 compares the evolution of themaximumcorrelationwhen learning the second
layer or not, for different values of p.

It is important to stress that we are not claiming that the time needed to reach the minimum of
the population risk is the same when training or not the second layer, as can be seen in Figure 3.3.
Instead, our result highlights that the time needed to escape the flat directions at initialization are
close. In fact, after the two layer neural network has escapedmediocrity, the dynamics can be very
different whether the second layer weights are trained or not. For instance, a could become sparse
with just a few neurons contributing to the output, or it could remain close to homogeneous
aj = 1, and with all neurons correlating with the target. Although studying the dynamics after
escaping mediocrity is surely an interesting endeavor, it’s out of the scope of this manuscript.
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Figure 3.3: p = 20 (left), p = 50 (right), d = 1000. Comparison between the growth of maxm
throughout the learning process, when the second layer is fixed (blue) and trained (green). The
dynamics is obviously different far from the starting point, but when we zoom close to the exit
point, the two processes have the same behavior, text included.

3.5 Conclusion

In this work we have derived a sharp formula for how many samples are required for a two-layer
neural network trained with one-pass SGD to learn a quadratic target in the high-dimensional
limit. In particular, we have shown that increasing the width can only improve the sample com-
plexity by a pre-factor, with the overall scaling with the dimension remaining of the same order
n = O(d log d). Therefore, for this target overparameterization does not significantly help op-
timization, providing a prototypical example of a hard class of functions for learning with SGD.
Our results rely on a low-dimensional description of SGD in terms of a stochastic process describ-
ing the evolution of the sufficient statistics in the high-dimensional limit. Surprisingly, we have
shown that deriving the sample complexities from the deterministic drift of this processwith small
initial correlation with the target provides a fairly good approximation of the exit time as com-
puted from the full process with zero initial correlation, showing stochasticity does not play a
crucial role in escaping mediocrity for this problem.
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Chapter 4

Online Learning and Information
Exponents: On The Importance of
Batch size, and Time / Complexity
Tradeoffs

Luca Arnaboldi, Yatin Dandi, Florent Krzakala, Bruno Loureiro, Luca Pesce, and
Ludovic Stephan

Abstract. We study the impact of the batch size nb on the iteration time T of training
two-layer neural networks with one-pass stochastic gradient descent (SGD) on multi-index
target functions of isotropic covariates. We characterize the optimal batch size minimizing
the iteration time as a function of the hardness of the target, as characterized by the infor-
mation exponents. We show that performing gradient updates with large batchesnb . d

`/2

minimizes the training timewithout changing the total sample complexity, where ` is the in-
formation exponent of the target to be learned [BGJ21] and d is the input dimension. How-
ever, larger batch sizes than nb � d

`/2 are detrimental for improving the time complexity
of SGD. We provably overcome this fundamental limitation via a different training proto-
col, Correlation loss SGD, which suppresses the self-interaction term in the loss function.
We show that one can track the training progress by a system of low-dimensional ordinary
differential equations (ODEs). Finally, we validate our theoretical results with numerical
experiments.

4.1 Introduction

Descent-based algorithms, such as Stochastic Gradient Descent (SGD) and its variations, are the
backbone of contemporary machine learning. Their simplicity in implementation, efficiency in
operation, and notably effective performance in practice highlight their importance. A mathe-
matical understanding of SGD’s effectiveness remains a key focus in the field. Recent progress
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has been particularly noteworthy in the realm of shallow neural networks. A sequence of works
demonstrated that optimizing largewidth two-layer neural networks can bemapped into a convex
optimization problem over the space of probability measures of weights, the so-called mean-field
analysis [MMN18; CB18; RV22; SS20]. Following this breakthrough, a large part of the theo-
retical effort has shifted to describing what class of functions can be efficiently learned by SGD,
i.e. time and computational complexities required to learn a given class of functions. This has
been, in particular, thoroughly analyzed in a series of recent works focusing on isotropic distribu-
tions (e.g. Gaussian, spherical or in the hypercube) and targets depending only on a few relevant
directions (a.k.a. multi-index models). A key result from this literature is that the time complex-
ity of SGD scales with the covariates dimension according to the so-called information exponent
[BGJ21] for single-index and leap complexity [Abb+21; AAM23] for multi-index targets, spark-
ing increasing interest from the theoreticalmachine learning community over the last fewmonthsPaper written inWinter

2024. [DLS22; Dam+23; Dan+24a; BBP23; Ba+23; Mon+24; Mou+23; ZB24].
Our work follows this thread, focusing instead on the effect of batch size nb, parallelization, and
sample-splitting into the overall complexity required to learn amulti-index target. Instead of look-
ing at data one-by-one, as is common in theoretical studies, we investigate the finite nb problem,
and characterize the time/complexity tradeoffwhen learningwith one-pass SGD.Our central goal
is to paint a complete picture of how fast generalized linear models and two-layer neural networks
adapt to the features of training data as a function of nb, and the structure of the target function.

Our analysis sheds light on a fundamental limitation of one-pass (or online) SGD, namely that
for batch sizes larger than the input dimension, the dynamics of the training algorithm is domi-
nated by negative feedback terms that do not permit to reduce the time iterations needed to learn
the target. Therefore, we provide a rigorous solution to this fundamental limitation of SGD by
considering gradient updates on the correlation loss. Our approach, drawing inspiration from the
summary statisticsmethod employed by [SS95b; BGJ21; BGJ22], concentrates on the overlaps of
neurons with the target subspace and their norms. This differs from recent studies, such as those
by [AAM22] and [DLS22], which focus on the full gradient vector.

4.2 Setting, contributions, and related works

Consider a two-layer neural networkwith activation functionσ and first and second layerweights
given byW ∈ Rp×d and a ∈ Rp respectively:

f(z) =
1

p

p∑
j=1

ajσ(〈z,wj〉). (4.1)

We are interested in studying the capacity of f to learn from training dataD = {(zν , yν)ν∈[N ] ∈
Rd+1}.In this chapter the input co-

variate is denoted z, playing
the role ofx in the rest of the
thesis.

In the following, we work under the following setting.

Data model — As hinted in the introduction, we focus on the case the (noisy) labels depend
on the covariates only through a projection over a k-dimensional subspace:

yν = h?(W ?zν) +
√
∆ξν , zν ∼ N (0, Id) (4.2)
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Figure 4.1: Time / Batch size tradeoff for weak recovery: Phase diagram illustrating different
SGD learning regimes as a function of the batch size exponent µ = logd nb and weak recovery
time exponent θ = logd T . The analysis is dependent on the target’s information exponent `, this
particular plot is valid when ` ≥ 3. Not correlating region: SGD is not able to achieve weak re-
covery. Self-interaction regime: SGD is not able to performweak recovery, butCorrelation loss
SGD overcomes this limitation. Weak recovery region: SGD successfully achieve weak recov-
ery. Note that it exists an optimal choice at batch size nb = O(d`/2) that minimizes the number
of iterations needed by SGD, and another optimal point at nb = O(d`−1) for Correlation Loss.
The critical line where nb = Ω(d`−1) is not addressed by our formal. See details about the other
two regions (Poly-log Regime andOne-step regime [Dan+24a]) in Appendix D.4.
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whereW ? = {w?
r}r∈[k] ∈ Rk×d are the target weights, h? : Rk → R is a non-linear activation

function, ξν ∼ N (0, 1) is the label noise with variance given by ∆ ≥ 0. We focus on the
case where k = O(1) and d is large, i.e. the label only depends on a few directions of a high-
dimensional ambient space. The target function f?(z) = h?(W ?z) is often referred to in the
literature as amulti-index model.

Note that the setting above where we assume a generative model for the data and study the ca-
pacity of a model to learn is also known as teacher-student model in the literature. We adopt this
terminology and refer to f? and f as the teacher and the student functions, respectively. Similarly,
we refer toW ? andW as the teacher and student weights.

Hardness of the learning task — Characterizing what class of targets are efficiently learned
by two-layer networks is arguably one of the key questions in theoretical machine learning. The
pivotal work of [BGJ21] provably describes that for k = 1, the hardness of the learning task is
encoded by a single number, the information exponent `. More precisely, given the activation h?
in (4.2), ` is the lowest degree of the Hermite polynomials {Hej}j∈N appearing in the Hermite
expansion of h?. This notion generalizes direction-wise for multi-index models (k > 1), where `
is known as leap complexity [AAM23].

Definition 4.1 (Information Exponent [BGJ21]).

` = min{j ∈ N : Eξ∼N (0,1)

[
h?(ξ)Hej(ξ)

]
6= 0} (4.3)

Training algorithm— Given the training dataD, we consider the training of (W,a) under a
sample splitting scheme: the data is partitionedD =

⋃T
t=1Dt into T =

⌊
N/nb

⌋
disjoint batches

Dt of size nb, which are used, one every iteration, to train the network.This chapter departs from
the discrete/continuous time
convention of Section 1.2:
here t denotes the discrete
SGD step (called ν there),
since ν is reserved for index-
ing individual samples within
a batchDt; and, from Sec-
tion 4.4 onward, τ denotes
continuous time (called t
there).

We consider a common
assumption for the training algorithm that is to decouple the training of the hidden weightsW
and the second layer weightsa. By keeping fixed the second layer weights at initializationa = a0,
the hidden layer weightsW are estimated using (projected) SGD:

wj,t+1 =
wj,t − γ∇wj,tR̂t∥∥∥wj,t − γ∇wj,tR̂t

∥∥∥ ∀t ∈ [T ],∀j ∈ [p] (4.4)

where:

R̂t =
1

2nb

nb∑
ν=1

(yν − f(zν))2, ∀t ∈ [T ] (4.5)

is the empirical risk over a batch of data. Two comments are in place. First, the gradient at each
step is computed using the empirical loss given by fresh, previously, unseen samples coming from
Dt. Each gradient is thus an unbiased estimator of the true gradient, whichmeans that on average
this algorithmminimizes the population risk overW :

R = E(z,y)

[
1

2
(y − f(z))2

]
(4.6)
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Second, the spherical projection allows us to focus just on the direction learned by the network,
putting aside the effect of the change of the norm of the weights. Note that in equation (4.4) we
have kept the read-out layera fixed. Optionally, the second layer could also be trained with SGD,
as the first layer, or even with theMoore-Penrose pseudo-inverse solution; In this paper, however,
we consider it fixed and focus on the feature learning step, i.e., the recovery of the low-dimensional
space spanned byW ?.

High-dimensional regime — We focus on the high-dimensional regime where d → ∞. Of
particular interest is the case where the batch sizenb scales with the dimension d. Indeed, inmod-
ernmachine learning, and in particular in the realm of distributed and federated learning, scenar-
ios with large batches, a single pass, and few iterations often become the norm [Goy+17; Li+20]
(as for instance when training large language models), further underlining the relevance of this
scenario.

More precisely, we assume a scaling of the relevant parameters, i.e., learning rate and the batch
size, with d, as follows

γ = γ0d
−δ and nb = n0d

µ, (4.7)

with µ ≥ 0 and δ could possibly be any real value. The exponents (δ, µ) characterize the Time /
Complexity tradeoff illustrated in the phase diagram (Figure 4.1). More precisely, the figure shows
the time complexity T = T0d

θ as a function of the batch size exponent µ. The time exponent
(θ) is linked to the learning-rate exponent (δ) and the information exponent (`), and determining
this relation is the main object of analysis of the following sections.

Weak recovery of the target — The central object of our analysis is to characterize the time
iterations needed for the SGD dynamics defined in Equation (4.5) to learn the low-dimensional
featuresW ?. More precisely, we are interested in studying the number of steps to achieve order
one correlation with the target weightsW ?. We refer to this condition as weak recovery of the
target subspace, formalized in the following definition.

Definition 4.2 (Weak recovery). The target subspace V ? is defined as the span of the rows of the
target weightsW ?:

V ? = span(w?
1, . . . ,w

?
k) (4.8)

We define the following weak recovery stopping time for a parameter η ∈ (0, 1) independent from
d:

t+η = min{t ≥ 0 : ‖WW ?>‖F ≥ η} (4.9)

Our key objective is to characterize the largest affordable batch size nb to achieve weak recovery
of the relevant target subspace V ? while minimizing the training time iterations T . Indeed, the
updates of one-pass SGD in Equation (4.5) consist of sums of independent terms that can be
parallelized efficiently with decentralized learning protocols.

Ourmain contributions in this paper are the following:
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• We study how the batch size influences the number of steps required to learn a target func-
tion, for different information exponents of the problem. We introduce a schematic phase
diagram describing the different learning regimes, see Figure 4.1.

• We show that performing gradient updates with large batch sizes can reduce the training
time without changing the total sample complexity to weakly recover the teacher subspace
only up to nb . d`/2 samples per step, with d the data dimension and ` the information
exponent of the target. Beyond this limit, larger batch sizes are detrimental for one-pass
SGD.

• We characterize that it is possible to improve over this fundamental limitation of one-pass
SGD by using gradient updates on the correlation loss, namely Correlation loss SGD. We
provably show that the number of steps needed to weakly correlate with the target with
this new training protocol can then be pushed down to T = polylog(d)when using batch
sizes nb = O(d`−1), with ` the information exponent. Additionally, we provide sharp
prescription on how to scale the learning ratewith batch size and input dimension, in order
to achieve the best time-memory tradeoff.

• We show that the asymptotic training dynamics is described by a systemofOrdinaryDiffer-
ential Equations (ODEs) that can be solved exactly. We leverage on the ODE description
to characterize the different learning phases of two-layer networks when initialized with
non-vanishing initial correlation with the target direction to be learned (warm starts). Fur-
thermore, we also discuss finited corrections to the asymptotic dimension-free description.

• Finally, we validate and illustrate our theoretical results with numerical experiments.

The code to reproduce representative figures is available in our GitHub repository1. We refer to
AppendixD.5 for details on the numerical implementationswhile the rigorous proofs of themain
results are detailed in Appendix D.1.

Other related works — The dynamics of Stochastic Gradient Descent (SGD) in two-layer
neural networks, particularly when trained on synthetic Gaussian data, have been a topic of in-
terest since the seminal works in themid-1990s [SS95b; SS96; BS95; RB95]. This area has experi-
enced a resurgence in recent years [TV23; Gol+19; Vei+22; Arn+23; Arn+24a; BMZ24; BGJ21;
Paq+22; Col+24; MBB24].

Many theoretical efforts highlighted the class of functions that are efficiently learned by two layer
neural networks. In the context of single-index targets, [BGJ21] introduces the notion of infor-
mation exponent to quantify the hardness of the learning task. Similarly, for multi-index models,
[AAM22; AAM23], building on their earlier work [Abb+21], demonstrated how the leap com-
plexity of target functions dictates the amount of training samples needed from two-layer net-
works in the mean-field limit to learn the target. Note that [AAM23] also considered the case of
nb . O(d). Numerous theoretical studies devoted to the understanding of the feature learn-
ing regime in two-layer networks often assume an asymptotically vanishing initialization for the
second layer weights a0 in Equation (4.1), see e.g. [AAM22; BMZ24; AAM23]. Although this

1https://github.com/IdePHICS/batch-size-time-complexity-tradeoffs

https://github.com/IdePHICS/batch-size-time-complexity-tradeoffs
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assumption is amenable for theoretical characterizations, our analysis provably shows that a care-
ful reasoning on the second layer magnitude is needed to offer a complete portrait of the learning
dynamics of SGD.More precisely, we describe a sharp divergence when the batch size nb � d`/2

between the dynamics of SGD when optimizing the MSE loss (vanilla SGD), in contrast to the
correlation loss ˜̀= 1

nb

∑
ν∈[nb]

1− yνf(zν) (Correlation loss SGD). The latter training proto-
col is indeed equivalent to consider an asymptotically vanishing second layer weightsa0 at initial-
ization in the optimization routine, e.g. see [Dam+23].

Closer to us, the analysis of thefirst gradient descent stepwith largenb has been discussed in detail
in recent papers [Ba+22; DLS22; Dan+24a]. [Ba+22] showed that a single large learning rate gra-
dient step allows beating kernel methods when the number of training samples is proportional to
the input dimension. While their results are limited to single-index target and to a single gradient
step, [DLS22] further showed that withn = ω(d2) samples, two-layer nets can learnmulti-index
target function with zero first Hermite coefficient (`=2). [Dan+24a] extended their conditions
on the sample complexity to general ` ≥ 1, showed this complexity is optimal for single-step
learning, and extended the results to higher information exponents. Although motivated from
different objectives, [SW24] heuristically sketch a phase diagram for the performance of SGD on
realistic datasets as a function of the algorithm’s relevant parameters, i.e. batch size and learning
rate.

A common assumption in theoretical studies is to consider sample-splitting schemes for the train-
ing protocol. At each iteration, the optimization algorithm is run using a fresh batch of observa-
tions of the model, drawn independently of past iterations; this routine has been used extensively
in the analysis of iterative algorithms (see e.g. [CPT21; JNS13; HW14; JN15; Kwo+19]).

4.3 Time / Complexity tradeoffs

In this section, we characterize the intertwined dependence between the batch size and the hard-
ness of the learning task in determining the number of one-pass SGD iterations needed to achieve
weak recovery of the teacher subspace as inDefinition 4.2. We offer a detailed picture of the trade-
offs to consider in order to minimize the training iteration time T , compactly illustrated in the
phase diagram in Figure 4.1.

Network initialization — We consider random initialization for the hidden layer weights of
the network (4.1), while the second layer weights are kept fixed:

wj,0 ∼ Unif(Sd−1), aj,0 = 1 j ∈ [p]. (4.10)

We will refer to this situation as cold start, since the initial network correlation with the target
directions is vanishing when d→ +∞.

Generalized Linear Models — The seminal work of [BGJ21] studies the weak recovery prob-
lem for Generalized Linear Models (GLMs), i.e. p = 1, when learning single-index targets (k =
1). Starting from randomly initialized networks as defined in (4.1), the time iterations needed
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for one-pass SGD (with one sample per batch) to achieve weak recovery of the target direction
respects:

I(`) =


O(d`−1) if ` > 2

O(d log d) if ` = 2

O(d) if ` = 1

(4.11)

where ` is the information exponent of the target f?.

As far as weak recovery of the target subspace is concerned, the characterization of multi-index
targets follows the same lines of thought just replacing the information exponent by the leap in-
dex of the target, e.g. see Definition 3 of [Dan+24a] or Definition 1 of [AAM23]. Similarly to
the information exponent definition, the leap index is the lowest rank of the tensors appearing
in the Hermite expansion of the target f?. Therefore, we choose to study in the following the
training dynamics for the p = k = 1 scenario for general batch sizes nb. This assumption is
useful to provide rigorous guarantees as it largely reduces the complexity of the projected SGD
dynamics. However, we argue (supported by numerical simulations in Appendix D.5.1) that the
same phenomenology will hold for larger values of p and k.

4.3.1 Weak recovery with one-pass SGD

Consider the gradient descent dynamics defined on the hidden layer weights by Equation (4.4).
We focus on the description of the time evolutionof the correlationbetween the network’s hidden
layer weight and the target direction:

mt = 〈wt,w
?〉 (4.12)

Our firstmain result is to characterize the time to achieveweak recovery of the target directionw?

as a function of the batch size and the information exponent of the target. We make very weak
assumptions on the activation and labeling functions, namely only assuming a sub-polynomial
growth:

Assumption 4.1 (Polynomial growth). The activation function σ is differentiable everywhere,
except maybe at a finite set of points. Both σ′ and f? are sub-polynomial, i.e. there exists a q > 0
and a constantC such that for any x ∈ R

|σ′(x)| ≤ C(1 + x)q and |f?(x)| ≤ C(1 + x)q (4.13)

Assumption 4.2 (Well-posedness). Let (ck)k≥0 and (c?k)k≥0 be the Hermite coefficients of σ and
h?, respectively. Then c` 6= 0, and if ` is even, then c`c?` > 0.

Assumption 4.3 (Initialization). There exists a κ > 0 such thatm0 > κ/
√
d. Further, if ` is

odd, thenm0 is such that
c`c

?
`m0 > 0
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Assumption 4.2 ensures that the optimization problem is achievable for gradient flowon the pop-
ulation lossR. Indeed, one can show that whenm ≈ 0,

R = R0 − `! c`c
?
`m

` + o(m`);

as a result, if ` is even and c`c?` < 0, thenm = 0 is a local maximum ofR and weak recovery is
impossible. When ` is odd, the pointm = 0 is always a strict saddle, so Assumption 4.3 ensures
that we start on the correct side of the saddle. Under the initialization scheme described by Equa-
tion 4.10, the first condition is satisfied with arbitrarily high probability upon decreasing κ, while
the second is a 1/2-probability event.

We are now in the position to formally state the result:

Theorem 4.1 (Projected SGDweak recovery). Consider the projected SGDalgorithmwith square
loss (Equations (4.4), (4.5)), and suppose that Assumptions 4.1-4.3 hold. There exist absolute con-
stants cγ , Cγ such that if

γ ≤ cγ min
(
1, nbd

−
(

`
2
∨1

)
log(d)−Cγ

)
,

then for large enough d we have with probability 1− ce−c log(n)
2

t+η ≤ Cγ−1d

(
`
2
−1

)
∨0 log(d). (4.14)

4.3.2 Illustration of Theorem 4.1

The phase diagram in Figure 4.1 exemplifies Theorem 4.1. We identify three learning phases:
SGD learning, Correlation Loss SGD learning, and SGD impossible. These regions are explored
by varying the batch size and learning rate exponents δ, µ. Our theory characterizes the optimal
learning rate to achieve the lowest possible time iterations of SGD to weakly recover the target
directionw? when the batch size respects nb = o(d`−1):

δ?(µ) =

{
`
2 − µ if µ < `/2

0 otherwise
(4.15)

Weak recovery region— In the regionnb . d`/2 there is a net benefit in using larger batch sizes
in the SGD optimization. This section shows a similar phenomenology to [BGJ21]: if we opti-
mally choose the learning rate exponent δ?(µ), the number of time iterations needed to weakly
recover the teacher directionw? is simply T (nb) = I(`)/nb, rescaling straightforwardly the time
complexity of the nb = 1 case in Equation (4.11). By considering higher values for the learning
rate (δ < δ?(µ)) SGD is not able to weakly recover the signal as the dynamics is dominated by
terms contracting the network / target correlation to zero, defining the SGD impossible region.
Vice versa, if one takes into account lower learning rates (δ > δ?(µ)), it is certainly possible to
weakly-recover the target, but at a higher time complexity cost.

Self-interaction regime— Conversely, the region d`/2 � nb . dmax(`−1,1) does not adhere to
the same straightforward paradigm. Indeed, standard SGD is not able to achieve weak recovery of



64 CHAPTER 4. INFORMATION EXPONENTS AND BATCH SIZE / COMPLEXITY

the teacher direction using T (nb) = I(`)/nb time iterations, but a simple modification of it - that
we callCorrelation Loss SGD - is able to. The number of steps needed to weakly recover the target
with this new training protocol can then be pushed down to T = polylog(d) when using batch
sizes nb = O(dmax(`−1,1)). We refer to the next section for a detailed analysis of this regime.

One-step regime — Recent works have discussed the role of one large learning rate gradient
descent step (giant step) when training of two-layer networks [Ba+22; DLS22; Dan+24a]. More
precisely, [Dan+24a] sharply characterizes the section nb = Ω(d`) where it is possible to learn
the teacher direction in just one step by setting the learning rate to δgiant−step(µ) = 1−`

2 .

4.3.3 The self-interaction regime

Surprisingly, when the learning rate becomes extensive (γ = ω(1)), the usual SGD algorithm
struggles to achieve weak recovery. This can be explained by writing the gradient update as

wt − γgt = (1− γ〈gt,wt〉)wt − γg⊥t ,

where gt, g⊥t are the gradient at time t and its component orthogonal towt, respectively. As a
result, projected gradient descent can be seen as a version of spherical SGDwith a randomweight
decay γ〈gt,wt〉. When γ = ω(1), this weight decay also becomes of order ω(1), which leads to
very unpredictable behavior of the process (wt)t≥0.

In this section, we study amodified version for the training protocol, in which the self-interaction
term 〈gt,wt〉 is much smaller; we will refer to this new algorithm asCorrelation loss SGD (see e.g.
[Dam+23]), as it effectively amounts to gradient updates on the correlation loss:

˜̀=
1

nb

∑
ν∈[nb]

1− yνf(zν) (4.16)

The above-described protocol is equivalent to consider a vanishing initialization scale for the sec-
ond layer weightsa0 of the network 4.1. Such assumptions are often considered in different theo-
retical efforts (see e.g. [AAM22; BMZ24; AAM23]). However, Figure 4.1 illustrates that a careful
analysis of the initialization scale a0 is needed to paint an exhaustive description of the SGD dy-
namics. Indeed, consideringCorrelation loss SGDallows to overcome the limitations highlighted
byTheorem4.1 for projected SGD. In particular, Correlation loss SGD is able to access the yellow
region depicted in Figure 4.1 where the time complexity can be reduced again to T̃ (nb) = I(`)/nb

using the optimal learning rate δ̃?(µ) = `/2 − µ even for µ > `/2. This is precisely stated in the
following theorem.

Theorem 4.2 (Correlation Loss SGDweak recovery). Consider the projected SGD algorithm with
correlation loss (Equations (4.4), (4.16)), and suppose that Assumptions 4.1-4.3 hold. There exists
absolute constants cγ , Cγ such that if

γ ≤ cγ log(d)−Cγ min

(
nbd

−
(

`
2
∨1

)
,

√
nb
d

)
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`
SGD SGD Correlation loss SGD One step

with nb . d`/2 with d`/2 � nb . dmax(`−1,1) with nb = o
(
dmax(`−1,1)

)
with nb = O(d`)

1
T = O(d/nb)

N = O(d)

T = O(1)

N = O(d)

T = O(d/nb)

N = O(d)

T = 1

N = O(d)

2
T = O(d log d/nb)

N = O(d log d)

T = O(log d)

N = O(d log d)

T = O(d log d/nb)

N = O(d log d)

T = 1

N = O(d2)

> 2
T = O(d`−1/nb)

N = O(d`−1)

T = O(d`/2−1)

N = O(nbd
`/2−1)

T = O(d`−1/nb)

N = O(d`−1)

T = 1

N = O(d`)

Table 4.1: Time / Complexity tradeoffs: Number of iterationsT and the total number of sam-
plesN needed to achieveweak recovery of the target for different trainingprotocols in highdimen-
sions. Left: One-pass SGD of batch size nb = d`/2, in this regime the optimal time complexity is
obtained rescaling by nb the result of [BGJ21] for nb = 1, i.e. by choosing the optimal learning
rate γ = O(nbd

−`/2). Center-left: One-pass SGDwith batch size d`/2 � nb . dmax(`−1,1), for
hard problems (` > 2) the sample complexity is significantly increasedwith respect to thenb = 1
case up toN = O(nbd

`/2−1). The learning rate cannot be increased proportionally to nb in this
region, fixed to be γ = O(1). Center-Right: Correlation loss SGD with nb = o(dmax(`−1,1)),
this training protocol overcomes the limitation of SGDwhennb � d`/2 and ` > 2; the total sam-
ple complexity isN = O(d`−1). The learning rate is fixed again to be proportional to the batch
size γ = O(nbd

−`/2). Right: The target is weakly recovered with one GD step of nb = O(d`)
batch. The learning rate is chosen as γ = O(d(` − 1)/2) for the One Step routine [Dan+24a].

Then if d is large enough, we have with probability 1− ce−c log(n)
2

t+η ≤ Cmax
(
1, γ−1d

(
`
2
−1

)
∨0 log(d)

)
. (4.17)

The derivation of Theorems 4.1 and 4.2 generalizes [BGJ21] which studies the nb = 1 case. In-
formally, the result is obtained by analyzing the stability of the equation for the correlationmt,
along with the requirement on the step-size for the suppression of the effects of the noise across
time. However, there is a major difficulty introduced by the large step-size regime: when the gra-
dient updates become larger, the Taylor-inspired bounds used in [BGJ21] become vacuous. We
work around this problem by showing that in this regime, there is a one-step improvement which
jumps directly to meaningful correlation with the target vector. All details can be found in Ap-
pendixD.1. Weprovide inTable 4.1 a representative summaryof the results inTheorems (4.1. 4.2)
characterizing the time/complexity tradeoffs to achieve weak recovery of general single index tar-
get f?.

The theoretical predictions of Theorem 4.2 are evaluated in Figure 4.2. The plot compares the
student-teacher weight correlation (mt = 〈wt,w

?〉) achieved by vanilla projected SGD andCor-
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Figure 4.2: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGDand theCorrelationLoss SGD, in different regions of the phase diagram, and for differ-
ent sizes d. The plot shows the test error as a function of the optimization steps. Both the teacher
and the student activation functions are fixed to σ = h? = He3, so the information exponent
is ` = 3. In all the three plots we vary the value of µ, while δ = `/2 − µ. Theorem 4.2 predicts
that the Correlation Loss SGD weakly recovers the target direction while SGD fails when δ < 0,
in accordance to what is shown in the plot. Note that the numbers of steps needed for the target
recovery drastically decrease when µ becomes large in accordance with Theorems 4.1,4.2.

relation Loss SGD as a function of time. The teacher activationh? is fixed to be the thirdHermite
polynomial (` = 3), and the batch size varies, effectively changing the region of the phase diagram
considered. In agreement withTheorem 4.2, the figure shows thatCorrelation Loss SGD is always
able to achieve faster weak recovery with respect to SGD. Furthermore, the batch size that can be
used with Correlation Loss SGD in combination with the optimal learning rate δ̃?(µ) = `/2 − µ
is larger, as presented in the phase diagram of Figure 4.1.

Remark 4.1. Theorem 4.2 does not claim superiority of Correlation Loss SGD with respect to
plain SGDwhen trying to fully learn the target, but only for achieving weak-correlation faster (Def-
inition 4.2). As Figure 4.2 shows, Correlation Loss SGD escapes the initial dynamical plateau
faster, but is then limited by a loss function not designed properly to reach the global minimum.
In Appendix D.5 we investigate the possibility to combine both the algorithms sketched in Figure 4.2,
namely escaping the initialization plateau with Correlation loss SGD and then learn the function
with SGD; we refer to this protocol as Adaptive SGD. Moreover, as Figure 4.1 and Table 4.1 illus-
trate, the benefits of using Correlation loss SGD are limited to settings in which ` > 2. Indeed, the
Self-interaction regime (depicted in yellow in Figure 4.1) is not present for ` ≤ 2.
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4.4 Exact asymptotic description

We now characterize the exact asymptotic description of the dynamics of two-layer networks
trained with SGD. In Figure 4.3 we sketch a representative phase diagram as a function of the
relevant parameter of the algorithm, i.e. the learning rate and the batch size. The plot identifies
different regions of parameters defining the network’s learning efficiency.

Sufficient statistics — Our study, like many other efforts [BGJ22; SS95b], is based on the
concentration of the neurons’ overlaps with the target subspace and their norms. This approach
only requires the knowledge for every optimization step t ∈ [T ] of the above defined overlaps,
often referred to as sufficient statistics. Let the pre-activations be defined as:

λt =Wtz and λ? =W ?z (4.18)

Thanks to the Gaussian nature of the data, the pre-activations at any time step t are jointly Gaus-
sian vectors (λt,λ?) ∼ N (0p+k,Ωt)with covarianceΩt ∈ R(p+k)×(p+k):

Ωt :=

(
Qt Mt

M>
t P

)
=

(
WtWt

> WtW
?>

W ?W>
t W ?W ?>

)
(4.19)

We refer toMt, Qt as the order parameters.

4.4.1 Closed form equations

We are now in the position to state our proposition that provides a set of deterministic ODEs to
describe one-pass SGD in high-dimensions. This portrayal depends ultimately only on the values
of the learning rate and the batch size, as quantified by the exponents (δ, µ).

Proposition 4.1. Consider Ω̄(t) the solution of the system of ordinary differential equations

dMjr

dτ
=Ψjr(Ω)−

Mjr

2
Φjj(Ω)

dQjl
dτ

=Φjl(Ω)−
Qjl
2

(
Φjj(Ω) + Φll(Ω)

) (4.20)

where we introduced:

Ψjr(Ω) =1{δ≥0
⋂

2δ+µ≥1}
γ0
p
ajψjr

Φjl(Ω) =1{δ≥0
⋂

2δ+µ≥1}
γ0
p

(
ajφ

GF
jl + alφ

GF
lj

)
+ 1{δ+µ≥1

⋂
2δ+µ≤1}

γ20
p2n0

ajalφ
HD
jl

(4.21)
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Figure 4.3: Exact asymptotic description: Exact asymptotic characterizationof thedynamics of
two-layer networks trainedwith SGD as a function of the batch size (nb) and the learning rate (γ).
Left: Illustration of the different dynamical regimes in a compact phase diagram. Population
flow region: The dynamics is equivalent to population gradient flow. Noise learning region:
The high-dimensional noise terms dominate the dynamics. Saad & Solla line: The learning dy-
namics attains a plateau characterized by the noise variance [SS95b]. Dynamics not defined:
The deterministic low-dimensional description of the Equation (4.20) is not valid. Right: The
figure shows a comparison of numerical simulations (dots) and theoretical prediction (continu-
ous lines) for three instances (δ, µ) associated with different learning regimes (identified by the
corresponding colors). For both theory and simulations, the test error is plotted as a function of
SGD iterations. We consider a matching architecture problem, i.e. h? = σ = erf activation, and
hidden units p = 2, k = 2.
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and auxiliary integrals bearing expectations overN (0,Ω):

ψjr =E
[
σ′(λj)λ

?
rE
]

φGFjl =E
[
σ′(λj)λlE

]
φHDjl =E

[
σ′(λj)σ

′(λl)E2
]

E =g?(λ
?)− 1

p

p∑
j=1

ajσ(λ)

Then, there exists a constant C independent from the input data dimension, such that the discrete
stochastic process for the covariance {Ωt}t∈N in Equation (4.19) induced by projected SGDdynamics
is approximated by the deterministic covariance matrix Ω̄(t) with precision:

E
∥∥Ωt − Ω̄(t∆τ)

∥∥ ≤ eCτ
√
∆τ (4.22)

with τ = t∆τ and∆τ = dmax(−δ,−2δ+1−µ).

We refer to Appendix D.2 for the informal derivation of the above result.

In Figure 4.3 (left) we summarize the results of Proposition 4.1 in a compact phase diagram. The
following dynamical regimes appear:

• Population Flow: The dynamics of the sufficient statistics described by a deterministic
set of ODEs (4.20) is equivalent to population gradient flow.

• Noise learning: The dynamic is dominated by high-dimensional noise, and consequently
the algorithm does not learn the target; the behavior is reflected in the ODEs.

• Saad & Solla line: The ODE description in Proposition 4.1 is equivalent to the piv-
otal work on 2LNNs [SS95b]. In particular, the original work corresponds to the point
(δ, µ) = (1, 0). The learning dynamics is blocked on a plateau characterized by the noise
variance in the labels.

• Large batch interaction: The dynamics is given by population gradient flow combined
with the large-batch corrections terms, i.e. contributions coming from interaction between
samples zν , zν′ in the same batch. This region corresponds in parameter space to δ =
0, µ > 1.

• Phase coexistent point: The point δ = 0, µ = 1 is the only point in parameter space
where all term in the equations are not negligible.

• Dynamics not defined: For a broad range of values of (δ, µ) the SGD dynamics is not
effectively described by a set of low-dimensional deterministic ODEs.

In the right panel of Figure 4.3 we present a numerical investigation of three particular instances
of the regimes presented above. The plot shows a comparison of numerical simulations versus
the low-dimensional exact asymptotic characterization given in Equations (4.20). The values of
the learning rate and the batch size used for SGD training are varied to probe different regions of
phase diagram 4.3.
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Remark 4.2. When the target’s leap index is ` > 1, the dynamic of SGD is dominated by a first
extensive search phase to achieve weak recovery of the teacher direction (Theorem 4.1). Therefore,
in order to probe interesting dynamical regimes for general single index teachers, we assume non-
vanishing initial correlations of the network’s hidden layer weights with the teacher’s ones when d→
+∞.

InAppendixD.5we study the tightness of the exponential boundEquation (4.22); we argue supported
by numerical illustrations that (on the practical side) the low dimensional ODE description is valid
well beyond the extents of Proposition 4.1, as already observed by other works [Gol+19; Vei+22] in
different context.

Non-asymptotic corrections— Proposition4.1unveils a surprising result for the exact asymp-
totic description of two-layer networks. Indeed, the ODEs written in Equation (4.20) coincide
with the analogous ones for the single sample per batch case (nb = 1), modulo trivial rescaling
of the parameters [Vei+22]. However, a careful consideration of the self-interaction term in the
gradient is needed for correctly describing the low-dimensional process of the order parameters:

nb∑
ν′=1,ν′ 6=ν

σ′(λνj )σ
′(λν

′
l )EνEν

′〈zν , zν′〉 (4.23)

The asymptotic form of this term can be exactly computed to be (using Proposition 4.1 nota-
tions):

φBCjl =E
[
σ′(λj)E

(
λ?
)>]

P−1E
[
σ′(λl)Eλ?

]
+ (4.24)

E
[
σ′(λj)E(λ⊥)>

] (
Q⊥
)−1

E
[
σ′(λl)Eλ⊥

]
(4.25)

with λ⊥ = λ − MP−1λ? andQ⊥ = Q − MP−1M>. Although the contribution of the
above term is asymptotically vanishing in the ODE description (4.20) when d → ∞, any the-
oretical description at finite d will effectively depend on φBCjl . In Appendix D.5 we provide ad-
ditional numerical investigation on the importance of (4.24) and the role of large batch sizes for
non-asymptotic corrections to the characterization in Proposition 4.1. Moreover, we note that
taking into account the presence of large batch size is pivotal to illustrate the time / complexity
tradeoffs for weak recovery of the target subspace, as thoroughly discussed in Section 4.3.

4.5 Conclusions

In this manuscript, we have explored the intricate relationship between batch size and the effi-
ciency of learning multi-index targets using one-pass SGD on high-dimensional input data. Our
findings defy the conventional belief that larger batch sizes invariably lead to better results and re-
veal a critical batch size threshold, beyondwhich the advantages of larger batches wane in terms of
computational complexity. Applying gradient updates on the correlation loss one may, however,
navigate this limitation. Finally, we also provide a systemof low-dimensionalODE to describe the
exact asymptotic of the SGD dynamics with arbitrary batch-sizes. Moving forward, we hope this
research paves theway for deeper inquiries into the optimization behaviors of learning algorithms,
prompting further examination of deeper networks and alternative loss functions.
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Chapter 5

Repetita Iuvant: Data Repetition
Allows SGD to Learn High-Dimensional
Multi-Index Functions

Luca Arnaboldi, Yatin Dandi, Florent Krzakala, Luca Pesce, and Ludovic Stephan

Abstract. Neural networks can identify low-dimensional relevant structureswithinhigh-
dimensional noisy data, yet our mathematical understanding of how they do so remains
scarce. Here, we investigate the training dynamics of two-layer shallow neural networks
trained with gradient-based algorithms, and discuss how they learn pertinent features in
multi-indexmodels, that is target functionswith low-dimensional relevant directions. In the
high-dimensional regime,where the input dimensionddiverges, we show that a simplemod-
ification of the idealized single-pass gradient descent training scenario, where data can now
be repeated or iterated upon twice, drastically improves its computational efficiency. In par-
ticular, it surpasses the limitations previously believed to be dictated by the Information and
Leap exponents associated with the target function to be learned. Our results highlight the
ability of networks to learn relevant structures from data alone without any pre-processing.
Moreprecisely,we showthat (almost) all directions are learnedwith atmostO(d log d) steps.
Among the exceptions is a set of hard functions that includes sparse parities. In the presence
of coupling between directions, however, these can be learned sequentially through a hierar-
chical mechanism that generalizes the notion of staircase functions. Our results are proven
by a rigorous study of the evolution of the relevant statistics for high-dimensional dynamics.

5.1 Introduction

GradientDescent-based algorithms such as StochasticGradientDescent (SGD) and its variations,
are a fundamental tool in training neural networks, and are therefore the subject of intense the-
oretical scrutiny. Recent years have witnessed significant advancements in understanding their
dynamics and the learning mechanisms of neural nets. Significant progress has been made, in

73
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particular, in the case of two-layer networks thanks, in part, to the so-called mean-field analy-
sis [MMN18; CB18; RV22; SS20]. A large part of the theoretical approach focused on one-
pass optimization algorithms, where each iteration involves a new fresh batch of data. In partic-
ular, in the mathematically solvable case of high-dimensional synthetic Gaussian data, and a low-
dimensional multi-index target function model, the class of functions efficiently learned by these
one-passmethods has been thoroughly analyzed in a series of recent works, and has been shown to
be limitedby the so-called information exponent [BGJ21] and leap exponent [AAM22;AAM23].
These analyses have sparked many follow-up theoretical works over the last few months, see, e.g.
[DLS22; Dam+23; Dan+24a; BBP23; Ba+23; Mon+24; Mou+23; ZB24], leading to a picture
where SGD dynamics is governed by the information exponent, that is, the order of the first non-
zero Hermite coefficient of the target.

A common point between all these works, however, is that they considered the idealized situation
where one processes data one sample at a time, all of them independently identically distributed,
without any repetition. This is, however, not a realistic situation inpractice. Indeed,most datasets
contain similar data-points, so that repetition occurs (see e.g. for repetition and duplicate in CI-
FAR [BD20]). Additionally, it is common inmachine learning to repeatedly go through the same
mini-batch of data multiple times over epochs. Finally, many gradient algorithms, often used in
machine learning in Lookahead optimizers [Zha+19], Extragradient methods [Kor76], or Sharp-
ness AwareMinimization (SAM) [For+21], explicitly take a few gradient steps over the exact same
data-point. It is thus natural to wonder if using such extra-gradient algorithms, or simply reusing
many times some data, would change the picture with respect to the current consensus.

There are good reasons to believe this to be the case. Indeed, it has been observed very recently
[Dan+24b] that iterating twice over large (O(d)) datasets was enough to alter the picture reached
in [BGJ21; AAM22; AAM23]. Importantly, [Dan+24b] showed that there exist functions that
can be learned over few (just two) batch repetitions, while they require a much larger (i.e. poly-
nomial in d) number of steps otherwise. While the set of function considered in this work was
limited, the conclusion is indeed surprising, thus motivating the following question:

Can data repetition increase the efficiency of SGD when learning any multi-index functions?

We establish a positive answer to the above question by the analysis of more realistic optimization
schemes with respect to the standard One-Pass SGD. Indeed, the hardness exponents developed
in the seminal works [Abb+21; BGJ21] are substantially bound to the idealized training scenario
that considers i.i.d data. Slight modifications to this training scenario toward a more realistic set-
ting starkly change the global picture. Such slight modifications include:

(i) non-vanishing correlations between different data points, that is a natural requirement for
real datasets;

(ii) processing the same data point multiple times in the optimization routine, i.e., a standard
step in any algorithmic procedure when looping over different epochs.

We consider a simple yet analytically tractable single-pass training scheme: processing one Gaus-
sian sample at a time, but repeating the gradient step twice. This minor adjustment, common in
Lookahead optimizers [Zha+19], Extragradient methods [Kor76], and Sharpness-Aware Mini-
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mization (SAM) [For+21], significantly boosts efficiency. In fact, we will see that this approach
matches the performance of our best algorithms in most cases.

We show in particular that most multi-index functions are learned with total sample complexity
eitherO(d) orO(d log d) if they are related to the presence of a symmetry, without any need for
preprocessing of the data that is performed in various works (See e.g., [MM18; LAL19; Mai+20;
CM20]). Our results thus demonstrate that shallow neural networks turn out to be significantly
more powerful than previously believed [BGJ21; AAM22; AAM23; Arn+23] in identifying rele-
vant features in the data. In fact, they are shown inmany (but not all) cases to saturate the bounds
predicted by statistical queries (SQ) [Dam+24] (rather than the more limited correlation statis-
tical queries (CSQ) bounds that were characteristic of the former consensus [BGJ21; AAM23]).
Equivalently, it roughly mirrors the prediction of the approximate message passing analysis in
[Tro+25a]. Our conclusions follow from the rigorous analysis of the overlaps between the trained
weight vectorswith the low-dimensional relevant subspace that draws inspiration from the pivotal
works of [SS95b; CS00; CSX00; BGJ21].

Concurrently with the present work, [Lee+24] also studies the properties of SGD under data
repetition in neural networks. We discuss the differences between our works in Section 5.3.2.

5.2 Setting and Main Contributions

Given a dataset of N labeled examples {zν , yν}ν∈[N ] in d dimensions, In this chapter the input co-
variate is denoted z, playing
the role ofx in the rest of the
thesis.

we analyze the learning
properties of fully connected two-layer networks with first layer weightsW = {wj}j∈[p], second
layer a ∈ Rp, and activation function σ : R → R

f(z;W,a) =
1

p

p∑
j=1

ajσ
(
〈z,wj〉

)
(5.1)

We consider target functions that are dependent only on few orthogonal relevant directions k =
Od(1) encoded in the target’s weight matrixW ? = {w?

r}r∈[k] ∈ Rk×d: The target f? plays the role
of the teacher and the net-
work f that of the student
from Section 1.2; we switch
to target/network here be-
cause f? and f no longer
share the same architecture.

yν = f?(zν) = h?(W ?zν) (5.2)

This model for structured data is usually referred to as amulti-index model. Our main objective
will be to analyze how efficiently two-layer nets adapt to this low-dimensional structure during
training. To ensure that all necessary Gaussian expectations exist, we make the following non-
restrictive assumption on σ, h?:

Assumption 5.1. The functions σ and h? have at most polynomial growth, in the sense that there
exists a constantC > 0 such that for all x ∈ R,x ∈ Rk ,

|σ(x)| ≤ C(1 + |x|)C and |h?(x)| ≤ C(1 + ‖x‖)C . (5.3)

Training algorithm – Our goal is to minimize the following objective:

R(W,a) = Ez,y

[
L(f(z,W,a), y)

]
(5.4)
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whereL : R× R → R is a loss function, and the expectation is over the data distribution.

This objective is non-convex, and we do not have direct access to the expectation over the data.
A central question in Machine Learning is therefore to quantify the properties of the weights
attained at convergence by different algorithms. In this manuscript we consider a specific class
of one-pass training routines to minimize the empirical risk. First, we partition the dataset in
disjointmini-batches of sizenb, i.e. D = ∪t∈[T ]{zν , yν}ν∈{tnb+1,...,(t+1)nb}whereT is the total
number of iterations considered.This chapter departs from

the discrete/continuous time
convention of Section 1.2:
here t denotes the discrete
SGD step (called ν there),
since ν is reserved for index-
ing the individual samples
zν .

For each algorithmic step, we update the hidden layer neurons
W = {wj}j∈[p] with the programA : (wj,t, γ, ρ, nb) ∈ Rd+3 → wt+1,j ∈ Rd.

Algorithm 5.1 (Optimizer Main Step).

wt+1,j = A(wt, γ, ρ, nb) = wt,j −
γ

nb

∑
ν∈[nb]

∇wt,jL
(
f(zν ; W̃t(ρ),a0), y

ν
)

w̃t,j(ρ) = wt,j − ρ∇wt,jL
(
f(zν ;Wt,a0), y

ν
) (5.5)

This class of algorithmsdefinedby theoptimizer stepA(·, γ, ρ, nb), inwhichwe consider thefinal
gradient update after taking a linear combination of the current iterate and its current gradient
(noted as W̃t(ρ) in the above), is broadly used in different contexts. Indeed, routineswith positive
ρ parameters correspond to Extragradient methods (EgD) [Kor76], while with negative ρ have
been recently used in the context of Sharpness AwareMinimization (SAM) [For+21]. For clarity,
we present our theoretical results with the above, easily interpretable, Algorithm 5.1. However,
our theoretical claims are valid in a more general setting; we refer to Appendices E.2 and E.4 for
additional results on more general optimizer steps.

As previously stated, the central object of our analysis is the efficiency of the network to adapt to
the low-dimensional structure identified byW ?. Therefore, we focus on the learned representa-
tions by the first layer weightsWt while keeping the second layer weights at = a0 fixed during
training. This assumption is favorable to performing the theoretical analysis and is largely used in
the theoretical community (e.g., [DLS22; Ba+22; Bie+22]).

Numerous theoretical efforts have been devoted to understanding the sample complexity needed
to learn multi-index targets. However, an important aspect of many algorithmic routines consid-
ered is to exploit a clever warm start to initialize the iterates [MM18; LAL19; Mai+20; CM20].
We show in this work that such preprocessing of the data is not needed to learn all polynomial
multi-index functions in T = O(d log d) with the routine in Algorithm 5.1. Instead, we con-
sider a fully agnostic initialization of the network:

Assumption 5.2. For each j ∈ [p], the initial first-layer weightw0,j is initialized according to
the uniformmeasure on the sphere:

w0,j
i.i.d∼ Unif(Sd−1).

The second-layer weights are drawn i.i.d in {−1, 1}:

a0,j
i.i.d∼ Unif({−1, 1}).
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Weak recovery in high dimensions – The essential object in our analysis is the evolution
of the correlation between the hidden neuronsW = {wj}j∈[p] and the target’s weightsW ?,
as a function of the algorithmic time steps. More precisely, we are interested in the number of
algorithmic steps needed to achieve an order one correlationwith the target’s weightsW ?, known
as weak recovery.

Definition 5.1 (Weak recovery). The target subspace V ? is defined as the span of the rows of the
target weightsW ?:

V ? = span(w?
1, . . . ,w

?
k) (5.6)

We define the weak recovery stopping time for a parameter η ∈ (0, 1) independent from d as:

t+η = min{t ≥ 0 : ‖WW ?>‖F≥ η} (5.7)

From Information Exponents to Generative Exponents – Recentworks have sharply theo-
retically characterized the weak recovery stopping time for a variety of multi-index targets learned
with one-pass SGD. [BGJ21] for the single-index case, then [AAM22] for the multi-index one
have unveiled the presence of an Information Exponent ` characterizing the time complexity
needed to weakly recover the target subspace V ?, defined in the single-index case as

` = min{k ∈ N : Ex∼N (0,1)

[
h?(x)Hk(x)

]
6= 0}, (5.8)

where Hk is the k-th Hermite polynomial [ODo14]. Under this framework, the sample com-
plexity required to achieve weak recovery when the link function has Information Exponent ` is
[BGJ21]

T (`) =


O(d`−1) if ` > 2

O(d log d) if ` = 2

O(d) if ` = 1.

(5.9)

These bounds have been improved by [Dam+23] up to order d`/2; the lattermatches the so-called
Correlated Statistical Query lower bound, which considers queries of the form E

[
yφ(z)

]
.

However, this Information Exponent is not the right measure of complexity for low-dimensional
weak recovery. Some iterative algorithms, for instance, are known to perform drastically bet-
ter[Bar+19; CCM21; MM18; LAL19; Mai+20; Tro+25a]. Recently [Dam+24] introduced a
new Generative Exponent `? (generative exponent) governing the weak recovery time scaling for
algorithms in the Statistical Query (SQ) or LowDegree Polynomial (LDP) family. This exponent
is defined as

`? = min{k ∈ N : Ex∼N (0,1)

[
f(h?(x))Hk(x)

]
6= 0 for some f : R → R}, (5.10)

which allows for the application of arbitrary transformations of the labels before performing the
queries. Under this definition, the “hard” problems with `? > 2 are also impossible to learn for
the best first-order algorithm, ApproximateMessage Passing [Tro+25a].
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We discuss in this work the extension of the generative exponent to the multi-index setting and
investigate the dynamics of specific gradient-based programs (Algorithm 5.1) as a function of
the freshly defined hardness exponent `?. These theoretical findings match the recent one of
[Kou+24] on the computational efficiency of SGD in learning sparse k−parity (associated with
`? = k).

When the optimal transformation f is known, a simple SGD algorithm on (z, f(y)) achieves
the Generative Exponent lower bound. However, one problem remains: does there exist a class
of SGD-like algorithms that can achieve this lower bound agnostically?

Achieving lower bounds with data repetition – Although the performance of single-pass
SGDis limitedby the InformationExponentofh?, the situationdrastically changeswhenmultiple-
pass algorithms are considered. Recently, [Dan+24b] proved that non-even single-index targets
are weakly recovered in T = O(d) when considering extensive batch sizes with multiple pass.
This begs the question of how good can a “reusing” algorithm be. We answer this question for
the class of polynomial link functions:We quote the sharp bound;

the additional, not-provably-
optimal polylogarithmic
factor at generative exponent
≥ 2 is suppressed here and
carried in full (d log(d)2) by
the formal Theorem 5.2.

Theorem 5.1 (Informal). There is a choice of hyperparameters such that if h? is a polynomial
function, Algorithm 5.1 achieves weak recovery inO(d log d) samples.

This shows in particular that a simple gradient-based algorithm, which only requires seeing the
data twice, is optimal—in terms of SGD performance—for weak recovery of any polynomial tar-
get.

Learning representations – Learning relevant features from data is a fundamental property
of neural networks. However, much theoretical work has focused on lazy training in two-layer
networks [JGH18], where features are not effectively learned. In this regime, shallownetworks be-
have as kernelmachines, which struggle to adapt to low-dimensional structures in data [Gho+20].
Understanding representation learning and corrections to the kernel regime is thus a key challenge
in machine learning theory [DH18; ABP22; Bie+22; DLS22; Pet+22]. In this manuscript we
provably characterize the number of iterations needed from Algorithm 5.1 to learn the relevant
features of the data, i.e., attain weak recovery of the target subspace. Our results provide the scal-
ing of the relevant hyperparameters (γ, ρ)with the diverging input dimension d. The minibatch
size will be fixed to nb = 1 in the main body, and we refer to Appendix E.4 for the extension to
larger batch sizes.

Summary of Main Results

• We prove for single-index targets that one-pass gradient-based algorithms surpass the Cor-
relation Statistical Query (CSQ) limits established by the Information Exponent [BGJ21].

• We unveil that the dynamics of the family of Algorithm 5.1 are governed by the generative
exponent [Dam+24], with an additional polynomial restriction on the transformation of
the output.

• We generalize the notion of generative exponent to multi-index targets. As in the single-
index case, one-pass gradient-based algorithms can overcome CSQ performance dictated
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by the LeapCoefficient [AAM22]. Our definition is consistent with the one of [Tro+25a].

• We prove that all polynomial multi-index functions are learned by Algorithm 5.1 either
with total sample complexity O(d) or O(d log(d)2) if associated with the presence of a
symmetry.

• The implementation of Algorithm 5.1 does not require pre-processing to initially correlate
the estimationwith the ground truth, and learns themeaningful representations fromdata
alone. This is in contrast numerous findings (e.g., [MM18; LAL19; Mai+20] for single
index targets or [CM20] for multi-index ones).

• We characterize the class of hard functions not learned in (almost) linear sample complex-
ity. We show, however, that such functions can be learned through a hierarchical mecha-
nism that extends the CSQ staircase first developed in [Abb+21] to a different, larger set,
of functions.

• We validate the formal theoretical claimswith detailed numerical illustrations. The code to
reproduce representative figures is available in the project GitHub repository1.

5.3 Single-Index Model

5.3.1 Main results

We first consider, for simplicity, the class of single-index models, in which k = p = 1. This
corresponds to a mismatched setting of Generalized Linear Models, in which we want to learn

y = h?(〈w?, z〉), with f(z,w, a) = aσ(〈w, z〉).

In this section we rigorously characterize the number of iterations needed for the class of Algo-
rithms 5.1 to perform weak recovery (as in Definition 5.1) in the context of single-index targets.
We establish a clear separation between the learning efficiency of the algorithmic family 5.1 and
One-Pass SGD, limited by the Information Exponent of the target to be learned [BGJ21].

We start by introducing a restrictionof the generative exponent in [Dam+24] topolynomial trans-
formations.

Definition 5.2 (Polynomial Generative Exponent). We define `?p as the smallest integer k such
that there exists a polynomial p : R → R with:

Ex∼N (0,1)

[
p(h?(x))Hk(x)

]
6= 0, (5.11)

Our assumptions on the SGD implementation and the target function are as follows:

Assumption 5.3. Algorithm 5.1 is run with single-sample steps (nb = 1), and uses the correlation
loss

L(y, ŷ) = 1− yŷ.

1https://github.com/IdePHICS/Repetita-Iuvant

https://github.com/IdePHICS/Repetita-Iuvant
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We also consider a spherical version of Algorithm 5.1, with

wt+1 =
wt − γ∇⊥

wL
(
f(zν ; w̃t(ρ), a0), y

ν
)∥∥∥wt − γ∇⊥

wL
(
f(zν ; w̃t(ρ), a0), yν

)∥∥∥ (5.12)

where∇⊥f = ∇f − 〈∇f,w〉w is the spherical gradient.

Assumption 5.4. The activationσ is analytic almost everywhere, andσ(n) satisfies the polynomial
growth assumption (5.3) for n ∈ N (possibly for different constantsCn). Further, for all n ≥ 1, we
have

Ex∼N (0,1)

[
σ(n)(x)σ′(x)n−1

]
6= 0 and Ex∼N (0,1)

[
xσ(n)(x)σ′(x)n−1

]
6= 0

We are now ready to state our main result.

Theorem 5.2. Suppose that Assumptions 5.1-5.4 hold, and let ρ = ρ0d
−1. Then, under an event

of probability 1/2 on the initialization (a0,w0), for each δ > 0, there exist constants γ0(δ) and
C(δ) such that the following holds:

• If `?p = 1, choosing γ = γ0(δ)d
−1, then P(t+η ≤ C(δ) · d) ≥ 1− δ,

• If `?p = 2, choosing γ = γ0(δ)[d log(d)]−1, then P(t+η ≤ C(δ) · d log(d)2) ≥ 1− δ.

The above holds for almost every choice ofρ0 under the Lebesguemeasure. In particular, in a network
with p = O(log 1

δ ) neurons, at least one of them achieves weak recovery with probability 1− δ.

Proof Sketch – We provide here the proof sketch for Theorem 5.2. For any vectorw, under
the correlation loss, we have

∇wL(f(z;w, a0), y) = −a0yσ′(〈w, z〉) · z, (5.13)

so the gradient is aligned with z. As a result, we have

∇wL
(
f(z; w̃(ρ), a0), y

)
= −a0yσ′

(
〈w, z〉+ a0ρyσ

′(〈w, z〉) ·‖z‖2︸︷︷︸
≈d

)
· z (5.14)

This expression for the gradient exhibits two important properties:

• Even though ρ � d−1, since the gradient lies along z, the additional dot product with z
amplifies the signal by a factor of d,

• The resulting gradient (5.14) is a non-linear function of y, as opposed to the linear one of
(5.13).

The latter property enables us to show that the dynamics driven by equation (5.14) can imple-
ment all polynomial transformations of the output y, for almost all choices of ρ0. Subsequently,
the SGD algorithm on the transformed input p(y) can be studied with the same techniques as
[BGJ21], but with an information exponent equal to `?p.
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5.3.2 Discussion

Significance and necessity of the assumptions – Assumption 5.3 simplifies Algorithm 5.1
to a more tractable version. In particular, the normalization step allows us to keep track of only
one parameter, the overlap betweenwt andw?. We expect however Theorem 5.2 to hold in the
general setting of Algorithm 5.1.

Assumption 5.4 is a regularity Assumption, ensuring that some quantities of interest in the proof
are non-zero. The first part is satisfied by virtually every activation function; the second is more
restrictive, but we show that it is satisfied for biased activations:

Lemma 5.1. Let σ be a non-polynomial analytic function. Then the second part of Assumption 5.4
is true for the functionx 7→ σ(x+b) for almost every choice of b (according to the Lebesguemeasure).

Finally, althoughwe state our result as an almost sure event over ρ0, it can be reformulated into an
event on the second layer weight a0, in which the randomness comes from the initialization step.

Learning polynomial functions – Although our definition of the PolynomialGenerative Ex-
ponent is more restrictive than the one in [Dam+24], we show that it is enough to allow learning
of a large class of functions, namely polynomials:

Theorem 5.3. Assume that h? is a polynomial function. Then the Polynomial Generative Expo-
nent of h? is always at most 2, and is equal to 1 whenever h? is not even.

This theorem implies that the Extragradient algorithm class allows us to match the sample com-
plexity of the algorithm of [CM20], without the need for ad hoc preprocessing.

Beyond Algorithm 5.1 – A succinct summary of the proof goes as follows: the first time we
see a sample z, we store information about y along the direction of z. The second time we see the
same sample, the component along z inw interact non-linearlywith y, which bypasses the CSQ
framework. Importantly, we expect that this behavior also appears in SGD algorithms where we
do not see the data twice in a row, but across multiple epochs! Indeed, upon small enough correla-
tion between thezν , seeingmultiple examples before the repetition ofz should not interferewith
the data stored along this direction. We are therefore not claiming that Algorithm 5.1 is superior
to other classically-used methods; rather, it provides a tractable and realistic setting to study data
repetition in SGD, which was ignored in previous theoretical works on the topic.

5.3.3 Numerical illustrations

We illustrate in Figure 5.1 the stark difference between the weak recovery dynamics of One-Pass
SGD and Algo. 5.1 for single-index targets. The Cosine Similarity between the learned weight
wt and the ground truth informative directionw? is shown as a function of the time steps t for
different target functions. Two optimization routines are considered to exemplify the learning
behavior:

(i) Extragradient Descent (EgD), corresponding to the family of Algorithms 5.1 with positive
ρ parameters;
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Figure 5.1: Learning single-index targets –Evolution of theCosine Similarity attained by EgD
(dots) and SGD (crosses) as a function of the normalized iteration time. (dashed horizontal line
1√
d
is a visual guide to place random performance). (a) (`, `?) = (1, 1): both algorithms learn in

linear time. (b) (`, `?) = (2, 2): both algorithms learn inO(d log d) time. (c) (`, `?) = (3, 1):
EgD learns in linear time, while SGD requires O(d2) time. (d) (`, `?) = (4, 2): EgD learns in
O(d log d) time, SGD requiresO(d3) time (Details in Appendix E.5).
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(ii) One-Pass SGD, corresponding to vanilla SGD, or equivalently Algorithm 5.1 associated
with ρ = 0 hyperparameter.

The scaling of (γ, ρ) as a function of the input dimension d and exponent `? are given in The-
orem 5.2, while the mini-batch size is fixed to nb = 1 (See Appendix E.4 for extension to larger
nb). For all plots, we take σ = relu and we refer to Appendix E.5 for details.

• SGD-easy non-symmetric targets (` = `? = 1) – The Left section of Figure 5.1 shows
h?(x) = relu(x). Here both SGD and Algorithm 5.1 learn in T = O(d).

• SGD-easy symmetric targets (` = `? = 2) – The Center-Left section of Figure 5.1
shows h?(x) = He2(x). Here both SGD and Algorithm 5.1 learn in T = O(d log d).

• SGD-hard non-symmetric targets (` > 2, `? = 1) – The Center-Right section of
Figure 5.1 shows h?(x) = He3(x). Here Algorithm 5.1 learns in T = O(d) while One
Pass SGD suffers from the limitations detailed in Equation (5.9), i.e. T = O(d`−1) with
` = 3 for this case.

• SGD-hard symmetric targets (` > 2, `? = 2) – The Right section of Figure 5.1 shows
h?(x) = He4(x). Here Algorithm 5.1 learns in T = O(d log d) while One Pass SGD
suffers from the time scaling law detailed in Equation (5.9) T = O(d`−1).

5.4 Multi-Index Model

We now investigate the superiority of Algorithm 5.1 over the idealized One-Pass SGD training
scheme when learning multi-index targets. In this setting, the networks weights can align with
only a few select directions from V ?. To quantify this behavior, we define directional versions of
the Information and Generative Exponents (see also [Tro+25a]):

Definition 5.3. Let v ∈ V ?. The Information Exponent `v (respectively Polynomial Generative
Exponent `?v) of y in the direction v is the smallest k such that

E
[
yHk(〈v, z〉)

]
6= 0 (resp.E

[
pv(y)Hk(〈v, z〉)

]
6= 0)

for a polynomialpv . Wealso let ` = minv `v and `?p = minv `?v . Theminimal subspaceU? ⊆ V ?

is defined as the smallest subspaceU such that `v > ` (resp. `?v > `?p) for every v ∈ U⊥.

The identification of the class of hard functions has been subject of intense theoretical scrutiny
[Abb+21; AAM22; AAM23; Dan+24a; BBP23; Tro+25a]; and for the problem of initial align-
ment it was shown to depend on the Information exponent defined above. Thus, similarly to the
single-index scenario, the time complexity needed for Algorithm 5.1 to weakly recover the target
subspace follows the law in Equation (5.9) for themulti-index information exponent `. A natural
question is thus to ask whether the class of Algorithm 5.1 also allows us to bypass this require-
ment. We show that this is indeed the case. Consider a neural network as in Equation (5.1); we
assume that the internal learning rate ρ is chosen independently for each neuron:

Assumption 5.5. For each j ∈ [p], the parameter ρ0,j is chosen independently from all other neu-
rons, according to a symmetric distribution which is absolutely continuous w.r.t the Lebesgue mea-
sure.
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Theorem5.4. Let δ > 0, andΠ? the projection operator onV ?. There exists constantsγ0(δ), C(δ)
depending only on δ such that if we take p ≥ C(δ)k and

• if `?p = 1, γ = γ0(δ)d
−1 and T = C(δ)d,

• if `?p = 2, γ = γ0(δ)(d log(d))−1 and T = C(δ)d log(d)2,

then with probability 1− δ, there exists a t ≤ T such that at least a positive proportion of the vectors
wt,i satisfy

∥∥Π?wt,i

∥∥ ≥ η. Further, if `?p = 1, then the vectors {Π?wt,i}i∈[p] span the minimal
subspaceU?.

5.4.1 Numerical investigation with multi-index target

We illustrate the results of Theorem 5.4 numerically by comparing the performance of One-Pass
SGD with Algorithm 5.1 in Figure 5.3. We measure the maximal cosine similarity between the
hidden layer neurons and the different rows of the target’s weight matrixW ? as a function of
the iteration time. Furthermore, we set without loss of generality the target’s directions to the
standard basis of Rd to ease the notation. The algorithms considered are again EgD and vanilla
One-Pass SGD (See Appendix E.5 for details).

• SGD-easy non-symmetric targets (` = `? = 1) – Figure 5.3, left, shows h?(x1, x2) =
x1+x1x2. HerebothSGDandAlgorithm5.1 learn inT = O(d) thedirections (w?

1,w
?
2).

• SGD-easy symmetric targets (` = `? = 2) – Figure 5.3, center left, showsh?(x1, x2) =
x1x2. HerebothSGDandAlgorithm5.1 learn inT = O(d log d) thedirections (w?

1,w
?
2).

• Non-symmetric targets with SGD-easy and hard directions (`v > 2, `?v = 1) –
Figure 5.3, center-right, shows h?(x1, x2) = x1 + He3(x2). Here both SGD and Algo-
rithm 5.1 learn in T = O(d) the directionw?

1 , that satisfies `w?
1
= `?w1

? = 1. However,
since `w?

2
= 3while `?w?

2
= 1, One-Pass SGDsuffers from the limitations detailed inEqua-

tion (5.9) and requiresΩ(d2) samples to learn the seconddirectionw?
2 . This contrastswith

the behavior of Algorithm 5.1 that learns alsow?
2 in T = O(d) steps.

• SGD-hard symmetric targets (` > 2, `? = 2) – The right section Figure 5.3 shows
h?(x1, x2, x3) = x1x2x3. The Information Exponent is ` = 3, hence vanilla SGD does
not learn any direction in the target subspace in T = O(d log d) iterations. However,
Algorithms 5.1 learns inT = O(d log d) steps all the three directions {w?

1,w
?
2,w

?
3} since

the Generative Exponents `?w?
r
are all equal to two.

5.4.2 Learning hard functions through a hierarchical mechanism

The investigation of the hierarchical nature of SGD learning has attracted noticeable attention
[Abb+21; AAM22; AAM23; Dan+24a]. In this paper, we portray a completely different picture
in terms of computational efficiencies when data repetition is considered in the algorithmic SGD
routine. Onemaywonder if there is a generalization of such a hierarchical learningmechanism to
the present novel setting. Indeed for optimal AMP algorithm, a different picture emerges, (called
Grand staircase in [Tro+25a]). Here we show that coupling between directions can hierarchically
guide the learning process as well with SGD.
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Figure 5.2: Hierarchical learning – Evolution of the maximum Cosine Similarities with dif-
ferent target directions {w?

r}r∈[k] are identified by different colors: w?
1 (blue),w?

2 (orange),w?
3

(green) as a function of the normalized iteration time. (a): both the algorithms learnw?
1 in linear

time, but only EgD can also learnw?
2 inO(d) via a staircase mechanism; SGD requires another

O(d2) steps to take advantage of the staircase and learnw?
2 . (b): EgD performance for the target

function f?stair (dots) and f?sign(squares); we plot in separate subplots the overlap with different
directions to highlight the presence of hierarchical learning mechanism. Learning the first target
directionw?

1 triggers the hierarchical mechanism and EgD is able to weakly recover the full target
subspace Span(w?

1,w
?
2,w

?
3) inO(d log d), while this does not happenwhen removingHe2(x1)

from the target. See Appendix E.5 for additional details.
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Figure 5.3: Learning multi-index targets – Evolution of the maximumCosine Similarities at-
tained by EgD (crosses) and SGD (dots) as a function of the normalized iteration time. The Dif-
ferent directions {w?

r}r∈[k] are identified by colors: w?
1 (blue),w?

2 (orange),w?
3 (green). (dashed

horizontal line 1√
d
is a visual guide to place random performance). (a) (`, `?) = (1, 1): both

algorithms learn the first direction in linear time, as well as the second one in O(d) steps using
the staircase mechanism. (b) (`, `?) = (2, 2): both algorithms learn the two directions simulta-
neously in O(d log d) steps. (c) (`w?

2
, `?w?

2
) = (3, 1): both algorithms learnw?

1 in linear time,
but only EgD learnsw?

2 inO(d); SGD instead requiresO(d2). (d) (`, `?) = (3, 2): EgD learns
all 3 directions simultaneously inO(d log d) steps, while SGD needsO(d2) time (details in Ap-
pendix E.5).
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Figure 5.4: Hierarchical learning – Evolution of the maximum Cosine Similarities attained
by EgD with different target directions {w?

r}r∈[k] are identified by different colors: w?
1 (blue),

w?
2 (orange), w?

3 (green) as a function of the normalized iteration time. The target function is
f?sq−stair(z) = He4(z1) + sign(z1z2z3), that is an SQ-staircase (or grand staircase), not a CSQ-
staircase. EgD learn w?

1 in O(d log d) steps and use the information to learn the other two di-
rections in another O(d log d) steps. SGD (not showed in the plot) cannot take advantage of
the staircase mechanism since He4(z1) and sign(z1z2z3) have information exponent ` = 4 and
` = 3 respectively. (See Appendix E.5).

The Left panel in Figure 5.2 shows an example of the so-called staircase functions [Abb+21], i.e.
f?(z) = z1 + z1He3(z2). While one-pass SGD needs to learn hierarchically first the direction
w?

1 in T = O(d) and thenw?
2 in T = O(d2), Algorithm 5.1 easily learns both in linear time.

This observation could lead to infer that hierarchical learning mechanisms are not present when
more realistic training scenarios are considered.

To refute this, we illustrate in the right panel of Figure 5.2 a scenario that precisely exemplifies
the presence of hierarchical mechanisms within Algorithm 5.1. We run this algorithm on two
different target functions, f?sign(z) = sign(z1z2z3) and f?stair(z) = He2(z1) + sign(z1z2z3).
We show in Appendix E.2 that 3-sparse parities of the form sign(z1z2z3) are hard functions even
for SGD with data repetition (Algorithm 5.1), and indeed they are not learned in (almost) linear
time. On the other hand, for the function f?stair, our simulations predict that the first direction
w?

1 is learned inT = O(d log d) iterations (see the rightmost panel of Figure 5.3). However, once
the directionw?

1 is learned, it can be used to obtain order-one correlationwith {w?
2,w

?
3} again in

T = O(d log d) steps. While the latter example belongs to the class of “CSQ” staircase function
depicted in [Abb+21], novel “SQ” hierarchical mechanisms arise in our framework, such as for
instance the function f?sq−stair(z) = He4(z1) + sign(z1z2z3) (see Figure 5.4).

The staircase picture in terms of generative exponent was discussed for AMP-type algorithm in
[Tro+25a]. Our study indicate that this new class (they called grand staircase) is not restricted to
AMP:Weanticipate that grand staircase functions canbe efficiently learnedby two-layer networks
when data reusing is permitted, whereas only standard staircase ones emerge under single-pass
SGD. Additional recent results by [JMS24] align with this perspective.
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5.5 Conclusions

We have pushed in this paper the boundaries of learning multi-index models in high-dimensional
settings using gradient-type algorithms, and shown that, contrary to what was believed, they are
very efficient in doing so. We argue in this manuscript with a simple analytically solvable model
how to bypass the limitations of the CSQ framework: we process the same sample twice. Cru-
cially, a similar phenomenon appears also in standard SGD when training over multiple epochs,
with the only difference being that the same data is not seen consecutively. We believe that the
model proposed in this manuscript paves the way for the analysis of more realistic training sce-
nario where correlation in the data is taken into account, surpassing the limiting i.i.d. scenario.

Upon completion of this work, we became aware of the interesting paper from [Lee+24] showing
strong recovery with similar sample complexity, also by exploiting the reuse of training data. Our
work was conducted independently and simultaneously
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Chapter 6

Asymptotics of SGD in
Sequence-Single Index Models and
Single-Layer Attention Networks

Luca Arnaboldi, Bruno Loureiro, Ludovic Stephan, Florent Krzakala, and Lenka Zdeborová

Abstract. We study the dynamics of stochastic gradient descent (SGD) for a class of se-
quence models termed Sequence Single-Index (SSI) models, where the target depends on
a single direction in input space applied to a sequence of tokens. This setting generalizes
classical single-index models to the sequential domain, encompassing simplified one-layer
attention architectures. We derive a closed-form expression for the population loss in terms
of a pair of sufficient statistics capturing semantic and positional alignment, and character-
ize the induced high-dimensional SGD dynamics for these coordinates. Our analysis reveals
two distinct training phases: escape from uninformative initialization and alignment with
the target subspace, and demonstrates how the sequence length and positional encoding in-
fluence convergence speed and learning trajectories. These results provide a rigorous and
interpretable foundation for understanding how sequential structure in data can be benefi-
cial for learning with attention-based models.

Stochastic Gradient Descent (SGD) is the core optimization tool driving modern machine learn-
ing. Recent years have seen substantial progress in understanding its dynamics, particularly in
two-layer networks [SS95b;MMN18; CB18; RV22; SS20; Arn+23]. While global convergence is
qualitatively well-understood when the network is wide enough, quantitative results are scarcer.
A particularly fruitful body of recent theoretical work addressing this gap has focused on deriving
precise convergence rates for particular model classes on synthetic data, such as high-dimensional
Gaussian single andmulti-indexmodels [BGJ21;AAM22;AAM23]. These advanceshave sparked
a wave of follow-up studies [DLS22; Dam+23; BBP23; Ba+23; Mon+24; Mou+23; Cui+24b;
ZB24; BMZ24; Arn+24a; Arn+24b], deepening our understanding of what problems are hard
to learn for neural networks trained under SGD.

89



90 CHAPTER 6. SGD IN SINGLE-LAYER ATTENTIONNETWORKS

While multi-index models have served as a cornerstone in theoretical analyses of learning, they
remain far from the architectures driving recent breakthroughs in machine learning. Modern
advances in learning from sequential data—particularly in natural language processing— are in-
creasingly dominated by attention-based models such as the Transformer architecture [Vas+17].
These models introduce a paradigm shift through self-attentionmechanisms, which dynamically
reweight the influence of each input token based on its relevance to others. Through successive
layers of attention, Transformers capture intricate dependencies across sequences, enabling state-
of-the-art performance in tasks ranging from machine translation to large-scale language model-
ing [Bro+20; Dev+18].

The main goal of this work is to extend our theoretical understanding of learning with SGD on
multi-index models to attention-based architectures and sequential data. Inspired by [Cui+24a;
Tro+25b], our focus will be on the following class of single-layer, tied attention models:

fw(X) = Π

softmax((X +
P√
d

)
ww>

(
X +

P√
d

)>
) , (6.1)

wherew ∈ Rd are the trainableweights andΠ is the reductionmap, which allows passing from an
L×Lmatrix to a kout-dimensional vector. As detailed in Appendix F.1, this model is a reduction
of the standard attention mechanism, where

(i) key and query matrix are tied, and dhead = 1: Q = K = X ·w ∈ RL×1 ;

(ii) since we are considering a single layer attention, and we do not need to learn a new repre-
sentation of the sequence, the value matrix is the identity: V = IL.

In this work, we will be interested in the optimization properties of the model in Equation (6.1)
when trained under (spherical) one-pass stochastic gradient descent (SGD) from a random initial
conditionw0 ∼ Unif(Sd−1(

√
d)):

wν+1 =
wν − γ∇w`(X

ν ,yν ; fw)∥∥wν − γ∇w`(Xν ,yν ; fw)
∥∥‖wν‖ . (6.2)

with the squared loss:

`(X,y; fw) =
∥∥y − fw(X)

∥∥2
F =

kout∑
i=1

(
yi − fw(X)i

)2
. (6.3)

Note that for one-pass (a.k.a. online or streaming) SGD each sample is only seen once, meaning
that the sample complexity of the algorithm coincides with the convergence rate. The spherical
constraint is considered to simplify themathematical analysis, a common assumption in the anal-
ysis of SGD for single-index models [BGJ21; DLS22].

To derive a sharp characterization of the sample complexity and convergence rate of SGD for the
single-layer attention mechanism in Equation (6.1), we assume that the sequence data (X,y) is
generated from the following Gaussian sequence single-index (SSI) model:
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Assumption 6.1 (Data distribution). We assume training data (X,y) ∈ RL×d × Rkout is
independently drawn from a Gaussian Sequence Single Index (SSI)model:

f SSIw?
(X) = g(X ·w?) (6.4)

where X ∈ RL×d is a Gaussian matrix with entries N (0, 1/d), g : RL → Rkout is a vector-
valued link function that depends only on the scalar product of the input with a fixed vectorw? ∈
Sd−1(

√
d) and kout is an integer that does not depend on d orL.

Recent work by [Cui+24a; Tro+25b; Cui25] has shown that the single-layer tied attentionmodel
in Equation (6.1) is a particular instance of a class of sequence multi-index (SMI) models, creating
a bridge between single-index analysis and attention-based learning. This mapping implies that
model Equation (6.1) can learn at best a predictor in this class, justifying the choice for training
data. The SSI model class was introduced by [Cui+24a] in the context of studying phase transi-
tions for the attention mechanism. These results position the SMImodel as a signature synthetic
model to study the interplay between attention mechanisms, data structure, and the dynamics of
learning algorithms. Despite this progress, the learning dynamics of SMI models under SGD re-
main unexplored. Prior studies [Cui25; Cui+24a] analyzed the empirical risk minimizer through
the heuristic replica method, while [Tro+25b] rigorously studied the Bayes-optimal estimator for
SMI models. However, a theoretical understanding of the population landscape and SGD dy-
namics in this model is missing. Our work addresses this gap, providing the first rigorous char-
acterization of SGD dynamics in SMI models by leveraging techniques developed for single and
multi-index models.

Main results— Ourmainmethodological contribution is the generalization of analytical tools
to studymulti-indexmodels to variants that process sequences of tokens rather than simple vector
inputs. Our contributions can be summarized as follows:

• We introduce the notion of sequence information exponent (SIE), as a generalization of the
information exponent for single-index models [BGJ21]; the SIE has a direct correspon-
dence with the sample complexity of SGD. We also discuss the implications of the posi-
tional encoding on the sample complexity, proving it could help SGD to learn faster.

• We analyze the speed-up introduced by the attentionmechanismwhen learning sequential
data, compared to models not adapted to treat sequence structures, e.g. fully connected
networks. Formanyproblems,we show that the gain is proportional to the sequence length
L and in some cases even larger.

• We investigate the interplay between the positional and semantic structure of the data fol-
lowing the setting from [Cui+24a], showing that SGD dynamics is not always able to dis-
entangle the two and that a rich phase diagram arises describing the structure of the corre-
sponding population loss and the performance of SGD.

All our formal claims are supported by rigorous proofs, as well as numerical experiments; the code
developed is available at this GitHub repository1.

1https://github.com/IdePHICS/Sequence-Single-Index

https://github.com/IdePHICS/Sequence-Single-Index
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Further Related works — There has been much activity discussing SGD with synthetic
data onmulti-indexmodelsover the last decades or so, see e.g. [BGJ21; Vei+22;Arn+23;Col+24;
MB23; BMZ24; MU25] and references therein. Information and generative exponent have
been the topic ofmanyworks over the last fewyears [BGJ21;AAM22;Dam+24; Tro+25a;Def+25].
Here we discuss and adapt these notions for sequence models [Tro+25b].

On the theory of transformers, [SHT23] has shown that transformers can approximate certain
sparse averaging (qSA) tasks independently of the sequence length, while fully connected net-
works require awidth scalingwith the length. [Mou+25]derived sample complexityupperbounds
for q-Sparse Token Regression (qSTR) tasks, a random version of qSA. [Wan+24] showed that
the separation between transformers and fully-connected networks also hold under GD for the
qSTR task. While the qSA and qSTR tasks are not directly comparable to the SSI model, both
model a sparse dependency of the task in the sequence. [Mar+24] introduced a model that can
be seen as a sequence two-index model. While we assume the input data to be i.i.d. Gaussian they
assume a spiked covariance structure in the datawhichmakes their results not directly comparable
to ours.

Convergence guarantees for a single layer transformer were studied by [Wu+23]. [Son+24] stud-
ied the convergence of GD for simple architectures and highlighted the existence of suboptimal
local solutions. [Li+25]point out that rapid convergencedoes not guaranteemeaningful learning.
[Li+23] give sample complexity bounds for a shallow vision transformer. [Zha+25] studied be-
nign overfitting in transformers trained by SGD. [YF25] derived sample complexity upper bounds
for next token prediction tasks based on the complexity of the hypothesis class, and showed that
the out-of-sample error depends on the sequence mixing properties. Compared to these work we
move beyond convergence results to study how the data structure, e.g. sequence structure and
positional encodings, affect sample complexity and behaviors of the population loss and recovery
dynamics in the high-dimensional limit.

6.1 Setting and definitions

Let (Xν ,yν) ∈ RL×d × Rkout denote ν = 1, . . . , n samples drawn from the Gaussian se-
quence single-indexmodel withweightsw? ∈ Rd and link functiong, defined in Equation (6.4).
As motivated in the introduction, our goal in this work is to characterize the sample complexity
of learning the sequence task (Xν ,yν) with a tied single-layer attention trained under one-pass
(spherical) SGD defined in Equation (6.2). Note that while the model might appear as too sim-
plified because of the lack of correlation between the tokens, we will show that it is sufficient to
capture the main features of sequence models.

As shown in the classical result by [Chu54], one-pass SGDcan be understood as a noisy discretiza-
tion of gradient flow on the population risk (also referred to as population loss):

R(w) = EX∼N (0,Id/d)

[
`(X,f SSIw?

(X);fw)
]
. (6.5)

Therefore, in order to understand the dynamics in Equation (6.2) it is important to understand
the landscape of the risk above. The key property of single-index models underlying the conver-
gence rate analysis of [BGJ21] is that rotation invariance of the population risk implies that it
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only depends on a single parameter: the correlation between the target weights and the predic-
tor weight, also known as an order parameter or sufficient statistic. A similar property holds for
the family of SSI models defined by Assumption 6.1. Indeed, conditionally on the weights, the
following projections

z? = X ·w? ∈ RL and z =

(
X +

P√
d

)
w ∈ RL, (6.6)

define joint Gaussian variables, which can be fully characterized by their means and covariances:

E
[
z?,i
]
= 0, E [zi] = ei

Cov
(
z?,i, z?,j

)
= δij , Cov

(
zi, zj

)
= δij , Cov

(
z?,i, zj

)
= δijm,

(6.7)

where we have introduced the sufficient statistics:

m =
w>
? w

d
and e =

Pw√
d
. (6.8)

Theseplay exactly the same role as theoverlapbetween target andpredictorweights in the standard
single-indexmodel. Therefore, the population risk can be written as a function of these statistics:

R(w) ≡ R(e,m) = E(z?,z)

∥∥∥∥∥g(z?)−Π

[
softmax

(
zz>

)]∥∥∥∥∥
2

F

 . (6.9)

Note that this formulation reduces the problem of understanding the landscape geometry of R
in thew ∈ Rd space to understanding it in (e,m) ∈ RL+1 —a significant simplification when
the token size d is large with respect to the sequence length L, the regime we will focus on this
work. Note that, given the fixed norm constraint on w, the sufficient statistics are constrained
inside the unit ball ofRL+1:

∥∥(e,m)
∥∥ ≤ 1.

Escaping mediocrity — As previously discussed, studying the convergence rate of one-pass
SGD is akin to studying the population risk landscape. In the standard single-index model, the
picture arising from [BGJ21; Arn+24a] is rather simple: the only critical points of the population
risk are single global minima at the target weights and (possibly) a strict saddle at zero correlation.
Therefore, the convergence rate of one-pass SGD from random initialization is dominated by the
time taken to escape this saddle-point, a scenario commonly referred to as escaping mediocrity
[Arn+24a].

Aswe shall see, the risk landscapeof sequencemodels is richer,with inparticular thepresenceof lo-
calminima. Nevertheless, thesemodels share the commonproperty ofmediocrity at initialization,
with the convergence rate dominated by the flatness of the initial saddle-point. Therefore, we start
our discussion by formalizing this notion in the context of SSI models. In the high-dimensional
scenario where d is large, the initial weightw0 is approximately orthogonal to the target direction
w?, as well as the positional embedding P . Quantitatively, the sufficient statistics are distributed
as

lim
d→+∞

√
d(e0,m0) ∼ N (0, IL+1). (6.10)
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Namely, the initial value of the sufficient statistic is (e0,m0) ≈ (0, 0), with fluctuations of order
O(1/

√
d). For the model in Equation (6.1), (e,m) = (0, 0) is a saddle-point of risk, and the

dynamics is divided in two phases:

• The escape from the initial condition, where the model develops a weak correlation with
the target directionw? and/or the positional embedding P ;

• Full recoverywhere it reaches a complete overlapwith either the target directionw? and/or
the positional embedding P :

∥∥(e,m)
∥∥ ≈ 1.

As previously discussed, the first phase is the one that requires the most number of gradient steps
[BGJ21; Arn+24a]: the sample complexity required for the first phase is always greater or equal
to the one required for the second phase; after having reached a small correlation with the target,
the attention decays exponentially fast to a complete overlapped state.

Definition 6.1 (Weak recovery). Let η ∈ (0, 1) a parameter independent from d. We say that
the model has weakly recovered the target when

∥∥(e,m)
∥∥ ≥ η. The weak recovery time is then

νweakη = min
{
ν ≥ 0:

∥∥(eν ,mν)
∥∥ ≥ η

}
.

Weuse this definition of weak recovery as a proxy for identifying the learning has happened, since
the subsequent strong recovery will be faster. Figure 6.1 shows some examples of population loss
surface: apart from initialization, there are no other critical points where the dynamic can get
slowed down.

Finally, for simplicity of the discussion we will make the following assumption on the spherical
one-pass SGD dynamics in Equation (6.2).

Assumption 6.2 (Gradientflowapproximation). Weapproximate the trainingdynamics ofEqua-
tion (6.2) via the following ODE, which corresponds to an order-2 Taylor expansion in γ:

dw

dt
= −E

[
∇⊥

w`(X, y, fw)
]
− γ

2
E
[∥∥∥∇⊥

w`(X, y, fw)
∥∥∥2]w, (6.11)

where∇⊥
w = (I −ww>)∇w is the spherical gradient. The time scaling corresponds to ν = t/γ,

that is, a continuous time t is reached after t/γ gradient steps.

As shown in [BGJ21; Arn+24c], such an ODE captures both the right weak recovery time for a
fixed γ, and the maximal value of γ for which the dynamics do not stay trapped in the uninfor-
mative region.

6.2 The sample complexity of SGD

In this section, we focus on understanding the complexity of the SGD algorithm, i.e., how the
number of total gradient steps n scales with the dimension d of the token embeddings, in the
high-dimensional limit d � 1; for simplicity of exposition, we focus on the case kout = 1, but
the same arguments can be repeated for each of the components of the output.
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No positional encoding — We first focus on the case without positional encoding: P =
0 implies that the only relevant sufficient statistic is m. An analogy with single-index models
for networks can be done: For single-index models, the information exponent fully characterizes
the sample complexity of the SGD algorithm [BGJ21]. The definition can be generalized for
sequential data.

Definition 6.2 (Sequence InformationExponent (SIE)). Givenf SSIw?
a sequence single-indexmodel,

let g be the function that acts on the local field z?, we define the sequence information exponent as

SIE(f SSIw?
) := min


L∑
l=1

kl > 0: k ∈ NL,Ez∼N (0,IL)


 L∏
l=1

Hekl(zl)

 g(z)

 6= 0

 ,

whereHek is the k-th order Hermite polynomial.

In Appendix F.2 we provide more details on Hermite polynomials. Let us give some examples of
SIE for different SSI models:

• g(z?) = z?,1 + z?,2 + · · ·+ z?,L has SIE = 1;

• g(z?) = z?,1z?,2 = He1(z?,1)He1(z?,2) has SIE = 2;

• g(z?) = He1(z?,1)He4(z?,2) +He2(z?,3)He2(z?,4) has SIE = 4;

• g(z?) =
∏L
l=1Hekl(z?,l) has SIE =

∑L
l=1 kl.

Themain feature of the information exponent is that it canbe connected to the sample complexity
of the SGD algorithm; we prove an equivalent result for the sequence information exponent. Here we quote the sharp

bound: at SIE ≥ 2 an
additional, not-provably-
optimal polylogarithmic
factor (a log d at SIE = 2) is
suppressed. The formal proof
in Appendix F.3 carries it in
full.

Theorem 6.1 (Informal). Letf SSIw?
(X) be a sequence single-indexmodel, and let SIE be its sequence

information exponent. If the model fw has a rich enough Hermite expansion, then the sample com-
plexity of the SGD algorithm is

νweakη =


OL(d) if SIE = 1

OL(d log d) if SIE = 2

OL(d
SIE−1) if SIE ≥ 3

.

A formal statement of the Theorem and the proof are given in the Appendix F.3. It relies on the
following connection between the flatness of the landscape near initialization and the sequence
information exponent:

Proposition 6.1. Define the flatness index κ(fw,f SSIw?
) of the model as

κ(fw,f
SSI
w?

) = min
{
k > 0: ∇kR(0, 0) 6= 0

}
,

whereR is the reduced population loss defined in Equation (6.9). Then, if the model fw has a rich
enough Hermite expansion,

κ
(
fw,f

SSI
w?

)
= SIE

(
f SSIw?

)
.
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Intuitively, a higher value of κ implies that the landscape ofR is flatter around the initialization
point (0, 0), and thus thenumber of gradient steps needed tobuild aweak correlation along either
the e orm directions is higher.

In Figure 6.1, we show some examples of the population loss landscape for different values of the
SIE. Figure 6.1 focuses on even SIE because the symmetry of Equation (6.1) restricts the possible
targets to even functions; in the Appendix F.4 we discuss how to surpass this limitation, and we
present settings with odd SIE.

The effect of positional encoding — Despite the fact that positional encoding only acts on
the trained model, and not the target function, it changes the population loss, potentially chang-
ing the dynamic at initialization. In particular, adding positional encoding increase the expressiv-
ity of the model, and can ultimately lead to faster weak-recovery of the SGD.

Lemma 6.1. Let fw be a model with P = 0 that learns a target f SSIw?
(X) with a given SIE. If we

add a positional encoding P to the model, and let fneww be the new model, then

κ
(
fneww ,f SSIw?

)
≤ κ

(
fw,f

SSI
w?

)
= SIE

(
f SSIw?

)
.

In other words, the positional encoding can only decrease the flatness of the loss landscape, thus
the sample complexity of the SGD algorithm could be reduced. The proof of Lemma 6.1 is given
in Appendix F.3. In the right part of Figure 6.2, we present an example where adding the po-
sitional encoding can improve the sample complexity of the SGD algorithm. The left part of
Figure 6.2 shows that the population loss landscape at initialization is flat, and the hessian is null:
the first non-null term in the Taylor expansion is at order 4, hence the SIE is 4. The right part of
Figure 6.2 shows instead that when we add the positional encoding, a non-null term appears at
order 2, and SIEpositional = 2. Note that while the positions of the global minima are not affected
by the positional encoding, SGD can converge to the new local minima instead; more discussion
on this point is given in Section 6.4. In contrast, the bottom row of Figure 6.1 shows that the po-
sitional encoding is not necessarily beneficial: there are cases for which the loss landscape changes,
but not the sample complexity.



6.2. THE SAMPLE COMPLEXITY OF SGD 97

−1

0

1
e

−1

0

1

m

H =

[−2.2 0.0
0.0 −0.0

]

−1

0

1
e

−1

0

1

m

H =

[
0.0 0.0
0.0 −0.0

]

−1

0

1
e

−1

0

1

m

H =

[−2.2 −0.0
−0.0 2.7

]

−1

0

1
e

−1

0

1

m

H =

[
0.0 −0.0
−0.0 2.7

]

Figure 6.1: The landscape of the population risk, together with the Hessian at initialization, for
different values of the SIE and positional encoding. (top-left) g(z?) = He2(z?,1) +He2(z?,2):
SIE=2, no positional encoding: null gradient, but non-null Hessian; (top-right) SIE=4, no posi-
tional encoding: the first non-null term at initialization is at the 4th order; (bottom-left) g(z?) =
He2(z?,1)+He2(z?,2): SIE=2, with positional encoding: again dynamic dominated by theHes-
sian, but we have a positive curvature in the direction of e; (bottom-right) SIE=4, with positional
encoding: Hessian is positive semidefinite, and the dynamic is again at 4th order in direction of
e. In all the examplesL = 2, P1 = −P2,Π = Tr.
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Figure 6.2: Population loss landscape forP = 0 (left) andP 6= 0 (right). Example of a casewhere
SIE = 4, while SIEpositional = 2. Target: g(z?) = 4/3 +He4(z?,1) + 2He4(z?,2), P1 = −P2,
Π = Tr.

6.3 The role of the sequence length

In this section, we focus on a first new emerging characteristic of the sequence single-index models
over the vanilla single-indexmodels: the sequence lengthL. Therefore, we neglect the effect of the
positional encoding, by setting P = 0, in order to isolate just the effect of the sequence length.
The goal of the section is to measure the speed-up that a model like Equation (6.1) can achieve
over the plain single-index models when processing sequential data with lengthL.

Linear attention — Our first goal is to understand the dependence of the convergence rate of
SGD on the sequence length. For that, consider the particular case of linear attention, given by
the reduction map:

Π[A] = a>leftAaright with aleft = aright =
1√
L
(1, 1, . . . , 1)> ∈ RL. (6.12)

Rearranging the terms

fw(z) = a
>
left

(
zz>

)
aright =

1

L

L∑
i=1

L∑
j=1

zizj =

 L∑
i=1

zi√
L

2

=

(
flatten(X) ·wtied√

L

)2

,

(6.13)
wherewtied := concat(w, . . . ,w) ∈ RLd is the concatenation of L copies ofw. This model is
equivalent to a generalized linear model with tied weights, and activation function σ(x) = x2.
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In terms of performance, taking a general activation σ will at worst be the same as the attention
mechanism originally considered, if not better. More precisely, we consider:

fw(X) = σ

(
flatten(X) ·wtied√

L

)
. (6.14)

This is the most generic model we study in this section. Further numerical experiments eluci-
dating the equivalence of the speed-up for this tied network and for the attention models can be
found in Appendix F.5. Note that tied networks are not restricted to learn even functions only,
differently from the model in Equation (6.1).

The corresponding untied network— Given themodel inEquation (6.14), a natural bench-
mark is the model with untied weights. LetW ∈ RL×d be the matrix of weights, whose rows are
all updated with Equation (6.2), the untied network is given by

fW (X) = σ

(
flatten(X) · flatten(W )√

L

)
. (6.15)

SincewehaveL independentweights (the rowsofW ) the sufficient statisticmeasuring the overlap
between the model and the target SSI is not a scalar as for the tied network, but a vector of length
L

m =
Ww?

d
∈ RL compacted to a scalar as muntied =

‖m‖√
L
. (6.16)

Measuring the speed-up— The learning rate plays an important role indetermining thenum-
ber of gradient steps needed to reach weak recovery: the larger the learning rate γ(L) is, the faster
the model learns. However, if it becomes too large, SGD will fail to converge, never achieving
weak recovery. The gradient-flow approximation in Equation (6.11) exhibits this effect: when γ
becomes too large the dynamic of the system is not attracted byw? or P anymore, and there is
no learning. In order to have a faithful measure of the speed-up, we will assume that the learning
rate is taken to be the largest possible that guarantees weak recovery; we discuss this upper bound
on the learning rate in Appendix F.5.

Wemeasure the speed-up of tied networks with respect to untied networks, as measured in terms
of number of gradient steps needed to reachweak recovery, by the ratio of the weak recovery times
in the two cases

gain(L) :=
νweakη,untied

νweakη

, (6.17)

where νweakη,untied is given by Definition 6.1 wherem is replaced bymuntied; the dependence of gain
on η is subleading, and we will neglect it in the following.

Theorem 6.2. Let CSIE ∈ RLSIE be the first non-zero tensor in the Hermite expansion of g (see
Appendix F.2). Then the gain satisfies with high probability

gain &

(
CSIE × (1, . . . , 1)

‖CSIE‖op

)2

·

{
L if SIE = 1

1 otherwise
.
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Figure 6.3: Left: overlap m for tied (green) and untied (orange) networks as a function of the
number of gradient steps; different symbols represent different values ofL. Right: measured gain
as a function of the sequence length L, with the best fit line showing its scaling as L2. g(z?) =∑L

i=1He2(z?,i), d = 1000, σ = ReLU.

If the tensor CSIE is orthogonally decomposable, in particular in the cases where SIE ≤ 2 or g is
separable, then

gain �

(
CSIE × (1, . . . , 1)

‖CSIE‖op

)2

·

{
L if SIE = 1

1 otherwise
.

By definition of the operator norm, we have

CSIE × (1, . . . , 1) ≤‖CSIE‖op L
SIE/2, and hence 0 ≤ gain . LSIE∨2.

Since the untied network has L times the number of parameters compared to the tied one, a
naive parameter counting argument would yield a gain = L(SIE−1)∨1 expected gain. Counter-
intuitively, the actual gain of using a tied network can either exceed or fall short of this naive value,
depending on the function g. In pathological cases (see Appendix F.5), the tied network can even
either fail to learn the target, or do so slower than its untied counterpart.

Example for SIE = 2— Let’s assume to have a target function g(z?) =
∑L

i=1He2(z?,i). In
this case, the SIE is 2 and the tensorC2 is simply the identity matrix IL. The gain is by

gain �

(
IL × (1, . . . , 1)

‖IL‖op

)2

· 1 =

(
L

1

)2

· 1 = L2.

Figure 6.3 show a numerical experiment, with a ReLU activation, confirming the result of The-
orem 6.2.

6.4 Positional encoding and training dynamics

We now turn our attention to the role played by positional encoding in the attention layer when
trained under SGD. Since the focus is on the effect of positional encoding, we stick with a class of
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target functions that can exhibit either a semantic (label mostly depends on tokens value, but not
the order) or a positional (where tokens most important feature is their position in the sequence,
rather than their embedding). Consider an SSI target function of the form

f SSIw?
(X) = (1−ω) softmax

(
Xw?w

>
? X

>
)
+ω softmax

( a2 −a2
−a2 a2

) ∈ R2×2, (6.18)

where the parameter ω ∈ [0, 1] allows the target to switch from a semantic to a positional be-
havior, while the parameter a ∈ (0, 1] controls the alignment of the target with its positional
part.

We shall train the model in Equation (6.1) with positional encoding P1 = −P2 and reduction
map Π the identity function. We focus on the gradient flow limit where η is sufficiently small
[Chu54]. Our analysis will focus on the population loss given by Equation (6.9), since it com-
pletely characterize the behavior of SGD in this regime; the sufficient statistics (e,m) are the
only free variables of the setting.

The sequential information exponent of this setting is SIE = 2 (see Appendix F.6 for the ex-
plicit derivation), thus by Theorem 6.1 the sample complexity for escaping the initialization is
O(d log d). After the initial phase, SGD fast converges to the minimum of the population loss
that is fully alignedwith either the semantic or thepositional sufficient statistic, i.e.

∥∥(e,m)
∥∥ = 1,

but is not guaranteed to be the global minimum. Figure 6.5 shows an example where the popula-
tion loss has two minima, one semantic with (e,m) = (0, 1) and one positional with (e,m) =
(1, 0), and the steepest direction at initialization, namely the eigenvector associated with the low-
est eigenvalue of the Hessian, points towards the local one; in this case, the gradient flow will
converge to the wrong minimum.

Varying the parameters,ω and a the high-dimensional SGDdynamics from random initialization
exhibits a rich phenomenology. In Figure 6.4 we show the phase diagram with all the possible
behaviors:

• Unique Positional Minima: the population loss has unique positional minima, and the
SGD converges to it. This is the case for ω = 1 and a = 1.

• Global PositionalMinima: the population loss has both a semantic and a positionalmin-
imum, and SGD converges to the global positional one.

• Global SemanticMinima, Positional Dynamic: the population loss has both a semantic
and a positional minimum, and SGD converges to the local positional one. This is the case
where SGD does not converge to the global minima.

• Unique Semantic Minima, Misaligned Dynamics: the population loss has unique se-
mantic minima, and the SGD converges to it, even though the steepest direction at initial-
ization points orthogonal to it.

• Global Semantic Minima: the population loss has both a semantic and positional min-
ima, and SGD converges to the global semantic one.
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Figure 6.4: Different behaviors of SGD depending on the parameters ω and a.

• Unique Semantic Minima: the population loss has unique semantic minima, and the
SGD converges to it. This is the case for ω = 0 and a = 1.

We verify this by simulating many runs of SGD with different initializations and data samples.
In Figure 6.5 we compute the empirical probability of convergence to the semantic minima, for
a = 1 and varying ω. The theoretical value of ω where we have a transition from sematic to
positional dynamics is ωtrans = 0.64, which is in good agreement with the transition observed
in the measured probabilities; the transition becomes sharper as d increases: ideally, in the limit
d→ ∞we expect a step function. The simulations in Figure 6.5 are performed with d = 1000,
and some finite size effects are still present. In Appendix F.6 we show present a more detailed
analysis, including different values of d.
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Figure 6.5: (left) surface of the population loss for ω = 0.67 and a = 1. The steepest direction
at initialization (green vector) points towards the positional local minimum, while the globalmin-
ima is semantic. Some examples of SGD trajectories are shown in yellow: most of them fall into
the positional local minimum, while some others manage to fully-recover the global (semantic)
minimum due to finite size effects (d = 1000). (right) empirical probability of convergence to
the semantic minima as a function of ω for a = 1. The probability is computed over 64 SGD
runs with different initializations and data samples. The theoretical prediction of the transition
from semantic to positional minima is at ωtrans ≈ 0.64.
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6.5 Conclusion

In this paper, we introduced the Sequence-Single Index model as a new, high-dimensional the-
oretical framework for analyzing single-layer attention architectures. The most significant con-
tribution of this study is the definition of the Sequence Information Exponent. This exponent,
which serves as a rigorous tool to quantify the inherent hardness and predict the sample complex-
ity of Stochastic Gradient Descent, is defined in direct analogy with classical single-index mod-
els. This analysis transcends qualitative understanding, providing precise scaling laws for the re-
quired number of gradient steps, denoted byn, relative to the token dimension, denoted by d. We
demonstrated that the sequential setting is significantly richer, showing how the sequence length
L accelerates convergence and how positional encoding can proactively reduce the SIE, thereby
lowering the computational barrier to learning.

This work establishes a foundational line of research essential for a principled understanding of
modern sequential data models, particularly those based on the Transformer architecture. The
intricate dynamics manifesting in the population loss landscape, exemplified by the identifica-
tion of phase transitions and the convergence to suboptimal local minima, unveil a wealth of
avenues for future investigation. Subsequent research should aim to fully map these complex
high-dimensional dynamics, develop techniques for robustly breaking inherent symmetries, and
extend the SIE framework to more complex multi-index and multi-layer attention systems. We
hope that this quantitative framework will stimulate further theoretical explorations, leading to
the development of a robust, generalizable understanding of learning on structured sequential
data.

Limitations — The theoretical analysis of SGD in Sequence Single-Index models is subject
to several simplifications for tractability. Specifically, the model under scrutiny is a simplified,
single-layer attention architecture where the key and query matrices are tied, the attention head
dimension is one (dhead = 1), and the value matrix is the identity (V = IL). It should be noted
that the scope of this architecture is restricted to a specific class of target functions, including even
functions, although Appendix F.4 provides an extension to this class. Additionally, the analysis
operates under the assumptionof token independence across the sequence, a crucial simplification
that facilitates the execution of numerous sequencemodeling tasks. The analysis of SGD dynam-
ics is founded on the approximation of the discrete dynamics via a second-order ODE (Gradient
Flow approximation).
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Appendix A

Appendices to the Introduction

A.1 The single-index overlap dynamics on the sphere

This appendix supplies the derivation deferred fromSection 1.4. Throughoutwe are in the single-
index, single-neuron setting with the read-out fixed at a = 1 and the weights confined to the
sphere‖w‖ =

√
d, so the self-overlap is frozen at q = 1 and the pre-activations are jointly Gaus-

sian, (λ, λ?) ∼ N (0,Ω)withΩ =
(

1 m
m 1

)
. Our goal is the compact overlap equation

dm
dt

= (1−m2)C ′(m), C(m) = E(λ,λ?)

[
σ(λ)h?(λ?)

]
, (A.1)

which we obtain in two complementary ways: directly from the discrete projected updates, in
their gradient-flow limit on the sphere, which makes the origin of the factor (1 − m2) trans-
parent; and by reducing the spherically projected Saad & Solla drift (1.22), which establishes the
equivalence claimed in the main text.

A.1.1 Derivation as a spherical gradient flow

We start from the projected update of the main text: at step ν, on a fresh sample (x, y),

wν+1 =
√
d
wν − γ∇w`

‖wν − γ∇w`‖
, ∇w` =

(
σ(λ)− y

)
σ′(λ)

x√
d
. (A.2)

Renormalizing onto the sphere makes the increment tangential to leading order in the step size,

wν+1 −wν = −γ P⊥
w ∇w`+O(γ2), P⊥

w = I − ww>

d
, (A.3)

the discardedO(γ2) carrying the retraction’s curvature together with the gradient fluctuations—
the variance termΨ, one power of γ down and neglected throughout, as in the main text. Since
the sample is fresh the gradient is unbiased for the population risk, E[∇w`] = ∇wR, and—the
projector depending onw alone—

E[wν+1 −wν ] = −γ P⊥
w ∇wR+O(γ2). (A.4)

105
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On the sphere q = 1 is frozen, so R depends on the weights only through m = 〈w,w?〉/d,
and R(m) = const − C(m) as in Equation (1.24). The chain rule gives the radial gradient
∇wR = R′(m)/dw?; projecting it leaves P⊥

ww
? = w? − mw, and reading off the overlap

increment E[∆m] = 1/d 〈w?, E[∆w]〉,

E[∆m] = − γ

d2
R′(m)

(∥∥w?
∥∥2 −m 〈w?,w〉

)
= −γ

d
R′(m) (1−m2), (A.5)

using‖w?‖2 = d and 〈w?,w〉 = dm. The Saad& Solla time scaling nowmakes the dimension
factor meaningful: measuring time as t = ν γ/d,In the single-index setting

the time scaling is t = ν γ/d
because p = 1.

so that one sample advances t by δt = γ/d,

the overlap concentrates in the high-dimensional limit on the deterministic trajectory
dm
dt

=

E[∆m]/δt. WithR′(m) = −C ′(m) this is

dm
dt

= −(1−m2)R′(m) = (1−m2)C ′(m), (A.6)

Equation (A.1). The factor γ/d is thus the time step itself—not a stray constant—and (1−m2)
is the spherical Jacobian sin2 θ form = cos θ.

A.1.2 Equivalence with the Saad & Solla equation

The spherically projected Saad & Solla drift (1.22) reads

dm
dt

= E
[
(h?(λ?)− σ(λ))σ′(λ)λ?

]
−mE

[
(h?(λ?)− σ(λ))σ′(λ)λ

]
. (A.7)

For the bivariate Gaussian above, Stein’s identities read, for any regularG(λ, λ?),

E[λG] = E[∂λG] +mE[∂λ?G], E[λ?G] = mE[∂λG] + E[∂λ?G], (A.8)

since Varλ = Varλ? = 1 and Cov(λ, λ?) = m. Applying them to G = (h?(λ?) −
σ(λ))σ′(λ), whose partial derivatives are ∂λG = (h? − σ)σ′′ − (σ′)2 and ∂λ?G = h?′ σ′

(arguments suppressed), the two terms of the drift become

E[λ?G] = mE
[
(h? − σ)σ′′ − (σ′)2

]
+ E

[
h?′σ′

]
, (A.9)

mE[λG] = mE
[
(h? − σ)σ′′ − (σ′)2

]
+m2 E

[
h?′σ′

]
. (A.10)

Subtracting, the self-interaction terms cancel identically and only the cross term survives,

dm
dt

= E[λ?G]−mE[λG] = (1−m2)E
[
h?′(λ?)σ′(λ)

]
. (A.11)

Price’s theorem—which states that, for jointly Gaussian (λ, λ?) of unit variance and correlation
m,

C ′(m) =
d
dm

E[σ(λ)h?(λ?)] = E[σ′(λ)h?′(λ?)] (A.12)

—then identifies this expectationwithC ′(m) and recoversEquation (A.1), establishing the equiv-
alence.
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A.2 Validity window of the deterministic description

The order-parameter ODEs of Equation (SS-ODEs) rest on a non-asymptotic guarantee, Theo-
rem 1.1: over any fixed horizon [0, T ] the stochastic overlap process stays within C(T )/

√
d of the

deterministic trajectory. The horizon enters only through the constant C(T ), and it is worth
making its growth explicit. Collecting the order parameters into a single vector Ω, the sharper
form established in Chapter 2 (Theorem 2.1), due to Veiga et al. [Vei+22], reads, with step size
δt = γ/pd and continuous time t = ν δt,

‖Ων − Ω(t)‖∞ ≤ eCt
√

γ

pd
, C > 0. (A.13)

Since γ/p = O(1) we have
√
γ/pd � d−1/2, so (A.13) is the bound C(T )/

√
d with the horizon

dependence made visible: C(T ) � eCT , the guarantee degrading exponentially in time. It is
this bound that we invoked when we called the deterministic description “valid beyond the high-
dimensional limit” in Section 1.3.5: the right-hand side vanishes whenever γ/pd → 0+, however
that limit is reached. What that statement leaves implicit, and what we make precise here, is that
the exponential prefactor confines the guarantee to a finite time horizon.

The horizon. Fix a tolerance η ∈ (0, 1) below which we regard the deterministic trajectory as
tracking the true process. The right-hand side of (A.13) stays under η exactly while

eCt
√

γ

pd
≤ η ⇐⇒ t ≤ t? :=

1

2C
log

pd

γ
− 1

C
log

1

η
=

1

2C
log d+O(1), (A.14)

againusing γ/p = O(1). ThedeterministicODE is therefore controlledonlyup to t? = O(log d);
past it, the error bar (A.13) exceeds any fixed threshold and the description guarantees nothing.

Where this leaves the escape times. Comparing t? with the information-exponent escape
times of Equation (1.32) shows precisely which part of the dynamics the deterministic ODE cap-
tures:

• ` = 1: tescape � 1 � t?; the escape happens well inside the window and the deterministic
description is exact throughout.

• ` = 2: tescape � log d, the same order as t? � 1/2C log d. The escape sits at the very
edge of the guarantee: the deterministic drift still fixes the correct scaling, but whether the
trajectory is resolved all the way out depends on the constantC .

• ` ≥ 3: tescape � d`/2−1, polynomially larger than t?. Here eCtescape = eC d
`/2−1 is super-

polynomially large long before escape, and the bound (A.13) is vacuous over the entire
search phase.

There is a complementary way to see the failure that does not even appeal to the horizon. Near
the mediocrity saddle the overlap starts atm0 � d−1/2, while the additive error floor in (A.13)
is already

√
γ/pd � d−1/2 at t = 0. The uncertainty on m is thus of the same order as m

itself throughout the flat region. Equivalently, the bound controls a relative error on m only
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oncem = O(1); whilem = O(d−1/2) the signal and the error bar coincide, so the guarantee
is empty exactly where the escape is decided. The deterministic mean therefore cannot resolve
the sub-d−1/2 growth that carries the student out of the saddle—the exponential prefactor only
compounds this—and Theorem 1.1 no longer guarantees any prediction across the search phase.
This is the analytic content of the statement, made in Section 1.4, that in the search phase the
fluctuations of the order parameter cannot be neglected.

What replaces the deterministic argument. The deterministicODE is therefore used in this
thesis only where the horizon is O(1) or O(log d)— the descent phase, and the gradient-flow
/ mean-field / high-dimensional regimes of the phase diagram in Figure 1.3. The long search
phase, which for ` ≥ 3 is the bottleneck that sets the sample complexity, is instead controlled
by separate stochastic arguments, and Chapter 3 is where this is worked out in full and checked
against simulation. There, the subsection “Does stochasticity matter?” (Section 3.3.3) promotes
the overlap ODE to the effective diffusion of Ben Arous, Gheissari, and Jagannath [BGJ22] —
same drift, fluctuation amplitude

√
γ/d—and integrates it through the saddle, exactly where the

bound (A.13) is vacuous. Solving the stochastic exit-time problem yields corrections of relative
order

√
γ/d that leave the deterministic exit-time formulas (3.22)–(3.23) unchanged at leading

order; and Figure 3.1 confirms numerically, at d = 3000, that SGD and the integrated SDE
started from the same initialization reach the signal at essentially the same time. Stochasticity is
thus shown, not merely assumed, not to alter the sample complexity.

The same conclusion is reached, by different means, in the chapters that need polynomially long
horizons directly: Chapters 5 and 4 control the discrete process with high probability on the ran-
dom horizon t ≤ T ∧ τη , through a martingale decomposition of the drift, a discrete Grönwall
inequality, and sub-Gaussian concentration of the per-step fluctuations — none of which passes
through (A.13). All are instances of the information-exponent analysis of Ben Arous, Gheissari,
and Jagannath [BGJ21]: the deterministic reduction makes the descent phase tractable, while the
search phase belongs to the stochastic theory.

A.3 The partial-trace algorithm

This appendix describes the spectral algorithm of Anandkumar et al. [Ana+17], in the form used
by Damian et al. [Dam+24], that achieves weak recovery of the teacher directionw? from n �
d`/2 samples, matching the CSQ lower bound discussed in Section 1.4. We work in the single-
index setting: x ∼ N (0, Id), w? ∈ Sd−1(

√
d), λ? = 〈w?,x〉/

√
d ∼ N (0, 1), and y =

h?(λ?) =
∑

k≥` akHek(λ
?) with information exponent ` and a` 6= 0. Let ŵ? = w?/

√
d

denote the unit teacher direction.

A.3.1 The population identity

The algorithm rests on the family ofmultivariateHermite tensors. Forx ∼ N (0, Id) and ` ≥ 1,
the order-`Hermite tensorT`(x) ∈ (Rd)⊗` is the unique degree-` symmetric tensor polynomial
in x orthogonal to all polynomials of lower degree in L2(N (0, Id)). The explicit component
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forms for small ` are:

T1(x)i =xi,

T2(x)ij =xixj − δij ,

T3(x)ijk =xixjxk −
(
δij xk + δik xj + δjk xi

)
,

T4(x)ijkl =xixjxkxl

−
(
δij xkxl + δik xjxl + δil xjxk + δjk xixl + δjl xixk + δkl xixj

)
+
(
δijδkl + δikδjl + δilδjk

)
.

Each formula is the outer productx⊗`with the lower order corrections needed to enforce orthog-
onality: at order ` = 2 the identity is subtracted; at order ` = 3, the three symmetrized terms
δijxk + δikxj + δjkxi; at order ` = 4, six rank-twomatrix terms and three rank-zero (double-δ)
corrections. The general construction follows the recurrence

T`(x) = sym
(
x⊗ T`−1(x)

)
− (`− 1) sym

(
I ⊗ T`−2(x)

)
, T0 = 1, T1(x) = x, (A.15)

where sym denotes full symmetrization over all index permutations. This mirrors the scalar re-
currence He`(t) = tHe`−1(t)− (`− 1)He`−2(t).

The defining property, which one verifies from (A.15) by induction, is the contraction identity:
for any unit vector v ∈ Sd−1,

T`(x)[v, . . . , v︸ ︷︷ ︸
`

] = He`(〈v, x〉). (A.16)

For example, when ` = 3 this is immediate: contracting with v⊗3,

T3(x)[v,v,v] = (〈v,x〉)3 −
(
δijxk + δikxj + δjkxi

)
vivjvk︸ ︷︷ ︸

= 3 ‖v‖2〈v,x〉 = 3〈v,x〉

= He3(〈v,x〉),

since each term δijxkvivjvk = ‖v‖2〈v,x〉 = 〈v,x〉.

Settingv = ŵ? in (A.16) returnsHe`(λ?). TheHermite expansionh?(λ?) =
∑

k≥` akHek(λ
?)

therefore rewrites as a series of fully contracted tensors:

h?(λ?) =
∑
k≥`

ak Tk(x)
[
ŵ?, . . . , ŵ?︸ ︷︷ ︸

k

]
. (A.17)

The population identity follows from tensorHermite orthogonality. For each k, taking the expec-
tation of (A.17) multiplied by T`(x):

E
[
Tk(x)

[
(ŵ?)⊗k

]
· T`(x)

]
= E

[
Hek(λ?) · T`(x)

]
.

For k 6= ` this vanishes because tensors of different degree are orthogonal in L2(N (0, Id)). For
k = `, the second-moment identity E[(T`(x))i1···i`(T`(x))j1···j` ] = `! δ

sym
(i1···i`)(j1···j`), with

δsym the symmetrized Kronecker product, gives after contracting ` indices against ŵ?:

E
[
He`(λ?) · T`(x)j1···j`

]
= `! ŵ?j1 · · · ŵ

?
j`
.
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Summing over k, and using ak = 0 for k < ` by definition of the information exponent, the
series collapses to the single term k = `:

E
[
y · T`(x)

]
= a` · `! · (ŵ?)⊗`. (A.18)

The right-hand side is a rank-one spike of Θ(1) magnitude pointing exactly in the teacher di-
rection. Observing this tensor directly would achieve recovery, but it has d` entries and we have
only n samples. The partial trace collapses it to a matrix or a vector while preserving the rank-one
structure.

A.3.2 The estimator

Form the empirical version of Equation (A.18) and contract identity pairs to reduce the order of
the tensor. Write [ I⊗r ] for the operation of contracting r pairs of free indices against the d × d
identity.

` even. Contract (`− 2)/2 index pairs, landing on a d× dmatrix:

Mn =
1

n

n∑
i=1

yi · T`(xi)
[
I⊗(`−2)/2

]
∈ Rd×d, ŵ = v1(Mn), (A.19)

where v1(·) denotes the leading eigenvector.

` odd. Contract (`− 1)/2 index pairs, landing on a vector:

vn =
1

n

n∑
i=1

yi · T`(xi)
[
I⊗(`−1)/2

]
∈ Rd, ŵ =

vn
‖vn‖

. (A.20)

Taking the expectation in (A.19) and using (A.18): each traced identity pair uses 〈ŵ?, ŵ?〉 = 1,
so contracting (ŵ?)⊗` against (`− 2)/2 identity matrices leaves a rank-one matrix:

E[Mn] = a` · `! · ŵ?(ŵ?)> =
a` · `!
d

·w?(w?)>, (A.21)

a rank-one spike of strength a` · `! = Θ(1) alongw?. In the odd case, E[vn] = a` · `! · ŵ?, a
vector ofΘ(1) norm aligned withw?.

A.3.3 Why n � d`/2 is the threshold

Consider the even case; the odd case is analogous. DecomposeMn = E[Mn]+ (Mn−E[Mn]).

Signal. From (A.21), the spike has operator norm
∥∥E[Mn]

∥∥
op = Θ(1).

Noise. The fluctuationMn−E[Mn] is an average ofn i.i.d. mean zeromatrices. Each summand
yi ·T`(xi)[ I⊗(`−2)/2 ] hasO(1) entries, but a large operator norm: contracting the order-`Her-
mite tensor down to amatrix leaves a residual operator normgrowthofd(`−2)/2, which combined
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with the matrix dimension d places the fluctuation scale at

∥∥Mn − E[Mn]
∥∥
op �

√
d`/2

n
·
√

E[h?2].

This is the heavy-tailed noise phenomenon: unlike standard PCA,where the contracted noise has
operator norm d1/2, the contracted degree-`Hermite tensor yields operator norm d`/2.

Detectability. The spike is visible above the bulk if and only if signal& noise:

Θ(1) &

√
d`/2

n
⇐⇒ n & d`/2. (A.22)

Above this threshold the leading eigenvector ofMn satisfies 〈ŵ, ŵ?〉 ≥ const > 0, achieving
weak recovery. Below it the spike is submerged in the semicircular bulk (a BBP-type transition at
n � d`/2) and |ŵ · ŵ?| ≈ d−1/2, no better than a random initialization.

A.3.4 Familiar special cases

` = 2: The contraction [ I⊗0 ] is trivial, and T2(x) = xx> − I , so the estimator reduces to the
standard PCAmatrix,

Mn =
1

n

n∑
i=1

yi

(
xix

>
i − I

)
, E[Mn] = 2 a2 ŵ

?(ŵ?)>,

recoveringw? at n � d.

` = 3: The vector estimatorvn = 1
n

∑
i yi T3(xi)[ I ] contracts one indexpair of the third-order

tensor to a vector aligned with ŵ?, recoveringw? at n � d3/2.



112 APPENDIX A. INTRODUCTION



Appendix B

Appendices to “From
high-dimensional & mean-field
dynamics to dimensionless ODEs: A
unifying approach to SGD in
two-layers networks”

B.1 Effect of noise on Equations (2.14)

In this appendix we present some corrective terms to Equations (2.14) that allows to have better
results when numerically integrating ODEs and comparing them to simulations.

In [Vei+22] the terms proportional to γ/p are neglected completely when running numerical in-
tegrations. However, we noticed that a term fromΨ

(Var)
ij (Ω) could be kept in order to get better

agreement between ODEs and simulation in presence of label noise at small but finite γ/p � 1.
Letting E∗ := E −

√
∆z, we can decompose

Ψ
(Var)
ij (Ω) = E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λi)σ

′(λj)E∗2
]
+E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λi)σ

′(λj)∆
]
,

allowing us to define

Ψ
(noise)
ij (Ω) := E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λi)σ

′(λj)∆
]
. (B.1)

The asymptotic of this term at late times t� 1was explicitly computed in [BS95] and [Gol+19]
for different architectures, where it was found that Ψ(noise)

ij ∝ ∆. In these cases, when the dy-
namics approaches the point where E∗ ∼ γ∆/p, then the termΨ

(GF)
ij (Ω) is of the same order of

γ/pΨ
(noise)
ij (Ω), while the remaining part ofΨ(Var)

ij (Ω) is still negligible since is scaling as E∗2. It

113
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Figure B.1: comparison between the simulated learning dynamic and the one obtained by inte-
grating the differential equations, in the classical regime; k = 4, p = 8, γ = 5 × 10−2, d =
10, σ = erf(·/√2). Learning the same teacher with different level of noise.

follows that the first order correction in γ/p of equations (2.14) is given by:

dM
dt

= Ψ(M)(Ω),
dQ
dt

= Ψ(GF)(Ω) +
γ

p
Ψ(noise)(Ω). (GF-ODE-NOISE)

Despite vanishing in the true γ/p → 0+ limit, the new term enables ODE to catch the behaviour
for large times, when simulating small but finite γ/p.

Figure B.1 shows a numerical experiment explicitly designed to show the effect of noise term.
The fluctuations visible in the final plateaus result from the stochastic process in Equation (2.9):
Ψ(Var) and consequentlyΨ(noise) are proportional to ||xν ||22. When d = O(1) then this term is
not concentrating to 1 and leads to a fluctuation. Let us again stress the fact that this is an effect
visible only when performing numerical experiments with finite GP, whereas in the true limit the
fluctuations disappear and the dynamic is described by deterministic ODEs.

B.2 Derivation of Equation (2.21) and local fields covariance

Let’s start by taking the time derivative of Equation (2.20)

dQ⊥

dt
=

dQ
dt

− dM
dt

P−1M> −MP−1 dM>

dt
:= Ψ⊥(Ω),
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and plugging in equations (2.14) and (2.12) one after the other we get

Ψ⊥
ij(Ω) = E

[ (
σ′(λi)λj + σ′(λj)λi

)
E −

k∑
r=1

k∑
t=1

σ′(λi)λ
?
rE
[
P−1

]
rt

[
M>
]
tj
−

−
k∑
r=1

k∑
t=1

[M]ir

[
P−1

]
rt
λ?tσ

′(λi)E

]

= E

E k∑
r=1

k∑
t=1

(
σ′(λi)

(
λj − λ?r

[
P−1

]
rt

[
M>
]
tj

)
+ σ′(λj)

(
λi − [M]ir

[
P−1

]
rt
λ?t

)) ,
where all the expected value are intended over (λ,λ?) ∼ N (0p+k,Ω). Starting from the defini-
tion ofλ⊥

λ⊥ =W⊥x =
(
W −MP−1W ?

)
x = λ−MP−1λ?,

and writing single component

λ⊥
i = λi −

k∑
r=1

k∑
t=1

[M]ir

[
P−1

]
rt
λ?t ,

substituting in the expression above we finally get

Ψ⊥
ij(Ω) = E

[(
σ′(λi)λ

⊥
j + σ′(λj)λ

⊥
i

)
E
]
. (B.2)

The explicit computation of the expected value depends on the particular activation function
used. Even though, the final expression can only be function of the covariance matrix entries,
since all the local fields are zero-meanGaussian variables. We report the covariance matrix of local
fields

Cov
[
λ,λ⊥,λ?

]
=

 Q Q⊥ M
Q⊥ Q⊥ 0
M> 0 P

 , (B.3)

where Q⊥ = Q−MP−1M> as defined above.

B.3 Mean-field approximation: proof of Theorem 2.2

Preliminaries We begin by recalling the results of [MMM19]. For any distribution µ on Rd,
we define the network function

f̂µ(x) =

∫
σ(w>x)dµ(w). (B.4)

It is easy to check that when

µ = µp(W ) :=
1

p

p∑
i=1

δwi ,
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then f̂µ = fΘ, where fΘ was defined in (2.1). The associated network risk is then given by

R̂(µ) = Ex∼N (0,1/dId)

[
1

2

(
fΘ?(x)− f̂µ(x)

)2]
. (B.5)

Similarly, we can consider the continuous equivalent of the gradient flow equation as follows:

ϕ(w, µ) = Ex∼N (0,1/dId)

[
σ′(w>x)x

(
fΘ?(x)− f̂µ(x)

)]
. (B.6)

Through conservation of matter arguments, the evolution of the empirical measure for particles
following the gradient flow equation (2.15) obeys the following partial differential equation:

∂tµt = ∇w ·
(
µtϕ(·, µt)

)
(GF-PDE)

TheoremB.1 ([MMM19], Propositions 13-16). Letµ0 be aK2/d-subgaussiandistribution, and
consider the following two processes:

• the solution µt of (GF-PDE) with initial value µ0,

• the solutionW (t) of the gradient flowODE (2.15), with initial conditionswi(0) ∼ µ0 i.i.d.

Then for any T ≥ 0 we have

sup
t∈[0,T ]

∣∣∣R(W (t))− R̂(µt)
∣∣∣ ≤ CeCT

(√
log(pT ) + z

)
√
p

(B.7)

with probability at least 1− e−z
2 .

Aswehave alreadymentioned in the sectiondevoted to the gradient flowregime, the solutionΩ(t)
of (2.14) is exactly the overlap matrix ofW (t), and hence the termR(W (t)) can be replaced by
R(Ω(t)) in (B.7).

Rotation invariance The crux of Theorem 2.2 lies in the rotation invariance of µ0. Indeed, as
noticed in [AAM22; HC23], such symmetries are conserved throughout the mean-field dynam-
ics.

Proposition B.1 ([HC23], Proposition 2.1). LetU be a linear transformation, and assume that
the initial measure µ0, the teacher function f? and the data measure ρ are all invariant under U .
Let µt be the solution to (GF-PDE)with initial condition µ0. Then µt isU -invariant for all t ≥ 0.

WriteRd = V ? ⊕ V ⊥, where V ? is the span ofW ? and V ⊥ is its orthogonal subspace. Propo-
sition B.1 then implies immediately that µt is rotation-invariant on V ⊥. Hence, if we define the
following function:

h(w) =

(
W ?w

d
,
‖w⊥‖2

d

)
(B.8)
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where w⊥ is the projection of w on V ⊥, then µt is only determined by its pushforward µ̃t =
h#µt. Conversely, for a set of reduced parameters (m, q) ∈ Rk+1, and g ∈ Sd−k−1, we define

w̃ =W ?>P−1m+
√
dq · g, (B.9)

where g is a uniform unit vector in V ⊥. Then µt is the measure of w̃ when (m, q) ∼ µ̃t and
g ∼ Unif(Sd−k−1). This allows us to write the reduced equations for µ̃t:

∂tµ̃t = ∇(m,q) ·
(
µ̃tϕ̃(·, µ̃t)

)
ϕ̃m((m, q), µ̃) = Ex,g

[
σ′(w̃>x)W ?x

(
fΘ?(x)− f̃µ̃(x)

)]
ϕ̃q((m, q), µ̃) = Ex,g

[
σ′(w̃>x)

√
qg>x

(
fΘ?(x)− f̃µ̃(x)

)] (DF-PDE)

where x = (z, r) ∼ N (0, 1/dId) is a normalised Gaussian vector, g ∼ Unif(Sd−k−1), and

f̃µ̃(x) =

∫
σ(w̃>x)dµ̃(m, q)dν(g) (B.10)

The associated population risk is now

R̃(µ̃) := Ex∼N (0,1/dId)

[
1

2

(
fΘ?(x)− f̃µ̃(x)

)2]
. (B.11)

We have therefore shown the following proposition:

Proposition B.2. Assume that µ0 is rotation-invariant on V ⊥. Consider these two processes:

• the solution µt of (GF-PDE) with initial value µ0,

• the solution µ̃t of (DF-PDE) with initial value h#µ0.

Then, for all t ≥ 0, we have
R̂(µt) = R̃(µ̃t) (B.12)

Back to ODEs Consider a population of p particles (m, q) that evolve according to the follow-
ing equations:

dmi

dt
= ϕ̃m(mi(t), µ̃p(t))

dqi
dt

= ϕ̃q(qi(t), µ̃p(t))

(DF-ODE)

where µ̃p(t) is the empirical distribution of the population:

µ̃p(t) =
1

p

p∑
i=1

δmi(t),qi(t).

Then, by the same arguments as Theorem B.1, we have:
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Proposition B.3. Assume that µ̃0 is aK2/d-subgaussian distribution, and consider the two pro-
cesses:

• the solution µ̃t of (DF-PDE) with initial value µ̃0,

• the solution Θ̃(t) = (mi(t), qi(t))i of (DF-ODE)with initial conditionsmi(0), qi(0) ∼
µ̃0 i.i.d.

Then for all T ≥ 0, we have

sup
t∈[0,T ]

∣∣∣R̃(Θ̃(t))− R̃(µ̃t)
∣∣∣ ≤ CeCT

(√
log(pT ) + z

)
√
p

, (B.13)

with probability at least 1− e−z
2 , where R̃(Θ(t)) = R̃(µ̃p(t)).

In conclusion, we have shown the following:

Theorem B.2. Assume that conditions 2.2 and 2.3 are both satisfied, and define

M0 =
W0W?>

d
, Q0 =

W0W0>

d
, q0 = diag

(
Q0 −M0P−1M0>

)
. (B.14)

Consider the two following processes:

• the solutionΩ(t) of (2.14) with initial valueΩ0,

• the solution Θ̃(t) of (DF-ODE) with initial value (M0, q0).

Then for any T ≥ 0, we have

sup
t∈[0,T ]

∣∣∣R(Ω(t))− R̃(Θ̃(t))
∣∣∣ ≤ CeCT

(√
log(pT ) + z

)
√
p

, (B.15)

with probability at least 1− e−z
2 .

Matching the equations To show that Theorem B.2 implies Theorem 2.2, we need to show
the following:

• the update equations for (2.24) and (DF-ODE) are the same

• the risk definitions for R̃(Θ̃)matches the one from (2.25).

We will only show it for ϕ̃m; the rest is done similarly. Expanding the definition, we have

ϕ̃m((mi, qi), µ̃p)r =
1

k

k∑
s=1

〈σ′(λ̃i)λ?rσ(λ?s)〉 −
1

p

p∑
j=1

〈σ′(λ̃i)λ?rσ(λ̃j)〉 (B.16)

where λ̃i = w̃>
i x and 〈·〉 denotes the expectation with respect to x, g. On the other hand,

Ψ(M)(Ω) =
1

k

k∑
s=1

〈σ′(λi)λ?rσ(λ?s)〉 −
1

p

p∑
j=1

〈σ′(λi)λ?rσ(λj)〉, (B.17)
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without any expectation on g; hence we only need to match the expressions term by term. The
first sums of (B.16) and (B.17) are actually identical (since themarginal distribution of λ?i is inde-
pendent from g), so we look at the second ones:

〈σ′(λ̃i)λ?rσ(λ̃j)〉 =
∫

Ex∼N (0,1/dId)

[
σ′(λ̃i)λ

?
rσ(λ̃j)

]
dν(gi)dν(gj) (B.18)

For i 6= j and a given realization of gi, gj , the covariance matrix of (λ̃i, λ̃j , λ?r) is

Cov
[
λ̃i, λ̃j , λ

?
r

]
=

 m>
i P

−1mi + qi m>
i P

−1mj +
√
qiqjξij mir

m>
i P

−1mj +
√
qiqjξij m>

i P
−1mi + qi mjr

mir mjr prr


where ξij = 〈gi, gj〉. It is easy to check that this is exactly equal to Ω̃ijr, where Ω̃ is defined
in (2.23). Finally, by linearity of expectation, since we never have a three-way correlation term
between gi, gj , g`, we can consider all the ξij to be independent. This ends the proof of Theo-
rem 2.2.

B.4 Proofs for the high-dimensional mean-field approximation

B.4.1 Preliminaries

Wefirst provide several boundson expectationsof functions ofGaussians, thatwill beused through-
out this section. Webeginby recalling the classicalGaussianPoincaré inequality (see e.g. [BLM13],
Theorem 3.20):

Lemma B.1. Let f : Rd → R be a differentiable function, andX ∼ N (0, I). Then

Var(f(X)) ≤ E
[
‖∇f(X)‖2

]
.

IfX ∼ N (0,Σ), the following bounds hold instead:

Var(f(X)) ≤ E
[
〈∇f(X),Σ∇f(X)〉

]
≤ ‖Σ‖op · E

[
‖∇f(X)‖2

]
.

Now, we provide some concentration bounds for expectations of random variables. Let h : R →
R be a function, and z a random variable; our goal is to bound∣∣E[h(z)]− h(E[z])

∣∣
under different assumptions on f, z.

Lemma B.2. Assume that h isL-Lipschitz, and that z has a second moment. Then∣∣E[h(z)]− h(E[z])
∣∣ ≤ L

√
Var(z) (B.19)
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Proof. By Jensen’s inequality, we have∣∣E[h(z)]− h(E[z])
∣∣ ≤ E

[
|h(z)− h(E[z])|

]
≤ LE[|z − E[z]|]

≤ L
√
Var(z)

where the last line uses the Cauchy-Schwarz inequality.

Lemma B.3. Assume that h is twice differentiable, with
∥∥∥h(k)∥∥∥

∞
≤ K , and that z has a fourth

moment. Then ∣∣E[h(z)]− h(E[z])
∣∣ ≤ K

2

√
E
[
(z − s)4

]
(B.20)

Proof. For simplicity, let s = E[z]. By the Lagrange formula for Taylor series, we can write

h(x) = h(s) + (x− s)h′(s) + (x− s)2R(x) (B.21)

whereR is bounded byK/2. Plugging z into this equation,

∣∣E[h(z)]− h(s)
∣∣ = ∣∣∣∣E [(z − s)2R(z)

]∣∣∣∣ ≤√E
[
(z − s)4

]
E
[
R(z)2

]
(B.22)

via the Cauchy-Schwarz inequality, and the result ensues.

B.4.2 Proof of Lemma 2.1

We only show the result for Ψ(M); the one for Ψ⊥ ensues from similar methods. Recalling the
expansion in (B.17) as a sum of 3-point correlation functions, we define the following function
of 3× 3matrices:

f(Σ) = Ez∼N (0,Σ)

[
σ′(z1)z2σ(z3)

]
(B.23)

ThenΨ(M)(Ω) is simply an average of f(Σ) forΣ submatrices ofΩ. We first show the following
bound:

Lemma B.4. Under Assumption 2.2, the function f satisfies the following inequality: for any Σ,
Σ′ such that

∥∥Σ′ − Σ
∥∥
∞ ≤ K ,∣∣f(Σ′)− f(Σ)

∣∣ ≤ C(1 +
√
Σ22)

∥∥Σ′ − Σ
∥∥
∞ (B.24)

Proof. Let Σ and Σ′ be two positive semidefinite matrices, and δΣ = Σ′ − Σ. We can write
δΣ = δΣ1 − δΣ2 where both δΣi are positive, and

‖δΣi‖∞ ≤ C‖δΣi‖op ≤ C‖δΣ‖op ≤ C ′‖δΣ‖∞

using norm equivalence. Hence, we shall assume from now on that δΣ is positive semidefinite,
and write

z′ = z + δz
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where δz ∼ N (0, δΣ) is independent from z. Define

δσ = σ(z′3)− σ(z3) and δσ′ = σ′(z′1)− σ′(z1)

Then

f(Σ′)− f(Σ) = E
[
σ′(z1)z2δσ + σ′(z1)δz2σ(z3) + δσ′z2σ(z3)

]
+E

[
δσ′δz2σ(z3) + δσ′z2δσ + σ′(z1)δz2δσ

]
+E[δσ′δz2δσ]

Since δz is independent from z, and σ satisfies Assumption 2.2, we can apply Lemma B.3 to get

|Eδz3 [δσ]| ≤ CδΣ33,

and hence by the Cauchy-Schwarz inequality∣∣∣E [σ′(z1)z2δσ]∣∣∣ ≤ C ′
√
Σ22δΣ33.

A similar bound holds for the two other terms of the first line. For the second line, another appli-
cation of Cauchy-Schwarz yields

Eδz
[
δσ′z2δσ

]
≤ z2

√
E[(δσ)2]

√
E[(δσ′)2]

≤ z2
√
δΣ11δΣ33

by a combination of Lemmas B.1 and B.2. A similar bound holds for the third line, and it is easily
checked that all of the obtained bounds are lower than the one of Lemma B.4.

Now, the expansion ofΨ(M)(Ω̃) − Ψ(M)(Ω̄) is an average of terms of the form f(Σ̃) − f(Σ̄),
where (Σ̃− Σ̄)ij is either 0 or

√
q⊥ii q

⊥
jjξij . Hence, we can write each of those terms as h(ξij)−

h(0), and by Assumption 2.1 and Lemma B.4, the function h is Lipschitz. Lemma 2.1 then
ensues from an application of Lemma B.2.

B.4.3 Proof of Equation (2.29)

We begin by showing the following lemma. Recall the definition of E :

E =
1

k

k∑
r=1

σ(λ?r)−
1

p

p∑
i=1

σ(λi) (B.25)

Lemma B.5. There exists a constant c ≥ 0 such that for any choice ofλ?,

Varλ⊥ (E) ≤
c‖Q⊥‖op

p
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Proof. We apply the Gauss-Poincaré inequality of Lemma B.1 to

f(λ⊥) =

p∑
i=1

σ([MP−1λ?]i + λ⊥i ), which implies [∇f ]i = σ′(λi)

Whenever σ is Lipschitz, we thus have ‖∇f(λ⊥)‖2 ≤ cp, and the lemma ensues.

We are now in a position to show Equation (2.29). For brevity, we denote by E (resp. EMF)
the expectations with respect to λ⊥ ∼ N (0, Q⊥) (resp. λ⊥ ∼ N (0, diag(Q⊥))). Since the
marginals of both distributions are the same, and by linearity,

E
[
f(λ⊥i )

]
= EMF

[
f(λ⊥i )

]
and E [E ] = EMF [E ] .

Under the distributionN (0, diag(Q⊥)), λ⊥i is almost independent from E , except for the term
containing σ(λi). We can thus write, for anyλ?

EMF

[
Eiλ⊥i

]
= E

[
σ′(λi)λ

⊥
i

]
E [E ]− 1

p
EMF

[
σ′(λi)λ

⊥
i σ(λi)

]
+

1

p
E
[
σ′(λi)λ

⊥
i

]
E
[
σ(λi)

]
Hence,

E
[
Eiλ⊥i

]
−EMF

[
Eiλ⊥i

]
= E

[
σ′(λi)λ

⊥
i

(
E − E [E ]

)]
−1

p
E
[
σ′(λi)λ

⊥
i

(
σ(λi)− E[σ(λi)]

)]
(B.26)

Now, using the Cauchy-Schwarz inequality,∣∣∣∣E [σ′(λi)λ⊥i (E − E [E ]
)]∣∣∣∣ ≤

√
E
[(
σ′(λi)λ⊥i

)2]
E
[(
E − E [E ]

)2]
.

For Lipschitz σ, the first term is easily bounded by cQ⊥
ii , and the second is exactly the variance

computed in Lemma B.5. The second term in (B.26) being clearly negligible before the first, we
finally get ∣∣∣∣E [Eiλ⊥i ]− EMF

[
Eiλ⊥i

]∣∣∣∣ ≤ c

√
Q⊥
ii ·

‖Q⊥‖op
p

, (B.27)

and Equation (2.29) ensues by taking the expectation w.r.tλ? on both sides.

B.5 Derivation of explicit expression for the squared activation

In this appendix we show how to derive the differential equations for the dynamics when both σ
and σ∗ are the square function. Wewill not present theΨ(Var) term since we never use the square
activation in the high-dimensional regime.

The starting points are Equations (2.12) and the fact that R = E2/2. Due to the linearity of
the expected value, we can reduce the expectation on products of E and λ. Let’s start with the
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population risk. The expected values we need can be expanded to

E(λ,λ?)∼N (0p+k,Ω)

[
E2
]
=

1

k2

k∑
r,s=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ(λ∗r)σ(λ

∗
s)
]
+

1

p2

p∑
j,l=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ(λj)σ(λl)

]
− 2

pk

p∑
j=1

k∑
r=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ(λj)σ(λ

∗
r)
]
,

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λlE

]
=
1

k

k∑
r′=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λlσ(λ

∗
r′)
]

− 1

p

p∑
l′=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λlσ(λl′)

]
,

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λ

∗
rE
]
=
1

k

k∑
r′=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λ

∗
rσ(λ

∗
r′)
]

− 1

p

p∑
l′=1

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λj)λ

∗
rσ(λl′)

]
.

These expansions are still valid for any generic activation function. Before specializing in σ(x) =
x2, we introduce a shorthand in the notation. We will use

ωαβ := []αβ ,

where the indicesα and β can discriminate between teacher and student local fields, as well as the
numerical index. Actually, this notation allow us to compute also Ψ⊥(Ω) by expanding Equa-
tion (2.21) as above, and using the matrix in Equation (B.3) as covariance for the normal distri-
bution.

With this consideration, there are only 2 types of expected values to be computed. Let us write
them explicitly, using our specific activation function

E(λ,λ?)∼N (0p+k,Ω)

[
σ(λα)σ(λβ)

]
= E(λ,λ?)∼N (0p+k,Ω)

[
(λα)2(λβ)2

]
,

E(λ,λ?)∼N (0p+k,Ω)

[
σ′(λα)λβσ(λγ)

]
= 2E(λ,λ?)∼N (0p+k,Ω)

[
λαλβ(λγ)2

]
.

Weare leftwith some expected values of polynomials ofGaussian variables. Since the local fields all
have zeromean, these are nothingbutmoments of aGaussiandistributionwithmultiple variables.
The standard result used to calculate these is the Isserlis’ Theorem:

E(λ,λ?)∼N (0p+k,Ω)

[
(λα)2(λβ)2

]
= ωααωββ + 2ω2

αβ,

2E(λ,λ?)∼N (0p+k,Ω)

[
λαλβ(λγ)2

]
= 2ωαβωγγ + 4ωαγωβγ .
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By retracing all steps backward andmaking the necessary substitutions, we can arrive at an explicit
form of the Equations (2.14). In order to obtain a matrix form such as in the Equations (2.31),
we have to write in a closed form all the summations appeared during the derivation and use the
fact that Q and P are symmetric matrices.

B.6 Numerical experiments in the mean-field limit

In this appendix we show the result of some numerical experiments we performed to verify the
statements exposed in Section 2.3.4. We also refer to our GitHub repository1.

First, we checked that the pointQ⊥ = 0 is a fixed point of the dynamic. We compare a simulation
of this case with an integration of just the matrix M. Since when Q⊥ = 0, M is a sufficient
statistic by itself, we expect it to be the only parameter to be evolved to characterize the dynamics.
Figure B.2 (a) shows agreement between simulation and ODE integration.

Second, we test whether it is actually necessary to compute the expectation over the matrix Ξ
when integrating the mean field in low dimension. In Figure B.2 (b) we present the results for
erf activation function: not taking into account the off-diagonal terms, the integration of the
ODEs do not match the simulated dynamics even for large p. The effect becomes even more
evident by comparing Figure B.2 (c) with Figure 2.3 (a). In fact, we can see that in the case of
quadratic activation, neglecting the matrix Ξ leads to a mismatch of population risk even at the
initial instant, as it follows naturally fromEquation (2.33). Wedonot see such amarkeddifference
in the case of σ = erf(·/√2) since the latter is an odd function and non-diagonal terms of Ξ are
symmetric random variables.

Finally, we looked at the evolution of the distribution of student weights. We use k = 1 to have
just one teacher vectorw? ∈ Rd, while p = 5000 to have enough samples to understand how
the distribution is evolving. In particular, we are looking at the distribution of the cosines of the
angles between student weights andw?; in Figure B.2 (d) we plot this distribution at 3 different
times of the evolution. At t = 0, the distribution is uniform, as expected since we sample weights
from a spherical invariant distribution with d = 3. During the evolution, the student’s weight
moves in the directionofw? and−w? (sinceσ is an even function the sign of theweights does not
count). At large time, the distribution is essentially 1/2 (δw? + δ−w?), which represents perfect
learning.

1https://github.com/IdePHICS/DimensionlessDynamicsSGD

https://github.com/IdePHICS/DimensionlessDynamicsSGD
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Figure B.2: (a) Evolution from starting pointQ⊥ = 0, tracking onlyM. (b) - (c) Low-dimension
simulations and the corresponding ODE trajectory, without the off-diagonal entries of matrix Ξ
(d) Histogram of the student-teacher weight overlaps at different times.
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Appendix C

Appendices to “Escaping mediocrity:
how two-layer networks learn hard
generalized linear models with SGD”

C.1 Explicit ODEs derivation

C.1.1 Derivation of the process

Let’s start by reminding the definition of displacement at step ν

Eν := (λν?)
2 − 1

p

p∑
j=1

aj(λ
ν
j )

2 +
√
∆zν , (C.1)

from which it’s easy to write the loss function

`(yν , fΘν (xν)) =
1

2
(Eν)2 . (C.2)

The gradient respect to the parameters is given

∂aj`(y
ν , fΘν (xν)) = −1

p
Eν(λνj )2

∇wj`(y
ν , fΘν (xν)) = −1

p
Eν2aνjλνjxν

(C.3)

Using γ as learning rate for the weights wj and γ/d for the second layer, we have the following
update equations

aν+1
j = aνj +

γ

pd
Eν(λνj )2

wν+1
j = wν

j +
γ

p
Eν2aνjλνjxν

(C.4)

Applying the definition of the sufficient statistics, mj = wjw?/d and Qjl = wjwl/d, we can
recover Equations (3.7).
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C.1.2 Explicit ODE

To get the explicit form of our ODEs we need to compute some expected value over the preacti-
vations (λ?, λ). These are gaussian variables, whose correlation matrix is given by Ω. Similarly,
the population risk is defined as

R = E(λ,λ?)∼N (0p+1,Ω)

[
1

2
E2

]
.

Let’s look close to the random variable we need for this expected values, expressing them just as
function of local fields. To be more concise, from now on with E we always mean the expected
value over (λ, λ?) ∼ N (0p+1,Ω). For the risk we just need

E
[
E2
]
=λ4? +

1

p2

p∑
j,l=1

ajalE
[
λ2jλ

2
l

]
− 2

p

p∑
j=1

ajE
[
λ2jλ

2
?

]
,

while for the ODE of ā

E
[
Eλ2j

]
= E

[
λ2?λ

2
j

]
− 1

p

p∑
l=1

alE
[
λ2l λ

2
j

]
,

where we omitted the noise part since it averages out with the expectation. The equation for m̄
requires

2ajE
[
Eλjλ?

]
= 2E

[
λ2?λjλ?

]
− 2

p

p∑
l=1

ajalE
[
λ2l λjλ?

]
,

while we need two different expectations for Q̄

2(aj + al)E
[
Eλjλ?

]
= 2(aj + al)

E [λ2?λjλl]− 1

p

p∑
s=1

asE
[
λ2sλjλl

] and

4
γ

p
E2ajalλjλl = 16

γ

p
ajal

[
E
[
λjλlλ

4
?

]
− 2

p

p∑
s=1

asE
[
λjλlλ

2
?λ

2
s

]
+

+
1

p2

p∑
s,t=1

(
asatE

[
λjλlλ

2
sλ

2
t

]
+∆E

[
λjλl

])]
.

We are left to compute some distribution moments of a multivariate Gaussian of second, fourth
and sixh order. In theGitHub repository1 can be found aMathematica script to address this task;
alternatively Isserlis’ Theorem can be applied. We introduce a shorthand in the notation

ωαβ := [Ω]αβ ,

1https://github.com/IdePHICS/EscapingMediocrity

https://github.com/IdePHICS/EscapingMediocrity
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where the indicesα and β can discriminate between local fields λ (ifα, β ∈ [1, . . . , p], and λ? (if
α, β = p+ 1). The final result are given by

E
[
λαλβ

]
= ωαβ

E
[
λ2αλ

2
β

]
= ωααωββ + 2ω2

αβ

E
[
λαλβλ

2
γ

]
= ωαβωγγ + 2ωαγωβγ

E
[
λαλβλ

2
γλ

2
δ

]
= ωαβωγγωδδ + 2ωαβω

2
γδ + 2ωαγωβγωδδ+

4ωαγωβδωγδ + 4ωαδωβγωγδ + 2ωαδωβδωγγ

By retracing all steps backward and making the necessary substitutions, we can arrive at an ex-
plicit form of theODEs and population risk. While the full risk expression can be found in Equa-
tion (3.6), we report here just the case aj = 1 for the ODEs since they have a compact matrix
form

dM
dt

= 2

(
ρ− Tr [Q]

p

)
M+ 4

(
ρM− QM

p

)
(C.5a)

dQ
dt

= 4

(
ρ− Tr [Q]

p

)
Q+ 8

(
MM>

p
− Q2

p

)

+
4γ

p

{[
3ρ2Q+ 12ρMM>

]
+

1

p2

[(
Tr [Q]2 + 2Tr

[
Q2
])

Q+ 4Tr [Q]Q2 + 8Q3

]

− 2

p

[(
ρTr [Q] + 2Tr

[
MM>

])
Q+ 2Tr [Q]MM>

+ 2ρQ2 + 4
(
MM>Q+QMM>

)]
+∆Q

}
,

(C.5b)

where ρ := w2
?/d. For completeness, this is Equation (3.6) for the case aj = 1

R(Ω) =
3 +∆

2
−
ρTr [Q] + 2Tr

[
MM>

]
p

+
Tr [Q]2 + 2Tr

[
Q2
]

2p2
. (C.6)

C.2 Spherically constrainted ODE and SDE

C.2.1 Spherical constraint for ODE

Let’s recall the update rule for the weights

wν+1
j =

wν
j − γ∇wj`(y

ν , fΘν (xν))∥∥∥wν
j − γ∇wj`(y

ν , fΘν (xν))
∥∥∥
√
d, (C.7)
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we will find the leading order approximation of it and then apply the argument as the uncon-
strained case for deriving the ODEs.

To shorten the notation we will use `ν for indicating `(yν , fΘν (xν)). Let’s start by computing
the normalization factor

1∥∥∥wν
j − γ∇wj`

ν
∥∥∥ =

[(
wν
j − γ∇wj`

ν
)
·
(
wν
j − γ∇wj`

ν
)]− 1

2

=

[∥∥∥wν
j

∥∥∥2 − 2γwν
j · ∇wj`

ν + γ2
∥∥∥∇wj`

ν
∥∥∥2]− 1

2

=
1√
d

[
1− 1

d

(
2γwν

j · ∇wj`
ν − γ2

∥∥∥∇wj`
ν
∥∥∥2)]− 1

2

=
1√
d

[
1 +

1

2d

(
2γwν

j · ∇wj`
ν − γ2

∥∥∥∇wj`
ν
∥∥∥2)+ o

(
d−1
)]

.

Note that we kept both two terms in the expansion because we can show that both the norm and
the scalar product with a weight vector are order 1∥∥∥∇wj`

ν
∥∥∥2 ∼2E2λνj

p2

∑d
i=1

(
xνi
)2

d
∼

2E2λνj
p2

χ2
d

d
= O (1) ,

wj · ∇wl
`ν ∼

2Eλνl
p

d∑
i=1

wj,i√
d
N (0, 1) ∼

2Eλνl
p2

N

0,

d∑
i=1

w2
j,i

d

 ∼
2Eλνl
p2

N (0, 1) = O (1) .

We can now plug the expansion back into the original update rule

wν+1
j =

(
wν
j − γ∇wj`

ν
)[

1 +
1

2d

(
2γwν

j · ∇wj`
ν − γ2

∥∥∥∇wj`
ν
∥∥∥2)+ o

(
d−1
)]√

d.

We are ready to go over the steps that take us from the update rule on vector weights to those on
order parameters. We report by way of example the steps performed forM; the accounts for Q are
similar, just a bit more tedious.

Mν+1
j =

wν+1
j ·w∗

d

=

(
Mν
j −

γw∗ · ∇wj`
ν

d

)[
1 +

1

2d

(
2γwν

j · ∇wj`
ν − γ2

∥∥∥∇wj`
ν
∥∥∥2)+ o

(
d−1
)]

= Mν
j −

γw∗ · ∇wj`
ν

d
+
Mν
j

2d

(
2γwν

j · ∇wj`
ν − γ2

∥∥∥∇wj`
ν
∥∥∥2)+ o

(
d−1
)

= Mν
j +

1

d

γ
p
λ?Eνλνj −

Mν
j

2

(
2
γ

p
Eνλνjλνj +

γ2

p2
Eνλνj

2

)+ o
(
d−1
)
.

(C.8)
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Figure C.1: comparison of ODE integration and many SGD runs for p = 5 (left) and p = 20
(right). Both the experiments have d = 5000.

We can now take the limit d→ +∞, claiming that the theorem [Vei+22; Gol+19] provingODE
convergence is still valid. Indeed, the error term o(d−1) in Equation (C.8) has an average order
ofO(d−2), which can be absorbed in the term Γν of Theorem A.1 in [Vei+22]. The rest of the
proof proceeds the sameway, noting that the square function canbe assumed to beLipschitz since
the dynamics take place on the sphere.

The differential equation that describes the evolution of M is

dM̄j(t)

dt
= Eλ,λ∗∼N (0,Ω(t))

[
2Eλjλ? −

M̄j(t)

2

(
4Eλjλj + 4

γ

p
E2λ2j

)]
;

Using the definitions introduced in Equations (3.15) we can write the equation in a nicer form

dM̄j(t)

dt
= Ψj(Ω)− M̄j(t)

2
Φjj(Ω). (C.9)

Essentially, the spherical constraint can be imposed by using a term proportional to the uncon-
strained Q update.

Without reporting all the calculations, we can write an analogous differential equation for Q evo-
lution

dQ̄jl(t)
dt

= Φjl(Ω)−
Q̄jl(t)

2

(
Φjj(Ω) + Φll(Ω)

)
. (C.10)

Note that
dQ̄jj(t)

dt
= 0 if Qjj(t) = 1, as it should be since the norm of spherical vectors must

not change.

In Figure C.1 we show two examples of integration ofODEs, for different values of p. Simulating
for large but finite d does not kills the stochasticity in the SGD runs, but we can clearly see how
the ODE well describe the dynamics on average.
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C.2.2 Spherical constraint for SDE

This subsection we derive the spherical constraint for the SDE, with p = 1. We assume that the
stochastic process is given

dM = Ψ1(Ω) dt+
√
γ

d
σM(Ω) · dBt

dQ = Φ11(Ω) dt+
√
γ

d
σQ(Ω) · dBt,

(C.11)

without providing explicit expressions forσM(Ω) andσQ(Ω); see Appendix C.5 for that.

The derivation is basically following the steps of the previous Section. Starting from the uncon-
strainted update rule for the weights

wν+1
j = wν

j − γ∇wj`
ν ,

we can find an expression for the two unconstrained differentials

dq =
−2γw · ∇`ν + γ2 ‖∇`ν‖2

d

dm =
−γw? · ∇`ν

d
.

(C.12)

Since we are forcing the weight on the sphere, the update rule that actually has to be used is

wν+1
j =

wν
j − γ∇wj`

ν∥∥∥wν
j − γ∇wj`

ν
∥∥∥
√
d;

multiplying both sides byw? and subtractingmwe get

dmS =
m+ dm

‖w − γ∇`ν‖
√
d−m,

where we introducemS to differentiate the constrained variable fromm. Let’s estimate the nor-
malization factor

‖w − γ∇`ν‖ =
√

(w − γ∇`ν)2 =
√
w2 − 2w · γ∇`ν + γ2 ‖∇`ν‖2

=
√
d

√
w2

d
+

−2w · γ∇`ν + γ2 ‖∇`ν‖2

d
=

√
d
√
q + dq

=
√
d
√
1 + dq,

where in the last step we used the constraint q = 1. We can now plug it back in dmS

dmS =
m+ dm√
1 + dq

−m,
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and expanding up to leading orders we get

dmS =(m+ dm)(1 + dq)−
1
2 −m = (m+ dm)

(
1− 1

2
dq +

3

8
dq2
)
−m

= dm− m

2
dq − 1

2
dm dq +

3

8
m dq2

In principle, we can now use the Itô Lemma on differentials Equations (C.11), obtaining

dm2 =
γ

d
σ2
M(Ω) dt, dq2 =

γ

d
σ2
Q(Ω) dt, and dm dq =

γ

d
σM(Ω) · σQ(Ω) dt.

It’s interesting to note that these lead to a drift correction (and not just stochastic), but it’s of
second order. As expected, in numerical simulations we can’t see the effect for these corrections,
hence we neglet them in what follows. Finally, we write the explicit Brownian motion for the
constrained dynamic

dmS =

(
Ψ1(Ω)−

mS

2
Φ11(Ω)

)
dt+

√
γ

d

(
σM(Ω)−

mS

2
σQ(Ω)

)
· dBt. (C.13)

Of course, all functions depending onΩ should be evaluated atm = mS , q = 1.

C.3 Derivation of the expected exit time formulas

C.3.1 Linearization of the equations

The linear approximation ofΨ aroundmj ≈ 0 is given by

Ψj = 4

(
mj −

mj

p

)
= 4

(
1− 1

p

)
mj , (C.14)

while forΦwe distinguish the cases j = l or not

j 6= l Φjl = 4

[
2

(
−2

Qjl
p

)]
+

+
4γ

p

{
3Qjl −

2

p

[
pQjl + 4Qjl

]
+

1

p2

[(
p2 + 2p

)
Qjl + 8pQjl + 24Qjl

]
+∆Qjl

}
= −16

p
Qjl

+
4γ

p

{
3− 2− 8

p
+ 1 +

2

p
+

8

p
+

24

p2
+∆

}
Qjl

= −16

p
Qjl

+
4γ

p

{
2 +

2

p
+

24

p2
+∆

}
Qjl

(C.15)
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j = l Φjj = 4

[
2

(
−1

p

)]
+

4γ

p

{
3− 2

p

[
p+ 2

]
+

1

p2

[(
p2 + 2p

)
+ 4p+ 8

]
+∆

}

= −8

p
+

4γ

p

{
3− 2− 4

p
+ 1 +

2

p
+

4

p
+

8

p2
+∆

}
= −8

p
+

4γ

p

{
2 +

2

p
+

8

p2
+∆

}
(C.16)

Given these linear approximations, we are ready to write down the equations valid as long as the
risk stays in the first plateau

d
[
M(t)

]
j

dt
=

[
4

(
1− 1

p

)
+

4

p
− 2γ

p

(
2 +

2

p
+

8

p2
+∆

)] [
M(t)

]
j

=

[
4− 2γ

p

(
2 +

2

p
+

8

p2
+∆

)] [
M(t)

]
j

= 4

[
1− γ

p

(
1 +

1

p
+

4

p2
+

∆

2

)] [
M(t)

]
j
,

(C.17)

d
[
Q(t)

]
jl

dt
=

[
−16

p
+

4γ

p

(
2 +

2

p
+

24

p2
+∆

)
+

8

p
− 4γ

p

(
2 +

2

p
+

8

p2
+∆

)] [
Q(t)

]
jl

=

[
−8

p
+

4γ

p

(
16

p2

)] [
Q(t)

]
jl

= −8

p

[
1− 8γ

p2

] [
Q(t)

]
jl
.

(C.18)
We observe that the evolution of the sufficient statistics is uncoupled in the starting saddle. We
can shorthand the notation by introducing ωQ and ωM

dMj

dt
= ωMMj

dQjl
dt

= −ωQQjl when j 6= l.

(C.19)

These equations admit a simple solution given by

Mj(t) = Mj(0) exp[ωM t]
Qjl(t) = Qjl(0) exp[−ωQt].

(C.20)

C.3.2 Solving the approximated risk equation

From Equation (C.6) when the weights are on the sphere, it follows that the risk is given by

R(Q,M)− ∆

2
= 1 +

1

p
+

1

p2

p∑
j,l=1;j 6=l

Q2
jl −

2

p

p∑
j=1

M2
j (C.21)
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Equations (C.20) can be used to obtain a deterministic time evolution of the risk. The only source
of randomness left is from the initial conditions, we can define two random variables as

µ0
d

:=
p∑
j=1

[
Mj(0)

]2 and
τ0
d
:=

p∑
j,l=1;j 6=l

[
Qjl(0)

]2
, (C.22)

and get an expression for the risk in function of time

R(t)− ∆

2
= 1 +

1

p
+

τ0
dp2

exp[−2ωQt]−
2µ0
dp

exp[2ωM t] (C.23)

This equation is not polished enough to be solved analytically yet. First of all we need to assume
that the risk is decreasing by forcing ωM > 0. Secondly, we want the exponential proportional
to τ0 to be negligible when t > 0: this follow from ωQ > 0. In principle, this last condition
is not needed for the process to converge like the first one, but without it is not possible to find
an analytical solution for the cross -threshold equation. Moreover, when p > 6: ωM > 0 =⇒
ωQ > 0, so we can see that the request is not unreasonable.

Wrapping all this consideration together, Equation (3.21) is

(1− T )

(
1 +

1

p
+

τ0
dp2

− 2µ0
dp

)
= 1 +

1

p
− 2µ0

dp
exp[2ωM text], (C.24)

from where we can compute the exit time

text =
log
[
Tp(p+1)d+(2µ0p−τ0)(1−T )

2µ0p

]
2ωM

.

C.3.3 Averaging on initial conditions

As of now text is still depending on the initial conditions through the random variablesµ0 and τ0.
Following from the choosen initial conditions, and taking into account the dependence between
the two random variables

µ0, τ0 ∼ Pd
p wherePd

p ≡

d p∑
j=1

(uj · v)2, 2d
p∑
j=1

p∑
l=j+1

(uj · ul)2
 with v, uj ∼ Sd−1(1).

We have now two possibility to get the expectation of text. The first one is known in statistical
physics literature as quenched formula leaves us with an unexpressed expected value

t
(qnc)
ext = Eµ0,τ0∼Pd

p log
[
Tp(p+1)d+(2µ0p−τ0)(1−T )

2µ0p

]
2ωM

 . (C.25)

The second one, often referred as the annealed formula, is obtain by simply replacing the random
variables with their expected values

t
(anl)
ext =

log
[
T (p+1)d+(p+1)(1−T )

2p

]
2ωM

. (C.26)
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Case p = 1 For completeness, let’s reduce these formulas to the simplest case p = 1. In this
case τ0 does not appear, and from Equation (3.13) we find that µ0 ∼ χ2(1), so the quenched
formula reduces to

t
(qnc)
ext = Eµ0∼χ2(1)

 log
[
Td
µ0

+ (1− T )
]

8(1− 6γ)− 4γ∆

 . (C.27)

C.3.4 Overparameterization Gain

Let us introduce the number of gradient steps needed to escape the threshold. Remembering
t = νγ/pd, we define

sext(p, d, γ,∆, T ) :=
pd

γ
text. (C.28)

In the domain of our interest, namely sext > 0, sext is a convex function in γ. Therefore, there
exists a unique minimum that corresponds to the minimum number of steps required to cross
the threshold when p, d are fixed

0 =
∂sext(p, d, γ,∆, T )

∂γ

∣∣∣∣∣
γ=γopt(p,d,∆)

=⇒ γopt(p, d,∆) =
p3

8 + 2p+ (2 +∆)p2

Note that this learning rate correspond to an exit time whose log’s prefactor is constant to 1
4 , as

reported in the main. We can also compute the optimal number of steps; we choose to stick with
the annealed formula: for large p both estimations lead to the same result, while for small pwe are
underestimating the exit time of a small factor. Hence, the annealed minimum number of steps
is

sminext (p, d,∆, T ) :=s
anl
ext(p, d, γopt(p, d,∆),∆, T ) =

=
d
[
8 + 2p+ (2 +∆)p2

]
log
[
T (p+1)d+(p+1)(1−T )

2p

]
4p2

.

This formula can be used to estimate the overparameterization gain. Noting that sminext is mono-
tonically decreasing in p, we can define the gain as

lim
d→+∞

sminext (p = 1, d,∆, T )

limp→+∞ sminext (p, d,∆, T )
=

12 +∆

2 +∆
.

C.4 Stochastic correction to the exit-time formula

In this section we derive a new exit time formula for the case p = 1, that takes into account the
stochastic corrections of the dynamics.

At first, we require the further assumption w0 ⊥ w0
? . Obviously, this is not realistic, since to

achieve this initialization we should knoww? exactly. Still, this case is could arise interest, since
it corresponds tom0 = 0, that is a fixed point of Equation (3.19). Thus, there is no dynamics
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in the ODE description, while the SDE are able to jump out from the fixed point and reach the
point of convergence of the SGD. Lastly, the following analysis can be generalized to be used with
the usual initial conditions.

The key observation is approximating both the noise and the drift of Equation (C.13) to the first
non-zero order, when evaluated atm = 0. As we pointed out above, the drift term is null at ini-
tialization, so the leading order is the first; this corresponds to the linearization of Equation (3.19),
and the linear factor is

µ :=
[
4(1− 6γ)− 2γ∆

]
. (C.29)

Instead, the noise term is not vanishing atm = 0. Of course,σQ(Ω) does not contribute because
is proportional tomS . Moreover, looking at the expression forΣ inAppendixC.5,we canobserve
that the covariance matrix is diagonal since the non-diagonal term is proportional tomS as well.
All considered, the only term is contributing is the variance ofm: the two-dimensional Brownian
motion can be reduced to one in dimension 1, with variance

σ2 :=
γ

pd
(48 + 4∆).

Summarizing, the SDE near the initialization can be described as

dm = µm dt+ σ dbt, (C.30)

where bt is a one-dimensional Wiener process with unit variance. The approximated evolution
of m is a expansive Ornstein–Uhlenbeck process, since µ > 0. We have already shown in the
main that there is a direct map betweenm and the population risk; we can deal just withm for
measuring the exit time. Given an expansive OU-process staring atm = 0, the mean first exit
time from the interval (−

√
T ,

√
T ) is given by [Zen20]

t
(SDE)
ext =

T

σ2 2F 2

(
1, 1; 3/2, 2;− µ

σ2
T

)
(C.31)

where 2F 2 is a generalized hypergeometric function; see [Zen20] for reference. The formula does
not have a closed form like the one derived earlier, and it works only when T is small enough that
the exit point is not too far from initial conditions, otherwise the approximation we did do not
hold anymore.

As reported in [Zen20], the formula can be generalized also to the initial condition we used in
the rest of the manuscript, where M ∼ N

(
0, 1/d

)
. Again, we have to average over the initial

conditions: (C.31) coincideswith theannealed version,whilewedonotpresent here thequenched
one to be concise.

C.5 SDEs for arbitrary width

In this appendix we generalize the discussion of the spherical constrained SDE to network of ar-
bitrary width. As we already did at beginning of Section 3.4, we fix the second layer to aj = 1 for
everything that follows.
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C.5.1 Unconstrained SDE with p > 1

The updates of overlapping matrix elements can be written as

dQjl =
−γ(wj · ∇wl

`+wl · ∇wj`) + γ2∇wj`
ν · ∇wl

`ν

d
=

γ

pd
Qjl,

dmj =
−γw? · ∇wj`

d
=

γ

pd
Mj .

where we recalled the definition of the random variablesMj andQjl; the factor 1/p is missing,
but it will come out from the gradients∇wj . As we already seen, the usual argument provides
setting dt = γ/pd and say that the remaining factor is concentrating to its expected value

dmj = Ψj dt
dQjl = Φjl dt,

where Φjl = E
[
Qjl

]
andΨj = E

[
Mj

]
. We can now go beyond this and add corrections to

concentration, namely adding a Brownian motion, following [BGJ22]:

dMj = Ψj dt+
√

γ

pd
σM
j · dBt

dQjl = Φjl dt+
√

γ

pd
σ
Q
jl · dBt.

(C.32)

The σM
j and σQ

jl are the rows of the matrix obtained by taking the square root of the covariance
matrix of all the p+ p2 random variableMj andQjl:

σM
1
...
σM
p

σ
Q
11
...
σ
Q
pp


:=

√√√√√√√√√√√√√√



Var [M1] · · · Cov
[
M1,Mp

]
Cov [M1,Q11] · · · Cov

[
M1,Qpp

]
... . . . ...

... . . . ...
Cov

[
Mp,M1

]
· · · Var

[
Mp

]
Cov

[
Mp,Q11

]
· · · Cov

[
Mp,Qpp

]
Cov [Q11,M1] · · · Cov

[
Q11,Mp

]
Var [Q11] · · · Cov

[
Q11,Qpp

]
... . . . ...

... . . . ...
Cov

[
Qpp,M1

]
· · · Cov

[
Qpp,Mp

]
Cov

[
Qpp,Q11

]
· · · Var

[
Qpp

]


,

(C.33)
and dBt is a p(1 + p)-dimensional Wiener process.

C.5.2 Spherical Constrained SDE

Let’s move now to the actual spherical derivation. The steps used are exactly the same we did in
C.2, Since we are forcing the weight on the sphere, the update rule that has to be used is

wν+1
j =

wν
j − γ∇wj`

ν∥∥∥wν
j − γ∇wj`

ν
∥∥∥
√
d;
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We introduce now Mj and Qjl to discriminate between the spherical variable and the uncon-
strained ones. Multiplying both sides of the update rule byw? and subtractingMj we get

dMj =
Mj + dmjr∥∥∥wj − γ∇wj`

ν
∥∥∥
√
d−Mj .

Similarly, the product of two update rules brings us to

dQjl =
wj − γ∇wj`

ν∥∥∥wj − γ∇wj`
ν
∥∥∥ wl − γ∇wl

`ν∥∥wl − γ∇wl
`ν
∥∥ −Qjl

=
Qjl + dQjl∥∥∥wj − γ∇wj`

ν
∥∥∥∥∥wl − γ∇wl

`ν
∥∥d−Qjl

Let’s estimate the normalization factor∥∥∥wj − γ∇wj`
ν
∥∥∥ =

√
(wj − γ∇wj`

ν)2 =

√
w2
j − 2wj · γ∇wj`

ν + γ2
∥∥∥∇wj`

ν
∥∥∥2

=
√
d

√√√√w2
j

d
+

−2wj · γ∇wj`
ν + γ2

∥∥∥∇wj`
ν
∥∥∥2

d
=

√
d
√
Qjj + dQjj

=
√
d
√
1 + dQjj ,

Expanding up to leading orders we get

dMj =(Mj + dmjr)(1 + dQjj)−
1
2 −Mj

=(Mj + dmjr)

(
1− 1

2
dQjj +

3

8
dq2jj

)
−Mj

= dmjr −
Mj

2
dQjj −

1

2
dmjr dQjj +

3

8
Mj dQ2

jj

dQjl =(Qjl + dQjl)(1 + dQjj)−
1
2 (1 + dQll)−

1
2 −Qjl

=(Qjl + dQjl)
(
1− 1

2
dQjj +

3

8
dq2jj

)(
1− 1

2
dQll +

3

8
dq2ll

)
−Qjl

= dQjl −
Qjl

2
(dQjj + dQll) +

Qjl

8
(3 dQ2

jj + 3 dQ2
ll + 2 dQjj dQll)−

1

2
(dQjl dQjj + dQjl dQll)

We can now use the Itô Lemma on differentials Equations (C.32), obtaining

dxa dxb =
γ

pd
σxa · σxb dt,

so we have some extra drift terms at an higher order.
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C.5.3 Special cases

Computing explicitly the variance in Equation (C.33) is not conceptually different from what
exposed in Appendix C.1: expanding all the expression we are left expectations of polynomials
of the preactivations. Even if not complex, it is required to compute up to twelfth moments of
a multivariate normal distributions, that could lead to very long results. We developed a Mathe-
matica script for addressing this computation, available in the GitHub repository2; it can be used
for the covariance of arbitrary network width. In the same repository, we provide the code for nu-
merically integrating the SDE, in the cases p = 1, 2. These two special case are briefly discussed
here.

Explicit expression for p = 1 We report here the expression for the variances and covariance
introduced in (C.11)

Var [Q11] =576γ2∆M4 − 2496γ2∆M2 − 11520γ2M6 + 54144γ2M4 − 73728γ2M2

+ 544γ∆M2 − 11136γM4 + 22272γM2 + 320M4 − 1600M2 + 32γ2∆2

+ 1920γ2∆+ 31104γ2 − 544γ∆− 11136γ + 48∆ + 1280

Cov [M1,Q11] =72γ∆M3 − 72γ∆M− 1440γM5 + 2880γM3

− 1440γM+ 24∆M− 480M3 + 480M
Var [M1] =8∆M2 − 192M4 + 144M2 + 4∆+ 48

(C.34)

Numerical experiments for p = 2 In Figure C.2 we show the same numerical experiment
we presented in Section 3.3.3, repeated in the case p = 2. Again, we show there is no benefit
including the stochasticity in the analysis. All the evidence indicate that even for larger p there is
no effect in including the correction and the time estimation based on the ODE is accurate.

2https://github.com/IdePHICS/EscapingMediocrity

https://github.com/IdePHICS/EscapingMediocrity
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Figure C.2: multiple run of the simulated SGD and the numerically integrated SDE, always start-
ing from the same initial condition, with d = 3000. All the text presented are obtained by solving
numerically (3.21). The SDE captures the variance that the ODE doesn’t exhibit, but the text do
not change considerably.

C.6 Stochastic correction from [BGJ22]

In this Appendix we compute the diffusion correction term of the deterministic dynamic using
the formalism introduced in [BGJ22]; we use the notation of that paper to make the comparison
easier.

We are going to analyze the plain phase retrieval problem (k = p = 1, no spherical constraint),
using a slightly different scaling as the one we introduced in the main, in accordance with the hy-
pothesis required by [BGJ22]. Our goal is to show that our formalism contains the one presented
in the paper we are analyzing here. We want to learn a predictor of the form f(x) = (w · x)2,
using online SGD on the data

x ∼ N (0, Id) y = (w? · x)2 +
√
∆ξ,

with bothw andw? withOd(1) norm, in contrast to what we used in the main where the norm
of the weights wereOd(

√
d). The SGD process is written as

wν+1 = wν − δd∇wL(y, w),

with δd = γ/d and w0 ∼ N
(
0, 1/dId

)
. We are going to consider the high-dimensional limit,

namely d→ +∞.

We omit the verification of δ-localizability for brevity.
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The loss and its expectation are

L(y, w) =
1

2

[
(w? · x)2 − (w · x)2 +

√
∆ξ
]2

=
1

2
(w? · x)4 + 1

2
(w · x)4 + ∆

2
ξ2 +

[
(w? · x)2 − (w · x)2

]√
∆ξ −

(
(w? · x)(w · x)

)2
,

Φ(w) :=Ex,ξ
[
L(y, w)

]
=

3

2

∥∥w?∥∥4 + 3

2
‖w‖4 + 3

2
∆−

∥∥w?∥∥2‖w‖2 − 2(w? · w)2

We introduce our summary statistics u = (m, q) := (w? · w,‖w‖2), and we further assume
‖w?‖2 = ρ:

Φ(w) =
3‖w?‖4 +∆

2
+

3

2
‖w‖4 −

∥∥w?∥∥2‖w‖2 − 2(w? · w)2

Φ(m, q) =
3ρ2 +∆

2
+

3

2
q2 − ρq − 2m2

We now compute the gradients needed for the dynamics. The stochastic gradient is

∇wL = 2(w · x)3x− 2(w · x)
√
∆ξx− 2(w? · x)2(w · x)x

The gradient of the population loss is

∇wΦ = 6qw − 2ρw − 4mw?

The gradients of the sufficient statistics with respect tow are

∇wm = w? ∇wq = 2w,

and their Hessians are
∇2
wm = 0 ∇2

wq = 2Id.

Last ingredient we need for the dynamic equations is V := Ex,ξ
[
∇w(L− Φ)⊗∇w(L− Φ)

]
.

We are left with

V = Ex,ξ [∇wL⊗∇wL] +∇wΦ⊗∇wΦ

− Ex,ξ [∇wL⊗∇wΦ+∇wΦ⊗∇wL] .

We compute the two terms separately

∇wΦ⊗∇wΦ = 4(3q − ρ)2ww>

− 4(6qm− 2ρm)(w?w> + ww?>) + 4 · 4m2w?w?>

Since Ex,ξ [∇wL] = ∇wΦ, the cross term reduces to the same quantity:

Ex,ξ [∇wL]⊗∇wΦ =(6‖w‖2w − 4(w? · w)w? − 2
∥∥w?∥∥w)⊗ (6qw − 2ρw − 4mw?)

=∇wΦ⊗∇wΦ.
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It remains to compute the second-moment term:

Ex,ξ [∇wL⊗∇wL] =

= Ex,ξ
[
4(w · x)6xx> + 4(w · x)2∆ξ2xx>

+ 4(w? · x)4(w · x)2xx> − 8(w · x)4(w? · x)2xx>
]

= 4(90‖w‖4ww> + 15‖w‖6 Id) + 4∆(‖w‖2 Id + 2ww>)

+ 4
[
(3
∥∥w?∥∥4‖w‖2 + 12

∥∥w?∥∥2 (w? · w)2)Id
+ 6
∥∥w?∥∥4ww> + (12

∥∥w?∥∥2‖w‖2 + 24(w? · w)2)w?(w?)>

+ 24
∥∥w?∥∥2 (w? · w)(w?w + ww?)

]
− 8
[
(3‖w‖4

∥∥w?∥∥2 + 12‖w‖2 (w? · w)2)Id
+ 6‖w‖4w?(w?)> + (12‖w‖2

∥∥w?∥∥2 + 24(w? · w)2)ww>

+ 24‖w‖2 (w? · w)(w?w + ww?)
]

= 4(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)Id

+ 4(90q2 + 2∆+ 6ρ2 − 24ρq − 48m2)ww>

+ 4(12ρq + 24m2 − 12q2)w?(w?)>

+ 4(24ρm− 48qm)(w?w + ww?)

We finally get the expression for the matrix V = Ex,ξ [∇wL⊗∇wL]−∇wΦ⊗∇wΦ

V = 4(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)Id

+ 4(90q2 + 2∆+ 6ρ2 − 24ρq − 48m2 − 9q2 + 6ρq − ρ2)ww>

+ 4(12ρq + 24m2 − 12q2 − 4m2)w?(w?)>

+ 4(24ρm− 48qm+ 6qm− 2ρm)(w?w + ww?)

(C.35)

We now have all the ingredients needed for computing the dynamics

fm =− lim
d→+∞

∇wΦ · ∇wm = −6qm+ 2ρm+ 4ρm = 6m(ρ− q)

fq =− lim
d→+∞

∇wΦ · ∇wq = −12q2 + 4ρq + 8m2

gm = lim
d→+∞

δd
2
Tr
[
V∇2

wm
]
= 0

gq = lim
d→+∞

δd
2
Tr
[
V∇2

wq
]

=4(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2) · lim
d→+∞

γ

2d
Tr [2Id]

=4γ(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)
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In the last one we used the fact that the only term that can survive the Tr [·] /d are the ones pro-
portional to the identity. For the same reasonΣ = 0 in this case. The full equations read as

dm = 6m(ρ− q) dt

dq = 4
[
2m2 + ρq − 3q2

+ γ(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)
]
dt

(C.36)

Note that this equations are exactly the same as (C.5a) and (C.5b), as expected. What is not trivial
is proving that the diffusion term will also be equivalent.

C.6.1 Diffusion at generic point

In principle diffusion terms are expected to appear when the sufficient statistic are zoom around
a fixed point of the equations. Imagine now we want to find the diffusion term around a generic
point (m, q) = (m̄, q̄) that is not necessarily a fixed point of the equations. We have to zoom the
sufficient statistics in the usual way

(m̃, q̃) =
(√

d(m− m̄),
√
d(q − q̄)

)
. The drift terms diverge, but diffusion term will appear; this diffusion is the first stochastic cor-
rection to the deterministic dynamic of the sufficient statistics, and can be added to the equations
(C.36), paying attention to multiply it by 1/

√
d to compensate the zoom factor.

We express the loss and its gradients in terms of the new sufficient statistics.

Φ(m̃, q̃) =
3ρ2 +∆

2
+

3

2

(
q̃√
d
+ q̄

)2

− ρ

(
q̃√
d
+ q̄

)
− 2

(
m̃√
d
+ m̄

)2

Its gradient with respect tow is

∇wΦ = 6

(
q̃√
d
+ q̄

)
w − 2ρw − 4

(
m̃√
d
+ m̄

)
w?.

The gradients of the zoomed statistics are

∇wm̃ =
√
dw? ∇wq̃ = 2

√
dw,

and their Hessians are
∇2
wm̃ = 0 ∇2

wq̃ = 2
√
dId.

The expression of matrix V is the same as the one in equation (C.35) with the following substi-
tutions

q =
q̃√
d
+ q̄ m =

m̃√
d
+ m̄.
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We now compute the three entries of the diffusion matrix in turn.

Σm̃,m̃ = lim
d→+∞

δd(∇wm̃)>V∇wm̃

= lim
d→+∞

[
4(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)ρ

+ 4(90q2 + 2∆+ 6ρ2 − 24ρq − 48m2 − 9q2 + 6ρq − ρ2)m2

+ 4(12ρq + 24m2 − 12q2 − 4m2)ρ2

+ 8(24ρm− 48qm+ 6qm− 2ρm)ρm
]

=60ρq̄3 + 4∆ρq̄ + 12ρ3q̄ + 48ρ2m̄2 − 24ρ2q̄2 − 96ρq̄m̄2

324m̄2q̄2 + 8∆m̄2 + 24ρ2m̄2 − 96ρq̄m̄2 − 192m̄4 + 24ρq̄m̄2 − 4ρ2m̄2

+ 48ρ3q̄ + 96ρ2m̄2 − 48ρ2q̄2 − 16ρ2m̄2

+ 176ρ2m̄2 − 336ρq̄m̄2

=60ρq̄3 + 4∆ρq̄ + 60ρ3q̄ + 324ρ2m̄2 − 72ρ2q̄2 − 504ρq̄m̄2

+ 8∆m̄2 − 192m̄4 + 324m̄2q̄2

The off-diagonal entry is

Σm̃,q̃ = lim
d→+∞

δd(∇wq̃)
>V∇wm̃

= lim
d→+∞

[
(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)m

+ (90q2 + 2∆+ 6ρ2 − 24ρq − 48m2 − 9q2 + 6ρq − ρ2)qm

+ (12ρq + 24m2 − 12q2 − 4m2)mρ

+ (24ρm− 48qm+ 6qm− 2ρm)(m2 + ρq)
]

=120m̄q̄3 + 8∆m̄q̄ + 24ρ2m̄q̄ + 96ρm̄3 − 48ρm̄q̄2 − 192m̄3q̄

720m̄q̄3 + 16∆m̄q̄ + 48ρ2m̄q̄ − 192ρm̄q̄2 − 384m̄3q̄ − 72m̄q̄3 + 48ρm̄q̄2 − 8ρ2m̄q̄

96ρ2m̄q̄ + 192ρm̄3 − 96ρm̄q̄2 − 32ρm̄3

192ρm̄3 − 384m̄3q̄ + 48m̄3q̄ − 16ρm̄3

192ρ2m̄q̄ − 384ρm̄q̄2 + 48ρm̄q̄2 − 16ρ2m̄q̄

=768m̄q̄3 + 24∆m̄q̄ + 336ρ2m̄q̄ + 432ρm̄3 − 624ρm̄q̄2 − 912m̄3q̄
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Finally, the bottom-right entry gives

Σq̃,q̃ = lim
d→+∞

δd(∇wq̃)
>V∇wq̃

= lim
d→+∞

16
[
(15q3 +∆q + 3ρ2q + 12ρm2 − 6q2ρ− 24qm2)q

+ (90q2 + 2∆+ 6ρ2 − 24ρq − 48m2 − 9q2 + 6ρq − ρ2)q2

+ (12ρq + 24m2 − 12q2 − 4m2)m2

+ 2(24ρm− 48qm+ 6qm− 2ρm)qm
]

=240q̄4 + 16∆q̄2 + 48ρ2q̄2 + 192ρm̄2q̄ − 96ρq̄3 − 384q̄2m̄2

1440q̄4 + 32∆q̄2 + 96ρ2q̄2 − 384ρq̄3 − 768m̄2q̄2 − 144q̄4 + 96ρq̄3 − 16ρ2q̄2

192ρm̄2q̄ + 384m̄4 − 192m̄2q̄2 − 64m̄4

768ρm̄2q̄ − 1536m̄2q̄2 + 192m̄2q̄2 − 64ρm̄2q̄

=1536q̄4 + 48∆q̄2 + 128ρ2q̄2 + 1088ρm̄2q̄ − 384ρq̄3 − 2688q̄2m̄2 + 320m̄4

The expressionswe just computedmatch the oneweobtained inEquation (C.33), ifwe setγ = 0.
This difference arise from the δ-localizability condition, that essentially force us to work with a
vanishing learning rate. Remark 2 in [BGJ22] explains how to generalize the formula for Σ to
match exactly our expression.

C.7 Landscape geometry

In this appendix we discuss the landscape of the population risk for the phase retrieval problem
p = 1. We start by discussing the Euclidean case first, moving to the sphere next.

We recall the reader that the loss function is given by given by:

`(w) := `(y, fΘ(x)) =
1

2

(
(w>

? x)
2 +

√
∆z − (w>x)2

)2
(C.37)

As before, we define the pre-activations (or local fields):

λ? = w>
? x, λ = w>x (C.38)

and the displacement vector:

E(w) := (w>
? x)

2 +
√
∆z − (w>x)2

= λ2? +
√
∆z − λ2 (C.39)

Note that:

∇wE(w) = −2λx (C.40)

Therefore, the Euclidean gradient of the loss is given by:

∇w`(w) = −2E(w)λx (C.41)
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And the Euclidean Hessian is:

∇2`(w) = 2
(
2λ2 − E(w)

)
xx>

= 2(3λ2 − λ2? +
√
∆z)xx> (C.42)

Averaged geometry— Wenowcompute the expected geometry by takingpopulation averages
of the above. It will be useful to define the correlation variables:

ρ =
||w?||2

d
, m =

w>
? w

d
, q =

||w||2

d
(C.43)

which we recall are the second moments of the pre-activations (λ?, λ). With this notation, the
population risk (the expected value of (C.37)) reads:

R(m, q) = ∆/2 +
3

2
ρ2 +

3

2
q2 − 2m2 − ρq (C.44)

In order to compute the expected gradient, we need the following moments (for readability we
omit throughout the overall factor 1/d coming from the covarianceΣ = 1/dI , which rescales the
gradient andHessian but changes neither the critical points nor the signs of theHessian eigenval-
ues):

E[λ2?λx] = ρw + 2mw?, E[λ3x] = 3qw (C.45)

Which gives:

∇wR(w) = −2E
[
E(w)λx

]
= −2((ρ− 3q)w + 2mw?) (C.46)

Finally, let’s compute the expected Hessian. For that, we will need the following moments:

E[λ2?xx>] = ρId + w?w
>
? , E[λ2xx>] = qId + ww> (C.47)

Therefore:

∇2
wR(w) = 2E

[
(3λ2 − λ2? +

√
∆z)xx>

]
= 2

(
−(ρ− 3q)Id + 3ww> − w?w

>
?

)
(C.48)

We are now ready to compute the critical points of the Euclidean landscape and evaluate their
nature. By definition, the critical points are defined as solutions of∇wR(w) = 0. These are:

• w = 0 ((m, q) = (0, 0)): The Hessian of this critical point is given by:

∇2
wR(0) = −2(ρId + w?w

>
? ) ≺ 0 (C.49)

This is a negative-definite matrix with d − 1 negative eigenvalues −2ρ and one negative
eigenvalue−2(ρ + 1) with eigenvector w?. Therefore, this is a local maximum. The risk
associated is given by:

R(0) =
∆

2
+

3

2
ρ2 (C.50)
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• (m, q) = (0, ρ/3): This defines a line of critical points {w ∈ Rd : w ⊥ w? and ||w|| =
1/
√
3||w?||}. The Hessian is given by:

∇2
wR = 2(3ww> − w?w

>
? ) (C.51)

Note this is a rank-two matrix with d − 2 zero eigenvalues (associated to flat directions),
one negative eigenvaluewith eigenvectorw? and a positive eigenvaluewith eigenvector per-
pendicular to the minima. This is a saddle-point, and have population risk:

R(0, ρ/3) =
∆

2
+

4

3
ρ2 (C.52)

• w = ±w? ((m, q) = (±ρ, ρ)): From the definition of our problem, this is the global
minima. The expected Hessian is given by:

∇2
wR(±w?) = 4(ρId + w?w

>
? ) � 0 (C.53)

which is indeed apositive definitematrix. This defines theminimumachievable population
risk:

min
w∈Rd

R(w) = R(±ρ, ρ) = ∆

2
(C.54)

This is consistent with the discussion in [Che+19], where the critical points and their nature were
reported, but explicit expressions for the expected gradient and Hessian were not given. From
this geometry, a neat picture for the one-pass SGD dynamics in the unconstrained problem can
be drawn. Considerw? ∈ Sd−1 with a random initialization at high-dimensions:

w0 ∼ N (0, Id). (C.55)

Note that with high-probability the random initial weights is almost orthogonal to the signal, and
we have (m, q) ≈ (0, 1). Note this is not a critical point, and the initial gradient∇wR(w0) =
4w0 is orthogonal tow?. Indeed, for p = 1 and∆ = 0 the unconstrainedODEs (3.11) are given
by:

ṁ(t) = 6m(t)(ρ− q(t)) (C.56)

q̇(t) = 4
(
q(t)(ρ− 3q(t)) + 2m(t)2

)
+ 12γ

(
q(t)(ρ2 + 5q(t)2 − 2ρq(t)) + 4m2(ρ− 2q(t))

)
(C.57)

where˙ := d/dt and we dropped the bars for clarity. Therefore, in the initial stage of the dynamics
ṁ ≈ 0 remains almost constant, while q decreases, and the dynamics flow in the direction of the
saddle-point (0, ρ/3). As we have seen, the saddle is mostly flat, with a single negative curvature
direction pointing towards w?. This is precisely the mediocrity stage, where the dynamics slows
down and SGDgets stuck for a long time before being able to develop significant correlationwith
w? and escape.
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Figure C.3: Low-dimensional illustration of mediocrity at initialization. As discussed in Sec-
tion C.7.1, the expected Hessian at initialization is a strict saddle-point with d− 1 flat directions
and a single negative direction pointing towards the global minimum. This scenario is particu-
larly hard for descent based algorithms such as SGD, that require n = d log d samples / steps to
develop significant correlation with the signal.

C.7.1 Landscape in the sphere

Recall that the orthogonal projector on a vector u ∈ Sd−1 is given by:

Proju = Id − uu> (C.58)

Therefore, the gradient on the sphere is given by:

gradSd−1`(w) = ProjSd−1(∇w`(w)) = (Id − ww>)∇w`(w)

= −2E(w)λ(x− λw) (C.59)

Similarly, the Hessian on the sphere can be written as:

HessSd−1`(w) = ProjSd−1

(
∇2
w`(w)

)
− 〈w,∇w`(w)〉Id

= (3λ2 − λ2?)(xx
> − λwx>) + E(w)λ2Id (C.60)

Averaged geometry — Recall that in the sphere we have ρ = q = 1. Therefore, the popula-
tion risk now only depends on the correlationm = 〈w?, w〉, and reads:

R(w) = 2(1−m2) +
∆

2
(C.61)

Luckily, half of the moments we need have been already computed above. To get the gradient on
the sphere, we just need to compute:

E[λ2?λ2] = 1 + 2m2, E[λ4] = 3 (C.62)
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Therefore, the averaged spherical gradient is given by:

gradSd−1R(w) = 4m (mw − w?) (C.63)

We also have all moments required to compute the expected spherical Hessian:

HessSd−1R(w) = 4
[
m2Id +mww>

? − w?w
>
?

]
(C.64)

As before, we can now analyze the critical points and their nature.

• w ⊥ w? (m = 0): The Hessian is given by:

HessSd−1R(w) = −4w?w
>
? (C.65)

Which is a rank one matrix with d− 1 eigenvalues 0 (flat directions) and a single negative
eigenvalue−4with negative curvature pointing towards the signalw?. Therefore, this is a
strict saddle-point. However, since the risk is a decreasing function ofm2 ∈ [0, 1], this is
also the global maximum of the risk.

• w = ±w? (m = ±1): As before, these are the global minima, and define the minimal
achievable riskR(±w?) = ∆/2. Indeed, the Hessian is given by:

HessSd−1R(±w?) = 4Id � 0 (C.66)

which is positive-define.

Therefore, the landscape now resembles a golf course: completely flat with a single whole corre-
spondingwith the globalminimumw?, see Figure C.3 for an illustration. This is the prototypical
image of mediocrity. In particular, differently from the unconstrained case, random initialization

w0 ∼ Unif(Sd−1(
√
d)) (C.67)

now corresponds to initializing close to the saddle pointm0 = 0: with high-probability the initial
weights are orthogonal to the signal at high-dimensions:

m0 = 1/d〈w0, w?〉 ≈ 1/
√
d � 1. (C.68)

For the reader convenience, we recall that the ODEs (3.19) describing the evolution of the corre-
lationm is given by:

ṁ(t) = m(t)
[
4(1− 6γ)(1−m2(t))− 2γ∆

]
(C.69)

Close to initializationwenowhave ṁ(0) ≈ 0, slowing down the dynamics close to initialization.



Appendix D

Appendices to “Online Learning and
Information Exponents: On The
Importance of Batch size, and Time /
Complexity Tradeoffs”

D.1 Proof of Theorems 4.1 and 4.2

D.1.1 Preliminaries

Notations and definitions We denote by polylogx any polynomial in logxwith degree> 1.
Since the case where nb = O(1) is already covered by the results in [BGJ21], we shall always as-
sume thatµ > 0. TheHermite coefficients of σ and f? will be denoted by (ck)k≥0 and (c?k)k≥0,
respectively. To break the symmetry between m and −m inherent to the problem, we assume
without loss of generality that

m0 > 0 and c`c
?
` > 0.

Throughout this section, the update process onwt will be written as

wt+1 =
wt − γgt

‖wt − γgt‖
, (D.1)

where gt is the gradient at time t: gt = ∇wtR̂t, and R̂t is the empirical loss at time t, that can be
either the correlation or the square loss. When considering the update of the process (wt)t≥0, it
will be useful to distinguish between the randomness inwt and the one introduced by the batch
drawn at time t. To this end, we introduce the filtration (Ft)t≥0 adapted to the processwt, and
we shall denote by Pt (resp. Et) the probability (resp. expectation) conditioned onFt.
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Concentration inOrlicz spaces Wefirst recall some fact aboutOrlicz spaces thatwill be useful
for our concentration bounds.

Definition D.1. For any α ∈ R, let ψα(x) = ex
α − 1. LetX be a real random variable; the

Orlicz norm‖X‖ψα
is defined as

‖X‖ψα
= inf

t > 0 : E

[
ψα

(
|X|
t

)]
≤ 1

 (D.2)

It can be checked that‖·‖ψα
is a well-defined norm on random variables for α ≥ 1, and can be

slightly modified into a normwhenα < 1; see [LT91; VW96] for more information. We say that
a random variable is sub-gaussian (resp. sub-exponential) if its ψ2 (resp. ψ1) norm is finite. The
main use of this definition is the following concentration inequality:

Lemma D.1. LetX be a random variable with finite ψα-norm for some α > 0. Then

P
[
|X − EX| > t‖X‖ψα

]
≤ 2e−t

α
. (D.3)

As a result, any ψα-norm bound yields exponential convergence tails. Orlicz norms are also well-
behaved with respect to products:

Lemma D.2. LetX and Y be two random variables such that‖X‖ψα
and‖Y ‖ψβ

are finite for
some α, β > 0. Then

‖XY ‖ψλ
≤‖X‖ψα

‖Y ‖ψβ
,

where λ is the number satisfying 1
α + 1

β = 1
λ .

Proof. Assume without loss of generality that‖X‖ψα
= ‖Y ‖ψβ

= 1. We use the following
Young inequality: for any a, b > 0, and p, q such that 1

p +
1
q = 1,

ab ≤ ap

p
+
bq

q

Applying this inequality to p = α/λ, q = β/λ, a = Xλ, b = Y λ, we get

(XY )λ ≤ λXα

α
+
λY β

β
.

Then

exp((XY )λ) ≤ exp
(
λXα

α

)
+ exp

(
λY β

β

)

≤ λ

α
exp(Xα) +

λ

β
exp(Y β),

where at the last line we used Young’s inequality again with the same p and q. The result ensues
from taking expectations on both sides, and noticing that λ/α+ λ/β = 1 by definition.
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Finally, we shall use the following theorem:

Theorem D.1 (Theorem 6.2.3 in [LT91]). LetX1, . . . , Xn be n independent random variables
with zero mean and second momentEX2

i = σ2i . Then,∥∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥∥
ψα

≤ Kα log(n)1/α


√√√√ n∑

i=1

σ2i +maxi‖Xi‖ψα

 (D.4)

D.1.2 Computing the gradient at time t

A direct computation of both gradients implies the following lemma:

Lemma D.3. Define

g?t =
1

nb

nb∑
ν=1

f?(〈w?, zν〉)σ′(〈wt, z
ν〉)zν ,

ĝt =
1

nb

nb∑
ν=1

σ(〈wt, z
ν〉)σ′(〈wt, z

ν〉)zν ,
(D.5)

Then the gradient of the correlation loss `corr is−g?t , while the gradient of the square loss `sq is ĝt−g?t .

Hence, the main difference between the gradients of the correlation and square loss is a so-called
self-interaction term ĝ, that only depends on the learned vectorwt. Notice that g?t is an average
of nb independent variables of the form

g?νt := f?(〈w?, zν〉)σ′(〈wt, z
ν〉)zν , (D.6)

and we define ĝνt and gνt in the same way. By Assumption 4.1 and LemmaD.2, each variable g?νt
(resp. ĝνt , gνt ) has finite ψα-norm for some α > 0, and hence Proposition 2 of [Dan+24a] holds
up to polylog(n) factors.

We can also compute the conditional expectation of the gradient gt:

Lemma D.4. For any t ≥ 0,

Et
[
g?t
]
= φ(mt)w

?
t + ψcorr(mt)wt (D.7)

where φ(mt) and ψcorr are two functions with Taylor expansion

φ(m) =
∞∑
k=0

ck+1c
?
k+1m

k and ψcorr(m) =
∞∑
k=0

ck+2c
?
km

k. (D.8)

Further, we have

Et [ĝt] = csqwt with csq = Ez∼N (0,1)

[
zσ(z)σ′(z)

]
. (D.9)
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Proof. The expectation of g?t is a specialization of Lemma 4 from [Dan+24a] to r = 1. By the
independence properties of Gaussians,Et

[
σ(〈wt, z〉)σ′(〈wt, z〉)〈z,w′〉

]
= 0 as soon asw′ is

orthogonal towt, hence the expectation of ĝt lies alongwt, and the second result follows.

In the following, we will denote ψsq(x) = ψcorr(x) − csq. A generic ψ will be used when no
specialization is necessary, so that

Et [gt] = −φ(mt)w
? − ψ(mt)wt. (D.10)

D.1.3 A differential inequality formt

The structure of the proof is similar to the one of [BGJ21]. We define the following stopping
times for ζ > 0:

t+ζ = min{t ≥ 0 : mt ≥ ζ}, t−ζ = min{t ≥ 0 : mt ≤ ζ}, (D.11)

and the following γ-dependent time:

t̃+γ,ζ = min{t ≥ 0 : γm`−1
t ≥ ζ} (D.12)

Our first goal is to show the following high-probability inequality:

Proposition D.1. Define

tmax =
nb

Cmaxd log(d)Cmaxγ2
, (D.13)

for some sufficiently largeCmax > 0. Then, for a sufficiently small choice of cγ :

(i) If we are using the square loss, and γ ≤ cγ(nbd
−`/2 ∧ 1), there exists c, η > 0 such that

P

mt ≥
3

4
m0 + cγ

t−1∑
s=0

m`−1
s ∀t ≤ t+η ∧ tmax

 ≥ 1− ce−c log(n)
2
. (D.14)

(ii) If we are using the correlation loss, and γ ≤ cγnbd
−`/2, there exist c, ε > 0 such that

P

mt ≥
3

4
m0 + cγ

t−1∑
s=0

m`−1
s ∀t ≤ t+η ∧ t̃+γ,ε ∧ tmax

 ≥ 1− ce−c log(n)2 . (D.15)

The rest of this section is devoted to showPropositionD.1. We define the following “good” event
at time t:

Et :=
{
|〈gt,wt〉| ≤

1

2γ

}
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A (almost) deterministic update inequality We first expand the projection step to obtain a
difference inequality for the processmt. We write

gt = 〈gt,wt〉wt + gt
⊥, (D.16)

where g⊥t is orthogonal towt. Similarly to Equation D.10, we can compute the expectation of
g⊥t :

Et [gt] = −φ(mt)(w
?
t −mtwt) (D.17)

Lemma D.5. For any t ≥ 0, there exists a (random) constant ct such that the following inequality
holds:

mt+1 ≥ mt − γct〈w?, g⊥t 〉 −
γ2c2tmt

∥∥∥g⊥t ∥∥∥2
2

− 1

2
γ3c3t |〈w?, g⊥〉|

∥∥∥g⊥t ∥∥∥2 . (D.18)

Further, under the event Et, we have 1/2 ≤ ct ≤ 2.

Proof. We use the decomposition of eq. (D.16) and write

wt − γgt = (1− γ〈gt,wt〉)wt − γg⊥t

As a result, if we define
ct :=

1

1− γ〈gt,wt〉
,

we have

wt+1 =
wt − γctg

⊥
t∥∥∥wt − γctg⊥t

∥∥∥
since the update equation (D.1) is invariant w.r.t scaling. Taking the scalar product of the above
withw?, we have

mt+1 =
mt − γct〈w?, g⊥t 〉∥∥∥wt − γctg⊥t

∥∥∥ . (D.19)

Expanding the norm in the denominator, and using that‖wt‖ = 1 and 〈wt, g
⊥
t 〉 = 0:

‖wt − γgt‖ =

√
1 + γ2c2t

∥∥∥g⊥t ∥∥∥2
By the convexity inequality (1+x)−1/2 ≥ 1−x/2, valid for allx ≥ 0, Equation (D.19) becomes

mt+1 ≥
(
mt − γct〈w?, g⊥t 〉

)(
1− γ2c2t

2

∥∥∥g⊥t ∥∥∥2
)
.

The lemma ensues upon expanding and rearranging the terms.

The expansion in Lemma D.5 can be decomposed in two terms: the term linear in γ is a noisy
drift term, that will drive the dynamics, and that we will decompose as a sum of a deterministic
process and a martingale. All other terms in γ2 or γ3 are corrections that we bound with high
probability.
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The linear term We first control the term linear in γ. We can write

〈w?, g⊥t 〉 = 〈w?,Et
[
g⊥t

]
〉+ Zt, (D.20)

where (Zt)t≥0 is by definition a martingale difference sequence for the filtration (Ft)t≥0. The
expectation term is straightforward to compute using (D.17):

〈w?,Et
[
g⊥t

]
〉 = −(1−m2

t )φ(mt). (D.21)

The contribution of the termsZt is bounded by the following lemma:

Lemma D.6. There exists constants c, C > 0 such that with probability 1− ce−c log(n)
2 ,

sup
1≤t≤T

t∑
s=1

Zs ≤
C log(d)C

√
T

√
nb

(D.22)

Proof. Themartingale incrementZt is an averageofnb independent termsZνt , that satisfy‖Zνt ‖ψα
≤

C for some α,C > 0 by Assumption 4.1. As a result, if we define

Bα = sup
t≥0

‖Zt‖ψα
,

TheoremD.1 implies that

Bα =
polylog(d)

√
nb

.

We now apply Theorem F.1 in [LJ21] with z = log(d)
2(α+2)

α

√
TBα, which yields the exact

bound needed.

Bounding the corrections Our next step is to handle the higher-order corrections. We show
the following lemma:

Lemma D.7. Let T ≥ 0, and η < 1. There exists a constantC > 0 such that for any t ≤ T

P

∥∥∥g⊥t ∥∥∥2 ≤ C

(
φ(mt)

2(1−m2
t )

2 +
d log(d)C

nb

)
∀t ≤ t+η ∧ T

 ≥ 1− cTe−c log(d)
2

(D.23)

Proof. Fix some t ∈ [T ]. We can write

g⊥t = a(w? −mw) +
1

n

n∑
ν=1

f?(〈w?, zν〉)σ′(〈wt, z
ν〉)zν⊥
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where each zν⊥ is orthogonal to bothw andw?. From Lemmas 9 and 11 in [Dan+24a], with
probability 1− ce−c log(d)

2 ,

1

n

n∑
ν=1

f?(〈w?, zν〉)σ′(〈wt, z
ν〉)zν⊥ ≤ C

d log(d)C

nb
.

Now, we have

〈g⊥t ,w?
t 〉2 = a2(1−m2

t )
2 and

∥∥a(w? −mw)
∥∥2 = a2(1−m2

t ),

hence ∥∥∥g⊥t ∥∥∥2 ≤ 1

1−m2
t

〈g⊥t ,w?
t 〉2 + C

d log(d)C

nb
.

It remains to notice that

〈g⊥t ,w?
t 〉2 = (〈w?,Et

[
g⊥t

]
〉+ Zt)

2

≤ 2(〈w?,Et
[
g⊥t

]
〉2 + Z2

t )

≤ φ(mt)
2(1−m2

t )
2 +O

(
d

nb

)
.

Putting it all together We now combine all the previous bounds into a unique proposition.

Proposition D.2. Let T ≥ 0. There exists constants c, C > 0 such that

P

mt ≥ m0 +
t−1∑
s=0

Φdrift(ms)− CΦnoise(ms)− CK(T ) ∀t ≤ T
∣∣ ⋂

t≤T
Et


≥ 1− Te−c log(n)

2

(D.24)
whereΦdrift andΦnoise are given by

Φdrift(m) = γ(1−m2)φ(m), (D.25)

Φnoise(m) = γ2m(1−m2)φ(m)2 + γ2m
d log(d)C

nb
+ γ3(1−m2)3/2φ(m)3, (D.26)

K(T ) =
γ log(d)C

√
T

√
nb

+ γ3T
d log(d)C

nb
. (D.27)

Proof. By summing the inequality of Lemma D.5 for 0 ≤ s ≤ t− 1, we get

mt+1 ≥ m0 −
t−1∑
s=0

γcs〈w?, g⊥s 〉 −
γ2c2sms

∥∥∥g⊥s ∥∥∥2
2

− 1

2
γ3c3s

∥∥∥g⊥s ∥∥∥3 . (D.28)
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The linear term is handled using the martingale decomposition (D.20) combined with the expec-
tation computation of (D.21) and the bound of LemmaD.6 on themartingale contribution. The
terms in γ2 and γ3 follow from Lemma D.7, as well as Lemma D.6 with T = 1, which implies
that

|〈w?, g⊥t 〉 ≤ C log(n)C

for some C > 0. Finally, under the events Es for s ≤ t, we can replace every occurence of cs by
either 1/2 or 2 depending on the sign of the corresponding term.

Proof of PropositionD.1 The expressions ofLemmaD.4 imply the following expansions near
0:

φ(m) = c`c
?
`m

`−1 +O(m`) ψcorr(m) = O(m`) ψsq(m) = −csq +O(m`) (D.29)

As a result, there exists an η > 0 and constantsC, c > 0 such that for anym ≤ η,

cm`−1 ≤ φ(m) ≤ Cm`−1 |ψcorr(m)| ≤ Cm` |ψsq(m)| ≤ C.

We first lower bound the drift inequality of Proposition D.2. Whenevermt ≥ η, we have

Φdrift(mt) ≥ p(γm`−1
t )− Cγ2

d

nb
,

where p(x) = x − C(x2 + x3). Define ε > 0 such that p(x) > x/2 on [0, ε], so when
t ≤ t+η ∧ t̃+γ,ε

Φdrift(mt) ≥ cγm`−1
t − Cγ2

d

nb
m.

When γ ≤ cγnbd
−`/2 log(d)−Cγ ,

γ
d log(d)C

nb
m ≤ cγ(

√
d)`−2 ≤ cm`−1

2

when t ≤ t−
κ/2

√
d
,Cγ ≥ C and cγ ≤ c/2(κ/2)`−2.

Having shownΦdrift(mt) ≥ cm`−1
t , it remains to handle the constant terms in Proposition D.2.

We can compute directlyK(tmax), which yields

K(tmax) =
log(d)C−Cmax/2

Cmax
√
d

+ Cγ log(d)C−Cmax d

nb

≤ log(d)C−Cmax/2

Cmax
√
d

+
Ccγ

log(d)Cmax
d−

`
2

≤ m0

4
,

by choosing cγ small enough andCmax large enough.

Finally, we need to show that the events Et occur with high probability. This is covered by the
following lemma:
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Lemma D.8. Let T ≥ 0. The following bounds hold:

• for the square loss, if γ ≤ cγ for small enough cγ ,

P
(
Et holds for all t ≤ t+η ∧ T

)
≥ 1− Te−c log(d)

2
;

• for the correlation loss, for small enough ε,

P
(
Et holds for all t ≤ t+η ∧ t̃+γ,ε ∧ T

)
≥ 1− Te−c log(d)

2
.

Proof. We begin with the case of the square loss. From the expression of the gradient expectation
in (D.10), and the estimates (D.29),

Et
[
〈wt, gt〉

]
= ψsq(mt)− φ(mt)mt = O(1),

whenever t ≤ t+η . Lemma D.1 applied to 〈wt, gt〉 implies that with probability 1− ce−c log(n)
2

|〈wt, gt〉| ≤ |Et
[
〈wt, gt〉

]
|+ C log(d)C

√
nb

= O(1)

whenever µ > 0. As a result, if γ ≤ cγ for cγ small enough, Et holds. The proof for the correla-
tion loss proceeds identically, noting this time that

Et
[
〈wt, gt〉

]
= ψcorr(mt)− φ(mt)mt = O(1)

whenever t ≤ t+η ∧ t̃+γ,ε.

D.1.4 From the linear regime to one-step recovery

We now prove Theorems 4.1 and 4.2. We focus on the case of the correlation loss; the square loss
is identical apart from the additional γ ≤ cγ requirement of Proposition D.1.

We first assume that nb = O(d`−1) and

γ ≤ cγ log(d)−Cγ min

(
nbd

−
(

`
2
∨1

)
,

√
nb
d

)
(D.30)

for constants cγ , Cγ to be chosen later. In particular, the condition γ < cγnbd
−`/2 of Proposi-

tion D.1 is satisfied.

The linear regime The first part of the proof proceeds as in [BGJ21]. Define the function

t`(d) =


1 if ` = 1

log(d) if ` = 2

d
`
2
−1 if ` > 2

, (D.31)

and tconv = max(1, γ−1t`(d)). Proposition D.1 as well as Section 5 from [BGJ21] implies the
following lemma:
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Lemma D.9. There exists a constant C > 0 such that if tmax ≥ Ctconv, then with probability at
least 1− ce−c log(n)

2 ,
t̃γ,ε ∧ t+η ≤ Ctconv. (D.32)

We therefore only need to check the condition tmax ≥ Ctconv. Plugging the expression for γ and
tmax, we get

γtmax
t`(d)

≥ nb
γCmax log(d)Cmax+1γd1+(`/2−1)∨0 ≥ 1

cγCmax
log(d)Cγ−Cmax−1

tmax ≥
nb

Cmax log(d)Cmaxdγ2
≥ 1

cγCmax
log(d)2Cγ−Cmax−1

Whenever nb = O(d`−1), by decreasing cγ and increasing Cγ , for large enough d and any con-
stantC we have

γtmax
t`(d)

≤ C and tmax ≥ C,

as requested in Lemma D.9.

Whenever γη`−1 ≤ ε, we have t̃γ,ε ≥ t+η and hence the proof of Theorem 4.2 is complete. It
thus remains to treat the converse case. Note that the latter only happens in the correlation loss
case, since we can always choose cγ such that cγη`−1 ≤ ε; the dynamics of square loss SGD are
therefore only in the linearized regime.

One-step recovery above t̃γ,ε We now treat the case where γη`−1 ≥ ε. For simplicity, let
t = t̃γ,ε, then Lemmas D.7 and D.6 imply that with probability 1− ce−c log(n)

2

‖gt‖2 ≤ C

(
(|φ(mt)|+ |ψcorr(mt)|)2 +

d

nb

)
≤ C

(
m2`−2
t +

d

nb

)
〈gt,w?〉 = φ(mt) +mtψ

corr(mt) +O

(
polylog(d)

√
nb

)
≥ cm`−1

t +O

(
polylog(d)

√
nb

)

By definition of t, we have 1 ≤ ε−1γm`−1
t , and whenever γ ≤ cγ

√
nb/d one has

γ
√
nb

≤ cγd
−1/2 and γ2

d

nb
≤ c2γ .

Therefore, for large enough d,

mt + γ〈gt,w?〉 ≥ γ〈gt,w?〉 ≥ cγm`−1
t

‖wt + γgt‖ ≤ 1 + γ‖gt‖ ≤ 1 + Cγ

(
m`−1
t +

d

nb

)
≤ (C + ε−1 + c2γε

−1)γm`−1
t

But by taking the scalar product of Equation (4.4) withw?,

mt+1 =
mt + γ〈gt,w?〉
‖wt + γgt‖

≥ c

C + ε−1 + c2γε
−1

=: η′.

Theorem 4.2 ensues by redefining η = min(η, η′).
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D.2 Informal derivation of Proposition 4.1

In this appendix we provide an informal derivation of the low-dimensional deterministic expres-
sions describing the dynamics of the sufficient statistics (Proposition 4.1). While the formal rig-
orous characterization should in principle follow directly from [Vei+22], it requires a significant
amount of work for full mathematical rigor.

LetD be the set of labeled data {zν , yν}ν∈[n], with label generated by:

yν = f?(W ?zν) +
√
∆ξν ,

whereW ? ∈ Rk×d where we assume k = O(1). We are implying that yν depends on zν ∼
N (0, Id) just through a low-dimensional representation (linear latent variable). ξν ∼ N (0, 1) is
the artificial noise.

We can track the overlap matrix using standard manipulation. We introduce the local fields as:

λν :=Wzν ∈ Rp, λ?ν :=W ?zν ∈ Rk ∀ν ∈ [n]

We fit these data using a two-layer neural network. Let the first layer weights beW ∈ Rp×d, the
second layer weights a ∈ Rp; the full expression of the network is given by

f(z) =
1

p

p∑
j=1

ajσ(w
>
j z),

wherewj are the rows ofW and σ is the activation function.

Since zν is Gaussian and independent from (W,W ?), the pre-activations are jointly Gaussian
vectors (λν ,λ?ν) ∼ N (0p+k,Ω)with covariance:

Ω :=

(
Q M
M> P

)
=

(
WW> WW ?>

W ?W> W ?W ?T

)
∈ R(p+k)×(p+k)

This is the low-dimensional matrix (its dimensions stay finite evenwhen d→ +∞) that contains
all the information needed for the dynamics.

We are going to train the network with layer-wise SGD without replacement, using at each time
step t a fresh new batch of size nb:

R̂t =
1

2nb

nb∑
ν=1

(yνt − f(zνt ))
2

A stated in the main text, we are interested in the representation learning phase. The gradient of
the first layer weights

∇wjR̂t = − 1

pnb

nb∑
ν=1

ajσ
′(λνj,t)Eνt zνt ∀j ∈ [p]
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where we defined for convenience the displacement vector

Eνt := yνt − f(zνt ).

Initially, we focus on plain SGD, without normalizing the weights at every step. Let us take now
one gradient step with learning rate γ:

wj,t+1 = wj,t − γ∇wjR̂t (D.33)

By combining the gradient update equation with the definitions of the matrices (W,W ∗) we
obtain the following dynamics:

Mjr,t+1 −Mjr,t =
γ

pnb
aj

nb∑
ν=1

σ′(λνj,t)λ
?
rEνt

Qjl,t+1 −Qjl,t =
γ

pnb

nb∑
ν=1

(
ajσ

′(λνj,t)λ
ν
l,t + alσ

′(λνl,t)λ
ν
j,t

)
Eνt

+
γ2

p2n2b
ajal

nb∑
ν=1

nb∑
ν′=1

σ′(λνj,t)σ
′(λν

′
l,t)Eνt Eν

′
t z

ν>
t zν

′
t

(D.34)

These equations introduce a discrete stochastic process {Ωt}t∈N that describes the dynamics in a
low-dimensional way. We also introduce the population loss as

Rt =
1

2
EΩt

[
E2
]
,

since it is the quantity telling us the performance of our trained network.

Handling the intra-batch correlations Up to now, we have followed the same derivation as
the original Saad&Solla equations [SS95b], apart from the effective learning rate scaling. Using
larger batches introduces some extra correlations terms that have to be taken into account. Let’s
split the second term of equation (D.34) for Q in 2:

nb∑
ν=1

nb∑
ν′=1

σ′(λνj,t)σ
′(λν

′
l,t)Eνt Eν

′
t z

ν>
t zν

′
t =

nb∑
ν=1

σ′(λνj,t)σ
′(λνl,t)Eνt

2zν>t zν+

+

nb∑
ν=1

nb∑
ν′=1,ν′ 6=ν

σ′(λνj,t)σ
′(λν

′
l,t)Eνt Eν

′
t z

ν>
t zν

′
t

The first term is the standard gradient noise term that appears in Saad&Solla equations, while
the second emerges from the large-batch, and has to be treated with new considerations. Let’s
introduce now the component of the student vectors orthogonal to the teacher space

W⊥
t :=Wt −MtP

−1W ? and consequentlyQ⊥
t :=

(
W⊥
t

)>
W⊥
t = Qt −MtP

−1M>
t .



D.2. INFORMALDERIVATIONOF PROPOSITION 4.1 163

We can also define the local fields of this subspace, with the interesting property of being inde-
pendent with the teacher ones

λ⊥ :=W⊥
t z λ⊥ ∼ N (0, Q⊥

t ) Cov[λ?,λ⊥] = 0

It is possible to choose a set vβ,t ∈
(
Span (W⊥

t ) ∪ Span (W ?)
)⊥

of orthonormal vectors, such

that
{
w?
r ,w

⊥
j,t,vβ,t

}
r∈[k],j∈[p],β∈[d−p−k]

is a basis ofRd. Using the properties of the basis, we
can write the identity matrix Id as

Id = (W ?)>P−1W ? + (W⊥
t )>(Q⊥

t )
−1W⊥

t +

d−k−p∑
β=1

vβ,tv
>
β,t

We insert the identity matrix z>z with z>Idz. By recalling that λ∗ = W ∗z,λ⊥ = W⊥
t z, we

arrive to:
nb∑
ν=1

nb∑
ν′=1,ν′ 6=ν

σ′(λνj,t)σ
′(λν

′
l,t)Eνt Eν

′
t

((
λν?
)>
P−1λν

′?+

+
(
λ⊥ν
t

)>
(Q⊥

t )
−1λ⊥ν′

t +

d−k−p∑
β=1

〈vβ,t, zν〉〈vβ,t, zν
′
t 〉

)
Now, exploiting the relation:

λ⊥
t = λt −MtP

−1λ?,

and noting that the indices ν and ν ′ are independent, all the sum we need to compute are just
nb∑
ν=1

σ′(λνj,t)λ
?
rEνt

nb∑
ν=1

σ′(λνj,t)λ
ν
l,t and

nb∑
ν=1

d−k−p∑
β=1

〈vβ,t, zνt 〉

High dimensional limit In our analysis we consider the high-dimensional limit d → +∞
with the batch size going to infinite as well, with the scaling nb = n0d

µ. Note that when µ = 0
the intra-batch correlation disappear and we fall back to standard Saad&Solla setting, given that
the learning rate γ = γ0d

−δ is small enough. Indeed, we can informally say that all the sums
above converge to their expected value

1

nb

nb∑
ν=1

σ′(λνj,t)λ
?
rEνt →EΩt

[
σ′(λj)λ

?
rE
]
= ψjr,t (D.35)

1

nb

nb∑
ν=1

σ′(λνj,t)λ
ν
l,t →EΩt

[
σ′(λj)λlE

]
= φGFjl,t (D.36)

1

nb

nb∑
ν=1

σ′(λνj,t)σ
′(λνl,t)Eνt

2zν>t zν →dEΩt

[
σ′(λj)σ

′(λl)E2
]
= dφHDjl,t (D.37)

nb∑
ν=1

d−k−p∑
β=1

〈vβ,t, zνt 〉 →0
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Moreover, usingλ⊥ = λ−MP−1λ? we have

EΩt

[
σ′(λj)Eλ⊥

]
= φGF

j,t −MtP
−1ψj,t

Plugging back in (D.34), we finally obtain

Mjr,t+1 −Mjr,t ≈
γ

p
ajEΩt

[
σ′(λj)λ

?
rE
]

Qjl,t+1 −Qjl,t ≈
γ

p
EΩt

[(
ajσ

′(λj)λl + alσ
′(λl)λj

)
E
]

+
γ2d

p2nb
ajalEΩt

[
σ′(λj)σ

′(λl)E2
]

+ 1{µ6=0}
γ2

p2
ajal

(
EΩt

[
σ′(λj)E

(
λ?
)>]

P−1EΩt

[
σ′(λl)Eλ?

])
+ 1{µ6=0}

γ2

p2
ajal

(
EΩt

[
σ′(λj)E(λ⊥)>

] (
Q⊥
t

)−1
EΩt

[
σ′(λl)Eλ⊥

])
.

where the indicator function 1{µ6=0} indicates that the last term is only present if the batch is
large. If we want to make explicit all the dependencies in d (γ = γ0d

−δ, nb = n0d
µ):

Mjr,t+1 −Mjr,t ≈d−δ
γ0
p
ajψjr,t = Ψjr,t

Qjl,t+1 −Qjl,t ≈d−δ
γ0
p

(
ajφ

GF
jl,t + aτl φ

GF
lj,t

)
+ d−2δ+1−µ γ20

p2n0
ajalφ

HD
jl

+ d−2δ γ
2
0

p2
ajalψjP

−1(ψl)
>

+ d−2δ γ
2
0

p2
ajal

(
φGF
j,t −MtP

−1ψj,t

)
(Qt −MtP

−1M>
t )−1

(
φGF
l −MtP

−1ψl

)>
=: Φjl,t

(D.38)

These equations are the starting point for all our considerations, both when investigating weakly
correlation and when characterizing the exact dynamics.

Indeed, when we have a cold start we have to take into account that ψjr,t, φGFjl,t, φ
HD
jl can also

go to 0 when d → +∞. A careful analysis for the leading terms of these equations around
initializations will also give us information on the behaviour of the system, and ultimately it will
allow to have rules on how to scale δ and µ to have the best performance. An example for these
analysis for generalized linear model is provided in Appendix D.4.

On the other hand, when can also assume ψjr,t, φGFjl,t, φ
HD
jl = Od(1) for all the dynamics1 and

use the equations for an asymptotic description. Clearly, depending on the values of δ and µ,
1This happens if ` ≤ 1 or when we provide an informed initialization.
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not all terms are present in the limiting equations. A detailed discussion about this is provided in
Section 4.4.

Spherical projection When we consider the spherical gradient descent, i.e., the modification
of eq. (D.33)

wj,t+1 =
wj,t − γ∇wjR̂t

||wj,t − γ∇wjR̂t||
,

the overlap dynamics for the spherical large batch SGD can be then approximated as

Mjr,t+1 −Mjr,t ≈Ψjr,t(Ω)−
Mjr,t

2
Φjj,t(Ω)

Qjl,t+1 −Qjl,t ≈Φjl,t(Ω)−
1

2
Qjl,t

(
Φjj,t(Ω) + Φll,t(Ω)

)
This derivation follows from aTaylor expansion of the denominator needed to project the update
equations on the sphere. As final note, this approximation only holds when γ is vanishing when
d → +∞: that’s why we need γ = od(1) in Proposition 4.1. When γ is too large, all the
other orders of Taylor expansion play a role, and we can’t have a simple expression for the exact
evolution, even near initialization. Nevertheless, the first order expansion is a lower bound of the
true dynamic that can provided guarantee of learning in some cases:

Mjr,t+1 −Mjr,t ≥Ψjr,t(Ω)−
Mjr,t

2
Φjj,t(Ω)

Qjl,t+1 −Qjl,t ≥Φjl,t(Ω)−
1

2
Qjl,t

(
Φjj,t(Ω) + Φll,t(Ω)

) (D.39)

D.3 Special case: committee machine with matching architecture

We consider a separable teacher, more precisely it is a committee machine with k hidden units,
i.e.,

f∗(z) =
1

k

k∑
r=1

a∗rσ(λ
?
r)

where we additionally consider amatched architecture in which the student and teacher share the
same activation function σ.

As we discussed in Section D.2, the activation and the target appear just in the expected values of
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Equations (D.35),(D.36) and (D.37), that can be further simplified for matching architectures

ψjr,t = EΩt

[
σ′(λj)λ

?
rE
]
=
1

k

k∑
t′=1

a∗t′EΩt

[
σ′(λj)λ

∗
rσ(λ

∗
t′)
]

− 1

p

p∑
s=1

asEΩt

[
σ′(λj)λ

∗
rσ(λs)

]
φGFjl,t = EΩt

[
σ′(λj)λlE

]
=
1

k

k∑
t′=1

a∗t′EΩt

[
σ′(λj)λlσ(λ

∗
t′)
]

− 1

p

p∑
s=1

asEΩt

[
σ′(λj)λlσ(λs)

]
φHDjl,t = EΩt

[
σ′(λj)σ

′(λl)E2
]
=

1

k2

k∑
r,t′=1

a∗ra
∗
t′EΩt

[
σ′
(
λj
)
σ′ (λl)σ

(
λ∗r
)
σ
(
λ∗t′
)]

+
1

p2

p∑
s,u=1

asauEΩt

[
σ′
(
λj
)
σ′ (λl)σ (λs)σ (λu)

]

− 2

pk

p∑
s=1

k∑
r=1

a∗rasEΩt

[
σ′
(
λj
)
σ′ (λl)σ

(
λ∗r
)
σ (λs)

]
+∆EΩt

[
σ′
(
λj
)
σ′ (λl)

]
In addition, we can also express the population risk as

Rt =
1

2
EΩt

[
E2
]
=
∆

2
+

1

p2

p∑
s,u

asauEΩt

[
σ(λs)σ(λu)

]
+

+
1

k2

k∑
r,t

a?ra
?
tEΩt

[
σ(λ?r)σ(λ

?
t )
]
−

− 2

pk

p,k∑
s,r=1

asa
?
rEΩt

[
σ(λs)σ(λ

?
r)
]
.

We introduce auxiliary functions to simplify the mathematical notations:

I2(ωαα, ωαβ, ωββ) = E
[
σ(λα)σ(λβ)

]
I3(ωαα, ωαβ, ωαγ , ωββ , ωβγ , ωγγ) = E

[
σ′(λα)λβσ(λγ)

]
I4(ωαα, ωαβ, ωαγ , ωαδ, ωββ , ωβγ , ωβδ, ωγγ , ωγδ, ωδδ) = E

[
σ′(λα)σ

′(λβ)σ(λγ)σ(λδ)
]

Inoise2 (ωαα, ωαβ, ωββ) = E
[
σ′(λα)σ

′(λβ)
]
.

wherewe introduced the correlationωαβ = E[λαλβ], where (α, β) are indices running on either
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the teacher or the student components. Dropping the time index for clarity, we finally obtain:

ψjr =
1

k

k∑
t=1

a∗t I3(Qjj ,Mjr,Mjt, Prr, Prt, Ptt)−

− 1

p

p∑
s=1

asI3(Qjj ,Mjr, Qjs, Prr,Msr, Qss)

φGFjl =
1

k

k∑
t=1

a∗t I3(Qjj , Qjl,Mjt, Qll,Mlt, Ptt)−

− 1

p

p∑
s=1

asI3(Qjj , Qjl, Qjs, Qll, Qls, Qss)

φHDjl =
1

k2

k∑
r,t=1

a∗ra
∗
t I4(Qjj , Qjl,Mjr,Mjt, Qll,Mlr,Mlt, Prr, Prt, Ptt)

+
1

p2

p∑
s,u=1

asauI4(Qjj , Qjl, Qjs, Qju, Qll, Qls, Qlu, Qss, Qsu, Quu)

− 2

pk

p∑
s=1

k∑
r=1

a∗rasI4(Qjj , Qjl, Qjs,Mjr, Qll, Qls,Mlr, Qss,Msr, Prr)

+ ∆Inoise2 (Qjj , Qjl, Qll)

R =
∆

2
+

1

p2

p∑
s,u

asauI2(Qss, Qsu, Quu) +
1

k2

k∑
r,t

a?ra
?
t I2(Prr, Prt, Ptt)

− 2

pk

p,k∑
s,r=1

asa
?
rI2(Qss,Msr, Prr)

Whenanalyzing amatching architecture setting,we just need to specify I2, I3, I4 and Inoise2 . In the
following sections we provide the explicit expression for all the cases used in numerical simulation
inside this paper.

D.3.1 Analytic case σ = erf
(
·/
√
2
)

The expressions can be found in the appendix of [Vei+22].
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D.3.2 Analytic case σ = He2
We report here the auxiliary functions:

I2(ωαα, ωαβ, ωββ) = E
[
(λ2α − 1)(λ2β − 1)

]
= ωααωββ + 2ω2

αβ − ωαα − ωββ + 1

I3(ωαα, ωαβ, ωαγ , ωββ , ωβγ , ωγγ) = 2E
[
λαλβ(λ

2
γ − 1)

]
= 2ωαβωγγ + 4ωαγωβγ − 2ωαβ

I4(ωαα, ωαβ, ωαγ , ωαδ, ωββ , ωβγ , ωβδ, ωγγ , ωγδ, ωδδ) = 4E
[
λαλβ(λ

2
γ − 1)(λ2δ − 1)

]
Inoise2 (ωαβ) = 4E

[
λαλβ

]
= 4ωαβ

We now work on the different terms:

4E
[
λαλβ (λγ)2

(
λδ
)2]

=4ωαβωγγωδδ + 8ωαβω
2
γδ + 8ωαγωβγωδδ+

16ωαγωβδωγδ + 16ωαδωβγωγδ + 8ωαδωβδωγγ

4E[λαλβλ2γ ] = 4ωαβωγγ + 8ωαγωβγ

4E[λαλβλ2δ ] = 4ωαβωδδ + 8ωαδωβδ

4E[λαλβ] = 4ωαβ

And then we arrive to:

I4 = 4ωαβωγγωδδ + 8ωαβω
2
γδ + 8ωαγωβγωδδ

16ωαγωβδωγδ + 16ωαδωβγωγδ + 8ωαδωβδωγγ

− 4ωαβωγγ − 8ωαγωβγ − 4ωαβωδδ − 8ωαδωβδ + 4ωαβ

D.3.3 Analytic case σ = He3
We report the auxiliary function for this case below.

Inoise2 (ωαα, ωαβ, ωββ) :=E
[
(3λ2α − 3)(3λ2β − 3)

]
=9− 9ωαα + 18ω2

αβ − 9ωββ + 9ωααωββ

I2(ωαα, ωαβ, ωββ) :=E
[
(λ3α − 3λα)(λ

3
β − 3λβ)

]
=9ωαβ − 9ωααωαβ + 6ω3

αβ − 9ωαβωββ + 9ωααωαβωββ

I3(ωαα, ωαβ, ωαγ , ωββ , ωβγ , ωγγ) :=E
[
(3λ2α − 3)λβ(λ

3
γ − 3λγ)

]
=− 18ωαβωαγ + 9ωβγ − 9ωααωβγ + 18ω2

αγωβγ+

18ωαβωαγωγγ − 9ωβγωγγ + 9ωααωβγωγγ
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I4(· · · ) :=E
[
(3λ2α − 3)(3λ2β − 3)(λ3γ − 3λγ)(λ

3
δ − 3λδ)

]
=− 162ωαγωαδ + 162ωαγωαδωββ + 324ωαβωαδωβγ

− 324ωαγωαδω
2
βγ + 324ωαβωαγωβδ − 162ωβγωβδ

+ 162ωααωβγωβδ − 324ω2
αγωβγωβδ − 324ω2

αδωβγωβδ

− 324ωαγωαδω
2
βδ + 162ωαγωαδωγγ − 162ωαγωαδωββωγγ

− 324ωαβωαδωβγωγγ − 324ωαβωαγωβδωγγ + 162ωβγωβδωγγ

− 162ωααωβγωβδωγγ + 324ω2
αδωβγωβδωγγ + 324ωαγωαδω

2
βδωγγ

+ 81ωγδ − 81ωααωγδ + 162ω2
αβωγδ

+ 162ω2
αγωγδ + 162ω2

αδωγδ − 81ωββωγδ

+ 81ωααωββωγδ − 162ω2
αγωββωγδ − 162ω2

αδωββωγδ

− 648ωαβωαγωβγωγδ + 162ω2
βγωγδ − 162ωααω

2
βγωγδ

+ 324ω2
αδω

2
βγωγδ − 648ωαβωαδωβδωγδ + 1296ωαγωαδωβγωβδωγδ

+ 162ω2
βδωγδ − 162ωααω

2
βδωγδ + 324ω2

αγω
2
βδωγδ

− 81ωγγωγδ + 81ωααωγγωγδ − 162ω2
αβωγγωγδ

− 162ω2
αδωγγωγδ + 81ωββωγγωγδ − 81ωααωββωγγωγδ

+ 162ω2
αδωββωγγωγδ + 648ωαβωαδωβδωγγωγδ − 162ω2

βδωγγωγδ

+ 162ωααω
2
βδωγγωγδ − 324ωαγωαδω

2
γδ + 324ωαγωαδωββω

2
γδ

+ 648ωαβωαδωβγω
2
γδ + 648ωαβωαγωβδω

2
γδ − 324ωβγωβδω

2
γδ

+ 324ωααωβγωβδω
2
γδ + 54ω3

γδ − 54ωααω
3
γδ

+ 108ω2
αβω

3
γδ − 54ωββω

3
γδ + 54ωααωββω

3
γδ

+ 162ωαγωαδωδδ − 162ωαγωαδωββωδδ − 324ωαβωαδωβγωδδ

+ 324ωαγωαδω
2
βγωδδ − 324ωαβωαγωβδωδδ + 162ωβγωβδωδδ

− 162ωααωβγωβδωδδ + 324ω2
αγωβγωβδωδδ − 162ωαγωαδωγγωδδ

+ 162ωαγωαδωββωγγωδδ + 324ωαβωαδωβγωγγωδδ + 324ωαβωαγωβδωγγωδδ

− 162ωβγωβδωγγωδδ + 162ωααωβγωβδωγγωδδ − 81ωγδωδδ

+ 81ωααωγδωδδ − 162ω2
αβωγδωδδ − 162ω2

αγωγδωδδ

+ 81ωββωγδωδδ − 81ωααωββωγδωδδ + 162ω2
αγωββωγδωδδ

+ 648ωαβωαγωβγωγδωδδ − 162ω2
βγωγδωδδ + 162ωααω

2
βγωγδωδδ

+ 81ωγγωγδωδδ − 81ωααωγγωγδωδδ + 162ω2
αβωγγωγδωδδ

− 81ωββωγγωγδωδδ + 81ωααωββωγγωγδωδδ
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D.4 Weak recovery with Generalized Linear Models

In this section, we restrict our analysis tomatching architectureswith p = k = 1, i.e. Generalized
LinearModels (GLMs). Moreover, we consider as activation function the Hermite polynomials
σ = He`, so that we can have control on the information exponent of the problem. Finally, the
training algorithm is projected SGD, givenbyEquation (4.5). Wewill also assume thata = a? = 1
throughout all the dynamics.

Let us start by noticing that the set of sufficient statistics reduces to just one single parameter
m = 〈w,w?〉. Retracing backward all the steps of the Sections D.3 and D.2 up to (D.39), we
can obtain the lower bound for the update ofm. As examples the explicit equation for σ = He2
is

mt+1 −mt ≥γ0d−δ
[
4mt − 4m3

t − d−δγ01{µ6=0}

(
8mt − 8m3

t

)
+

+ d−δ+1−µ γ0
n0

(
24mt − 24m3

t + 2m2
t∆
)]

,

while for σ = He3 is

mt+1 −mt ≥γ0d−δ
[
18m2

t − 18m4
t − d−δγ01{µ 6=0}

(
162mt + 324m4

t − 162m5
t

)
+

+ d−δ+1−µ γ0
n0

(
−1728mt − 648m3

t + 3348m4
t − 972m5

t − 9∆m3
t

)]
.

In general, for anHermite polynomial activationHe`, the equation of the evolution ofm around
m = 0 is given by

mt+1 −mt ≥ d−δβ`m
`−1 − d−δ

(
d−δ+1−µα` + d−δ1{µ6=0}φ`

)
m (D.40)

where we fixed γ0 = n0 = 1 for simplicity; α`, β`, φ` are constants. For computing the full
equations for any generic `, with the constants values, we refer to the Mathematica notebook
published in the repository of this work.

At initialization, m0 = 1/
√
d. The crucial observation is that a sufficient condition to escape

initialization is to have equation (D.40) being expansive, namely ∆m > 0 form close to zero.
This can be true if and only if

(
d−δ+1−µα` + d−δ1{µ 6=0}φ`

)
m is negligible when compared to

β`m
`−1, so that the equation form is lower-bounded by

∆m

∆t
≥ β`m

`−1 + h.o.t with ∆t = d−δ (D.41)

Assuming that γ = od(1), the bound becomes tight and we can also derive some sharp charac-
terization of the escaping time. By simple arguments on differential equations, we can claim that
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Figure D.1: Phase diagram for the learning rate: The plot identifies different learning behav-
iors of standard SGD andCorrelation Loss SGD for different values of learning rate and batch size
when considering randomly initialized networks, i.e. m0 = O(1/

√
d).

the order of magnitude of steps needed to escape the initial mediocrity is given by

T =


Od

(
1
∆t

)
` = 1

Od

(
log(1/m0)

∆t

)
` = 2

Od

(
1

m`−2
0 ∆t

)
` ≥ 3

,

remembering thatm0 = 1/
√
d and∆t = d−δ , these lead to

logd T ∼


max(δ, 0) ` = 1

log log d+ δ ` = 2

δ − 1 + `/2 ` ≥ 3

. (D.42)

It’s clear that to escape as fast as possible, we want δ to be the smallest possible, or in other words,
having the learning rate as large as possible. Obviously, δ is constrained by the values that make
equation (D.41) true (or equivalently by the assumptions of the formal proof in Appendix D.1).
The phase diagram of the allowed value of δ and µ is summarized in Figure D.1: the green region
is where the equations form is expansive, the red and the yellow region is where the equations in
attractive, so there is no escaping, the purple region is where we can’t do expansion because the
learning rate is too large and the process diverge. Figure 4.1 in themain text shows the same result
in terms of T and nb, when ` ≥ 3.
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D.4.1 Correlations loss SGD

When using Correlation Loss SGD, Equation (D.40) rewrite as

∆m

∆t
≥ β`m

`−1 − d−δ+1−µα`m

effectively removing a constraint on the possible values of δ. Themodified version of SGDcanuse
smaller values of δ for escaping the initial condition, reaching regions in the phase diagram that
are not allowed for SGD: this is colored in yellow in FiguresD.1 and 4.1. Of course, if the learning
rate becomes too large, all the theory does not work anymore (purple region in the diagram). In
Figure 4.1 we show that the number of steps needed to weakly recover can be pushed down to be
smaller than any power scaling with d (black and blue line on the x-axis). The picture becomes
clearer if we look at the same diagram in terms of (µ, δ): Correlation Loss SGD can be used with
learning very large learning rates (1 − `/2 > δ > −(`− 1)/2) such that the escaping times is
T = O(polylog(d)), as proved in Theorem 4.2. We believe that the true number of steps is
actually T = O(log(d)), but we could not find any formal proof; in Section D.5.4, we were able
to show that for ` = 2wehaveT = O(log(d)), relying the result on numerical integration of our
asymptotic theory. Lastly, if the learning rate is of order γ = O(d−δ) = O(d` − 1/2) we recover
the result of [Dan+24a]: the target can be weakly recovered in just one step, when the batch size
is nb > O(d`).

D.4.2 Simple example: retrieving [BGJ21]

In this section, we want to show how to find the same result presented in [BGJ21] starting from
our formalism. There, online one-pass SGD is considered, meaning nb = 1 =⇒ µ = 0 in our
context. Moreover, a vanishing learning rate is assumed, which implies δ > 0, and all the bounds
for the evolutions ofm are tight. The condition for expansiveness of equation (D.40) becomes

m`−1
0 >> d−δ+1m0 =⇒ (`−1) logdm0 ≥ −δ+1+logdm0 =⇒ δ ≥ 1+(2−`) logdm0

Plugging inm0 = 1/
√
dwe finally get δ ≥ `/2, where the equality is the best possible value of the

learning rate in order to make the escaping faster. Note that for ` = 1we are also bounded from
Lemma D.9, so δ ≥ 1. Combining with (D.42), finally gives us the minimal number of steps
needed

T ∼


d ` = 1

d log d ` = 2

d`−1 ` ≥ 3

. (D.43)

This result matches [BGJ21].

D.4.3 Extension to p > 1

The extension to general two-layer network student functions (p > 1), while keeping always the
target fixed to be a single-index one, can be readily done by performing an analysis similar to the
above. The considerations on the weak recovery trade-offs done in the previous sections are not
changed upon re-scaling the learning rate with the hidden layer size p = O(1), i.e. γ2LNN/p =
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Figure D.2: learning single-index teacher with a wide student, when information exponent is ` =
3: f?(x) = He3(w? · x), f(x) = 1/4

∑4
i=1He3(wi · x). Our theory extends to this case,

showing that when µ > `/2 only correlation loss can weakly recover the target. (d = 256, γ =
γ0 · pnbd−`/2)

γGLM. Therefore, the scaling laws detailed in the phase diagram (Figure 4.1) are not modified,
and only prefactors, i.e. quantity not scaling with the input dimension, change with respect to
the p = 1 case. We illustrate this phenomenon numerically in Figure D.2. We leave the detailed
theoretical analysis of the p > 1 case for future work, with particular attention to the limit p →
∞which we believe is an interesting avenue of future research.

D.5 Additional numerical investigation

In this appendix, we provide additional details on the numerical implementations presented in
the main text, along with further explorations. The code to reproduce representative figures is
available in our GitHub repository2.

D.5.1 Cold start for multi-index models

The theoretical considerations forweak recovery under cold starts presented inTheorems 4.1&4.2
are proven rigorously just for one-hidden neuron network learning single-index targets (p = k =
1); this section aims to provide arguments to generalize this to the multi-index case.

Note that for single-index models the initial saddle is the only critical point where the algorithm
can get stuck during the dynamics, while this is not true in general for multi-index settings. In-
deed, after having weakly recovered a subspace of the span of the target weights, the learning dy-
namics can encounter another saddle of the loss function; this behavior is known as saddle-to-
saddle dynamics [Jac+21]. In this manuscript, we focus on escaping from the saddle at initializa-
tion, leaving further explorations of the dynamics to futurework. We follow [AAM23;Dan+24a]

2https://github.com/IdePHICS/batch-size-time-complexity-tradeoffs

https://github.com/IdePHICS/batch-size-time-complexity-tradeoffs
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Figure D.3: Multi-index large-batch benefits: Comparison between the performance of plain
SGD learning multi-index model, for different values of µ. The target is h?(z1, z2, z3) =
tanh (z1z2z3), while the student is a wide 2-layer network f(x) = 1

p

∑p
i=1 tanh(wi ·x) (hence

` = 3, p = 30, k = 3, d = 512). Using a larger batch speeds up the weak-correlation time even
when the target is multi-index, and it is learned with a non-matching architecture.

where the authors generalize the concept of Information Exponent (defined in Definition 4.1) to
the multi-index setting (See Definition 1 of [AAM23] andDefinition 3 of [Dan+24a]), let us call
this quantity theLeap Index of the target. We expect that, as long as the dynamics around the sad-
dle at initialization is analyzed, one can substitute the Information Exponent (`) of the teacher in
the single-index phase diagram in Figure 4.1 with the Leap Index of the target. We explore the
Time / Complexity tradeoffs in Figure D.3 for a fixed teacher function with Leap Index equal to
3: we observe a relevant decrease in the iterations needed to weakly recover the target subspace as
the batch size is increased.

D.5.2 Behavior of Spherical SGD

Inmany theoretical work [BGJ21; AAM23], the algorithmused during training uses the spherical
gradient instead of the simple one. The update rule used instead of Equation (D.33) is

wj,t+1 =
wj,t − γ

(
Id −wj,tw

>
j,t

)
∇wj,tR̂t∥∥∥∥wj,t − γ

(
Id −wj,tw>

j,t

)
∇wj,tR̂t

∥∥∥∥ ∀t ∈ [T ], ∀j ∈ [p] (D.44)

In practice, only the gradient component orthogonal to theweights is taken into account. This al-
gorithm is particularly convenient for theoretical analysis because it is easier to find a lower bound
for the evolution ofmt, since it is always true that∥∥∥∥wj,t − γ

(
Id −wj,tw

>
j,t

)
∇wj,tR̂t

∥∥∥∥ ≥ 1,
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Figure D.4: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGD, the Correlation Loss SGD and Spherical SGD, in different regions of the phase di-
agram, and for different sizes d. The plot shows the test error as a function of the optimization
steps. Both the teacher and the student activation functions are fixed toσ = h? = He3, so the in-
formation exponent is ` = 3. In all the three plotswe vary the value ofµ, while δ = `/2−µ. Spher-
ical SGD learns even in regions forbidden for plain SGD, as the Correlation Loss does. Note that
the Spherical Correlation Loss is equivalent to the Projected Correlation Loss in all the regimes.

while its analogous for Projected SGD does not hold.

In this section, we want to show that Spherical SGD is behaving like Correlation Loss SGD when
γ is not vanishing, namely that is possible to escape mediocrity when the batch size is sufficiently
large. For small batch size, Projected SGD and Spherical SGD coincide, while when δ < 0 their
behaviors are drastically different, and only the latter is able to escapemediocrity taking advantage
of the large learning rate; a gap between the two is already noticeable at theOptimal Point, where
they both escape but the spherical is slightly faster. Finally, note that it is possible to introduce a
Correlation Loss Spherical SGD, by changing the loss in the sameway as the usualCorrelation Loss
SGD. There is no practical difference between the two algorithms whenworking with correlation
loss.

D.5.3 Adaptive SGD: combining Correlation Loss SGD with plain SGD

Despite these benefits, the correlation loss is not a good choice to fully learn the target. In this
subsection, we explore the idea of combining the two algorithms to escape fast with correlation
loss, and then reach the globalminimumwith theMSE loss. Wewill call the combination of these
two algorithms Adaptive SGD.

We are going to test in the simplest case possible: GLM with He3 as activation function (we re-
mark that there is no benefit in using Correlation Loss SGD over plain SGD when ` ≤ 2). If
we run the algorithm for multi-index models, it would help to escape the initial saddle, but the
algorithm may get stuck in another critical point that is not the global minimum. The study on
how to escape fast from a critical point other than the initial one goes beyond the scope of this
paper. Our Adaptive SGD procedure works as follows:

(i) Make a Correlation Loss SGD step;
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Figure D.5: Adaptive SGD: The plot compares the performance of SGD and Correlation loss
SGD, algorithms with Adaptive SGD; this protocol consists of first using correlation loss SGD
to achieve weak recovery, and then switch to adaptive SGD for learning the target. (` = 3, µ =
1.85, δ = µ− `

2 ,∆ = 10−6).

(ii) If theLoss is smaller than 60%of the initial loss, jump to Step 3, otherwise go back to Step 1;

(iii) Reduce the learning rate of a factor 0.995 and do a Standard SGD step;

(iv) If converged stop, otherwise go back to Step 3.

The learning rate is progressively reduced because the plain SGD requires a lower learning rate
compared to the one used by correlation loss to escape fast. Certainly, one can design amuchmore
powerful algorithm than the onewepresent, but the goal here is just to show that the combination
of the two is beneficial, and not to find the best possible one. Figure D.5 shows how the Adaptive
SGDAlgorithm is the best one when fully learning the target.

D.5.4 Polylog regime example

We showed in Section 4.3 that it is possible to push down the number of steps needed to weakly
recover the target until it is growing less than any power law. In order to achieve this, we need
to run Correlation Loss SGD with nb > d`−1 and γ > O(d1−`/2), as pictured by Figure D.1.
Proposition 4.1 shows that our theory for cold start, based on expansion of the process (D.38), is
not valid, among other conditions, when δ < 0. Therefore, the only casewherewe can simultane-
ously observe the polylog regime and have an exact asymptotic description for the full dynamics is
when ` = 2, γ = O(1) and nb = O(d). Let’s stick for simplicity with a GLMwhose activation
is He2. Note that the total sample complexity is alwaysN = nbT = O(d log d).

FigureD.6 shows a numerical test of our theory in this particular case. We see that as d grows, also
the time needed to escape initial conditions grows. In the right part of the Figure we show that
the exact dependence is T = O(log d), that is indeed a polylog law.
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FigureD.6: Phase retrieval with large batch size: Numerical integration of the process (D.38),
for f = f? = He2, γ = O(1) and nb = O(d). The escaping time dependence on the number
of time steps is a T = O(log d): we claim this to be valid for all the polylog regime.

D.5.5 Large-batch corrections to asymptotic dynamics

Although disappearingwhen taking the limit, the terms of evolution process (D.38) coming from
intra-batch correlation are useful for providing abetter description at large but finited. Effectively,
they are behaving as a first correction to the asymptotic limit.

In this section, we aim to provide numerical arguments about the importance of intra-batch cor-
relations at finite d. We stick with the GLM setting, with erf as activation function. Note that
since the information exponent of this target is 1, there is no mediocrity at initialization, we can
setm = w>w? = 0 without falling in the cold start regime. Figure D.7 shows simulations for
different values of d (dots), accompanied by the full process dynamic that includes the intra-batch
correlation terms (dashed lines); the asymptotic solution of the differential equations (4.20) is the
continuous black line. To enlighten the process even more, we also shows the difference between
the asymptotic solution, at the actual finite d one on the right part of the figure. We see that the
full process solution always match with the actual project SGD simulation; most importantly,
when d grows the simulations are getting closer and closer to the asymptotic solution, confirming
that the large batch plays no effect in high-dimension.
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Figure D.7: Non asymptotic corrections: Comparison between simulations (dots), exact
asymptotic solution ofODE (continuous black line), and exact solution including the subleading
large-batch corrections (dashed line). As expected, as d→ +∞ the simulations are getting closer
and closer to the asymptotic solution; on the other hand, taking into account the batch correla-
tions allows to have a better description of the dynamic even for small d.
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Appendices to “Repetita Iuvant: Data
Repetition Allows SGD to Learn
High-Dimensional Multi-Index
Functions”

E.1 Theoretical framework

E.1.1 Difference inequalities for vector-valued processes

Webeginwith a lemma that generalizes [BGJ21, Proposition 4.1]. LetΦ : Rd → Rd be a random
function, and consider the process (ut)t≥0 ∈ Sd−1 given by

ut+1 =
ut + γΦ(ut)∥∥ut + γΦ(ut)

∥∥ .
Wemake the following assumptions:

Assumption E.1. The initial value ofu0 ∈ Sd−1 is approximately isotropic, in the sense that there
exists a constant c > 0 such that

E
[
u0u0

>
]
� c

d
I

Assumption E.2. There exist constantsC, ι > 0 such that

sup
u∈Sd−1

∥∥∥∥E [Φ(u)Φ(u)>]∥∥∥∥ ≤ C (E.1)

sup
u∈Sd−1

E
[∥∥Φ(u)∥∥4+ι] ≤ Cd

4+ι
2 (E.2)

Further, we have 〈u,Φ(u)〉 = 0 a.s. for anyu ∈ Sd−1.

179
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We fix a vector v and consider the random processmt(v) := 〈ut,v〉. For any s ≥ 0, we define
the stopping times

τ+θ (v) = inf{t ≥ 0 : mt(v) ≥ θ} and τ−θ (v) = inf{t ≥ 0 : mt(v) ≤ θ}

Proposition E.1. Fix an α > 0. There exist constants c(δ, α), κ(δ) > 0 such that if

γ ≤ c(δ, α)d−1 and T ≤ c(δ, α)γ−2d−1, (E.3)

then, with probability 1− δ, the following holds. The initializationm0(v) satisfies

|m0(v)| ≥
κ√
d
, (E.4)

and:

• ifm0(v) > 0, for any t ≤ T ∧ τ−0 (v),

(1− α)m0(v) + γ
t−1∑
s=0

〈Ψ+(us),v〉 ≤ mt(v) ≤ (1 + α)m0(v) + γ
t−1∑
s=0

〈Ψ(us),v〉,

(E.5)

• ifm0(v) < 0, for any t ≤ T ∧ τ+0 (v),

(1 + α)m0(v) + γ

t−1∑
s=0

〈Ψ(us),v〉 ≤ mt(v) ≤ (1− α)m0(v) + γ

t−1∑
s=0

〈Ψ−(us),v〉,

(E.6)

whereΨ,Ψ± is a deterministic function equal to

Ψ(u) = E
[
Φ(u)

]
and Ψ±(u) = Ψ(u)∓ γE

[∥∥Φ(u)∥∥2]u.
Proof. Weassume for simplicity thatm0(v) > 0; the casewherem0(v) < 0 is treated identically.
FromAssumption E.1, by a simpleMarkov inequality, there exists a constant κ(δ) > 0 such that

P
(
|m0(v)| ≥

κ√
d

)
≥ 1− δ

3
. (E.7)

The update equation formt(v) reads

mt+1(v) =
mt(v) + γ〈Φ(ut),v〉√

1 + γ2
∥∥Φ(ut)∥∥2 .

We then have two cases:

• eithermt(v)+γ〈Φ(ut),v〉 < 0, which implies that t+1 = τ−0 (v) and there is nothing
to prove,
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• or we can use the inequality 1√
1+x

≥ 1− x, which implies that

mt+1(v) ≥ (mt(v) + γ〈Φ(ut),v〉)(1− γ2
∥∥Φ(ut)∥∥2)

= (1− γ2
∥∥Φ(ut)∥∥2)mt + γ〈Φ(ut),v〉 − γ3〈Φ(ut),v〉

∥∥Φ(ut)∥∥2
By recursion, deterministically,

mt(v) ≥ m0(v) + γ

t−1∑
s=0

(
〈Φ(us),v〉 − γ

∥∥Φ(us)∥∥2 〈us,v〉)− t−1∑
s=0

γ3
∣∣〈Φ(us),v〉∣∣∥∥Φ(us)∥∥2

Since Assumption E.2 implies Assumption B in [BGJ21], for a small enough choice of c(δ, α),
one has

P

 T∑
t=0

γ3
∣∣〈Φ(ut),v〉∣∣∥∥Φ(us)∥∥2 ≤ ακ

2
√
d

 ≥ 1− δ

6
.

Additionnally, the same assumption implies that

Var(〈Φ(us),v〉) ≤ E
[
〈Φ(us),v〉2

]
≤ C1 and Var(γ

∥∥Φ(us)∥∥2) ≤ γ2E
[∥∥Φ(us)∥∥4] ≤ c(δ)2C1.

We can then apply Doob’s martingale inequality: there exists a constant C(δ) such that with
probability at least 1− δ

6

sup
t≤T

∣∣∣∣∣∣γ
t∑

s=0

(
〈Φ(us),v〉 − γ

∥∥Φ(us)∥∥2 〈us,v〉 − E
[
〈Φ(us),v〉 − γ

∥∥Φ(us)∥∥2 〈us,v〉])
∣∣∣∣∣∣ ≤ C(δ)γ

√
T .

The bound (E.3) on T implies that we can choose c(δ, α) small enough so that

C(δ)γ
√
T ≤

C(δ)
√
c(δ, α)√
d

≤ ακ

2
√
d
.

Combining all those inequalities with a union bound, under the event of Equation (E.7),

P

mt(v) ≥ (1− α)m0(v) + γ
t−1∑
s=0

〈Ψ+(us),v〉 ∀t < T ∧ τ−0 (v)

 ≥ 1− δ

3
, (E.8)

having used that 〈Ψ+(u),v〉 = E
[
〈Φ(u),v〉 − γ

∥∥Φ(u)∥∥2 〈u,v〉].
The upper bound follows similarly: using this time the fact that for x > 0 we have 1√

1+x
≤ 1,

we have under (E.7)

P

mt(v) ≤ (1 + α)m0(v) + γ

t−1∑
s=0

〈Ψ(us),v〉 ∀t < T ∧ τ−0 (v)

 ≥ 1− δ

3
. (E.9)

A union bound between the events of Equations (E.7), (E.8), (E.9) concludes the proof.
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E.1.2 Low-dimensional sufficient statistics

In [BGJ21], the functionΨ(u) can be written asΨ(u) = φ(〈u,v〉)v. As a result, the bounds
of Proposition E.1 are actually a closed function ofmt(v). We generalize this phenomenon to a
larger class:

Assumption E.3. There exists a q > 0 such that the functionΨ is q-approximatelyk-dimensional,
in the sense that there exist a functionψ : Rk → Rk and amatrixW ? ∈ Rk×d with orthonormal
rows such that for anyu ∈ Rd,∥∥W ?Ψ(u)− ψ(W ?u)

∥∥ ≤
(∥∥W ?u

∥∥ ∨ 1√
d

)
· q.

By an abuse of notation, we shall sometimes view ψ as a function from V ? to itself, where V ? is
the span of the rows ofW ?. However, Assumption E.3 ensures that all quantities related toψ are
only depending on the (oftentimes fixed) dimension k instead of d.

It turns out that in this case, we can control accurately the trajectory ofW ?u, at least when f is
not too flat around 0. Let Π? = (W ?)>W ? be the projection operator on V ?, and define the
stopping time

τθ = min{t ≥ 0 :
∥∥Π?u∥∥ ≥ θ}.

Proposition E.2. Assume thatConditionE.3 holdswith q small enough, and that 〈u0, ψ(0)〉 > 0
(in particular, ψ(0) 6= 0). For any δ, ε > 0, there exist constants c(δ, ε), η(ε) such that if

γ ≤ cd−1 and T ≤ cγ−2d−1, (E.10)

then
P
(∥∥Π?ut − γtψ(0)

∥∥ ≤
√
kηε ∀t ≤ T ∧ τη

)
≥ 1− δ. (E.11)

Proof. Let v1, . . . ,vk be an orthonormal basis of V ?, with v1 aligned with ψ(0). By applying
Proposition E.1 to δ′ = δ

2k and α = 1
2 , with probability 1 − δ

2 , for any i ∈ [k] and t ≤
T ∧ τ±(vi),mt(vi) satisfies the inequality (E.5) or (E.6) (depending on the sign ofm0(vi)). In
particular, for v1 = ψ(0), since we assumed that the initial sign is positive, we have

1

2
〈u0, ψ(0)〉+γ

t−1∑
s=0

〈Ψ+(us), ψ(0)〉 ≤ 〈ut, ψ(0)〉 ≤
3

2
〈u0, ψ(0)〉+γ

t−1∑
s=0

〈Ψ(us), ψ(0)〉.

(E.12)

Define C(δ) such that 〈ut, ψ(0)〉 ≤ C(δ)d−1/2 with probability at least 1 − δ
2k . By a Taylor

expansion, there exists an η(ε) > 0 such that for any v ∈ Rd with‖v‖ ≤ η,
∥∥ψ(v)− ψ(0)

∥∥ ≤
ε′, where ε′ will be fixed later. With Assumption E.3, this implies that for anyu ∈ Rd,∥∥ψ(0)∥∥2 − (ε′ + ηq)

∥∥ψ(0)∥∥ ≤ 〈Ψ(u), ψ(0)〉 ≤
∥∥ψ(0)∥∥2 + (ε′ + ηq)

∥∥ψ(0)∥∥ .
Further, by Jensen’s inequality, E

[∥∥Φ(u)∥∥2] ≤ C1d so by choosing c(δ, ε) small enough, we
can ensure that

〈Ψ+(u), ψ(0)〉 ≥
∥∥ψ(0)∥∥2 − (2ε+ ηq)

∥∥ψ(0)∥∥
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Plugging those estimates in (E.12), we find that for t ≤ T ∧ τ−0 (v1)∧ τη , and d large enough so
that

C(δ)d−1/2 ≤ ηε

3

∥∥ψ(0)∥∥ ,
we have

γt
(∥∥ψ(0)∥∥2 − (2ε′ + ηq)

∥∥ψ(0)∥∥) ≤ 〈ut, ψ(0)〉 ≤
ηε

2

∥∥ψ(0)∥∥+ γt
(∥∥ψ(0)∥∥2 + (ε′ + ηq)

∥∥ψ(0)∥∥) .
(E.13)

For small enough ε and q, the LHS of the above inequality is always at least γt
∥∥ψ(0)∥∥2 /2, which

implies that

τ−0 (v1) ≥ τη and T ∧ τη ≤
2η

γ
∥∥ψ(0)∥∥ (E.14)

Choosing ε′ and η small enough so that

(2ε′ + ηq)∥∥ψ(0)∥∥2 ≤ ε

2

we ensure that for t ≤ T ∧ τη we have∣∣〈ut − γtψ(0), ψ(0)〉
∣∣ ≤ εη

∥∥ψ(0)∥∥ . (E.15)

We now move on to the other vi. For i ≥ 2, vi is orthogonal to ψ(0), and this time Assump-
tion E.3 implies ∣∣〈Ψ(u),vi〉

∣∣ ≤ ε+ ηq.

Regardless of the sign ofm0(vi), this implies that for t ≤ T ∧ τη ,

|〈ut,vi〉| ≤
3

2
|〈u0,vi〉|+ γt(ε′ + ηq) ≤ ηε

2
+

2η(2ε′ + ηq)∥∥ψ(0)∥∥ ,

having used the bound (E.14) on τη and bounding the initial value as above with probability
1− δ

2k . We can always choose η, ε
′ such that the above bound is at most ε; since

∥∥ΠV ut − γtψ(0)
∥∥2 = 〈ut − γtψ(0), ψ(0)〉2∥∥ψ(0)∥∥2 +

k∑
i=2

〈ut,vi〉2 ≤ kε2,

this concludes the proof.

Proposition E.3. Assume that ψ(0) = 0, and Hψ := dψ(0) 6= 0 is symmetric. Let λ̄ be
the largest eigenvalue of Hψ , and assume that λ̄ > 0. For any δ, ε > 0, there exist constants
c(δ, ε), η(ε), c′(δ, ε), C(δ, ε) such that if

γ ≤ cd−1 and T ≤ cγ−2d−1, (E.16)

then
P
(∥∥Π?ut∥∥ ≥ c′

∥∥Π?u0

∥∥ eγ(λ̄−Ck(ε+q))t ∀t ≤ T ∧ τη
)
≥ 1− δ. (E.17)
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Further, themass ofΠ?ut is concentrated on the top eigenspace ofHψ : there exists a λ̃ < λ̄−Ck(ε+
q) such that on the same event,∥∥Π?ut − Π̄?ut

∥∥ ≤
∥∥Π?u0

∥∥ eγλ̃t ∀t ≤ T ∧ τη,

where Π̄? is the projection on the eigenspace associated to λ̄.

Proof. Fix (v1, . . . ,vk) an orthonormal basis of V ?, consisting of eigenvectors of Hψ , and let
λi be the eigenvalue associated with vi. The largest eigenvalue ofHψ that differs from λ̄ will be
denoted λ (we can let λ = −∞ ifHψ = λ̄I).

We choose an η(ε) such that for v ∈ Rk such that‖v‖ ≤ η,∥∥ψ(v)−Hψv
∥∥ ≤ ε‖v‖ .

In particular, for any i ∈ [k] and any vectoru, we have for small enough choice of c(δ, ε)

〈Ψ+(u),vi〉 ≥ λi〈vi,u〉 − (2ε+ q)
∥∥Π?u∥∥ 〈Ψ(u),vi〉 ≤ λi〈vi,u〉+ (ε+ q)

∥∥Π?u∥∥
Applying Proposition E.1 to α = ε, and assuming thatm0(vi) > 0, we find that on an event
with probability 1− δ/(2k), for t ≤ T ∧ τ+0 (vi) ∧ τη ,

〈vi,ut〉 ≥ (1− ε)m0(vi) + γ
t−1∑
s=0

(
λi〈vi,us〉 − (2ε+ q)

∥∥Π?us∥∥)
〈vi,ut〉 ≤ (1 + ε)m0(vi) + γ

t−1∑
s=0

(
λi〈vi,us〉+ (ε+ q)

∥∥Π?us∥∥)
The same argument whenm0(vi) < 0, we obtain that with probability 1 − δ/2, for any t ≤
T ∧ τη and i ∈ [k]:

|〈vi,ut〉| ≥ (1− ε)|〈vi,u0〉|+ γ
t−1∑
s=0

(
λi|〈vi,us〉| − (2ε+ q)

∥∥Π?us∥∥) (E.18)

|〈vi,ut〉| ≤ (1 + ε)|〈vi,u0〉|+ γ
t−1∑
s=0

(
λi|〈vi,us〉|+ (ε+ q)

∥∥Π?us∥∥) (E.19)

Define Π̄? the projection on the eigenspace associated to λ̄, and Π? its orthogonal projection.
Summing the upper bound of (E.19) on all vi with λi ≤ λ,

∥∥Π?ut∥∥1 ≤ (1 + ε)
∥∥Π?u0

∥∥
1
+ γ(λ+ k(ε+ q))

t−1∑
s=0

∥∥Π?us∥∥1 ,
where the `1 norm‖·‖1 in V ? is computed w.r.t the basis (v1, . . . ,vk), and we used the norm
bound‖Π?us‖ ≤‖Π?us‖1.
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CallP(t0) the following condition:∥∥Π?ut∥∥1 ≤ C
∥∥Π̄?ut∥∥1 for all t < t0, , (E.20)

where C will be fixed later, and assume that P(t0) holds for some t0 > 0. Using the discrete
Grönwall inequality, the following holds: for any t ≤ T ∧ τη ∧ t0,∥∥Π?ut∥∥1 ≤ (1 + ε)

∥∥Π?u0

∥∥
1
eγ(λ+(1+C)k(ε+q))t. (E.21)

We now sum the lower bound of (E.18) on all vi with λi = λ̄, to obtain

∥∥Π̄?ut∥∥1 ≥ (1− ε)
∥∥Π̄?u0

∥∥
1
+ γ

t−1∑
s=0

(λ̄− k(2ε+ q))
∥∥Π̄?us∥∥1 − k(2ε+ q)

∥∥Π?us∥∥1 .
above bound implies that for all t ≤ t0,

∥∥Π̄?ut∥∥1 ≥ (1− ε)
∥∥Π̄?u0

∥∥
1
+ γ

t−1∑
s=0

(λ̄− (1 + C)k(2ε+ q))
∥∥Π̄?us∥∥1 .

By the discrete Grönwall inequality,∥∥Π̄?ut∥∥1 ≥ (1− ε)
∥∥Π̄?u0

∥∥
1

(
1 + γ(λ̄− (1 + C)k(2ε+ q))

)t
≥ (1− ε)

∥∥Π̄?u0

∥∥
1
exp
(
γ(λ̄− (1 + C)k(2ε+ q))t−O(γ2T )

)
≥ (1− 2ε)

∥∥Π̄?u0

∥∥
1
exp
(
γ(λ̄− (1 + C)k(2ε+ q))t

)
, (E.22)

where the last inequality holds for large enough d because of the bound (E.3). Now, fix a constant
r(δ) such thatwith probability1−δ/2,

∥∥Π̄?u0

∥∥
1
≤ r(δ)‖Π?u0‖1. Then conditionP(1)holds

as long as C > r(δ), and P(t0) implies P(t0 + 1) whenever the lower bound of eq. (E.22) is
higher than the upper bound of eq. (E.21) for t ≤ t0. In particular, this holds whenever

C ≥ 1 + ε

1− 2ε
r(δ) and λ̄− (1 + C)k(2ε+ q) ≥ λ+ (1 + C)k(ε+ q).

The above condition can be satisfied if and only if

1 + ε

1− 2ε
r(δ) <

λ̄− λ

3ε+ 2q
− 1,

which can always be satisfied when ε, q are low enough. The proposition ensues from the remark
that
∥∥Π̄?ut∥∥ ≤‖Π?u‖ ≤ (1 + C)

∥∥Π̄?ut∥∥ for any t ≤ T ∧ τη .

E.1.3 Bounding the hitting times

It finally remains to show how the bounds of Propositions E.2 and E.3 allow us to bound the
hitting times τη . We summarize those in the following proposition:
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Proposition E.4. Let u be a process that satisfies Assumptions E.1-E.3 for low enough q. Then for
any δ, ε > 0, there exist constants γ0(δ, ε), η(ε), κ(δ),K(δ), C(δ, ε) such that, with probability
1− δ:

(i) if ψ(0) 6= 0 and 〈u0, ψ(0)〉 > 0, letting γ = γ0d
−1,

η(1−
√
kε)

γ
∥∥ψ(0)∥∥ ≤ τη ≤

η(1 +
√
kε)

γ
∥∥ψ(0)∥∥

(ii) ifψ(0) = 0 anddψ(0) is symmetric andhas a positivemaximumeigenvalue λ̄, then letting
γ = γ0(d log(d))−1

log
(

η
√
d

(1+ε)K

)
γ(λ̄+ k(ε+ q))

≤ τη ≤
log
(
η
√
d

κc′

)
γ(λ̄− Ck(ε+ q))

Further, the directions ofΠ?uτη concentrate, in the following sense:

(i) if ψ(0) 6= 0, ∥∥∥∥∥Π?uτηη
− ψ(0)∥∥ψ(0)∥∥

∥∥∥∥∥ ≤ 2
√
kε

(ii) if ψ(0) = 0, for some β < 1,∥∥Π?uτη − Π̄?uτη
∥∥ ≤ C(δ, ε)d−

1−β
2 ,

where Π̄? is the projection on the top eigenspace of dψ(0).

Proof. The proof for the linear case is almost immediate. From Proposition E.2, with probability
1− δ, we have for all t ≤ T ∧ τη

γt
∥∥ψ(0)∥∥−√

kηε ≤
∥∥Π?ut∥∥ ≤ γt

∥∥ψ(0)∥∥+√
kηε

Define

t̄ε =
η(1 +

√
kε)

γ
∥∥ψ(0)∥∥ and tε =

η(1−
√
kε)

γ
∥∥ψ(0)∥∥ .

For t ≤ tε, the upper bound on‖Π?ut‖ is lower than η, which directly means that τη ≥ tε. The
lower bound is higher than η for t = t̄ε, which implies that τη ≤ t̄ε as long as T ≥ t̄ε. Such a T
satisfies the bound (E.3) as long as

η(1 +
√
kε)

γ
∥∥ψ(0)∥∥ ≤ c(δ, ε)γ−2d−1,

which is equivalent to

γ ≤
c(δ, ε)

∥∥ψ(0)∥∥
η(1 +

√
kε)

d−1,
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which can always be ensured by decreasing γ0(δ, ε). Finally, we use the bound∥∥∥∥ x‖x‖ − y

‖y‖

∥∥∥∥ ≤ 2
‖x− y‖
‖x‖

to conclude that ∥∥∥∥∥Π?uτηη
− ψ(0)∥∥ψ(0)∥∥

∥∥∥∥∥ ≤ 2
√
kε.

Wenowmove on to the quadratic case. By Proposition E.3 and the same reasoning as in the proof
of (E.21), we have with probability 1− δ, for all t ≤ T ∧ τη ,

c′
∥∥Π?u0

∥∥ eγ(λ̄−Ck(ε+q))t ≤∥∥Π?ut∥∥ ≤ (1 + ε)
∥∥Π?u0

∥∥ eγ(λ̄+k(ε+q))t
Upon redefining δ, we can assume that the “good” event implies that

κ(δ)√
d

≤
∥∥Π?u0

∥∥ ≤ K(δ)√
d

for constants k,K . As in the linear case, the upper bound above implies that

τη ≥
log
(

η
√
d

(1+ε)K

)
γ(λ̄+ k(ε+ q))

,

while the lower bound implies that

T ∧ τη ≤
log
(
η
√
d

κc′

)
γ(λ̄− Ck(ε+ q))

=: t̄′ε.

It therefore remains to show that t̄′ε ≤ T ; for large enough d and small enough ε, q, we can write
t̄′ε ≤ C ′(δ, ε)γ−1 log(d), and

C ′(δ, ε)γ−1 log(d) ≤ cγ−2d−1 ⇔ γ ≤ c(C ′d log(d))−1.

This condition can again be ensured by decreasing γ0(δ, ε) as needed. Finally, let

β =
λ̃

λ̄− Ck(ε+ q)
,

where λ̃ is the one of Proposition E.3. Then β < 1 and we have at t = τη

∥∥Π?uτη − Π̄?uτη
∥∥ ≤ K√

d
exp

β log(η√d
κc′

) ≤ C ′′(δ, ε)d−
1−β
2 .
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E.2 Proof of the Main Results

E.2.1 Proof of Theorem 5.2

We formalize here the proof sketch of Theorem 5.2. We track the dynamics ofwt through the
following sufficient statistic:

mt := 〈wt,w
?〉. (E.23)

The dynamics ofmt fall under the framework of Section E.1, by letting

Φ(w) = −∇⊥
wL
(
f(z; w̃(ρ), a0), y

)
.

Indeed, for the spherical gradient,

∇⊥
wL(f(z;w, a0), y) = a0yσ

′(〈w, z〉) ·
(
z − 〈z,w〉w

)
.

, hence plugging in the expression for w̃(ρ)

Φ(w) = a0h
?(〈w?, z〉)σ′

(
〈w, z〉+ a0ρh

?(〈w?, z〉)σ′(〈w, z〉) ·‖z‖2
) (
z − 〈z,w〉w

)
.

(E.24)
Assumptions 5.1 and 5.2 on σ and h? then directly imply Assumptions E.1 and E.2 in the Ap-
pendix. As a result, we only need to study the quantity Ψ(w) = E

[
Φ(w)

]
. We show the fol-

lowing:

Lemma E.1. The functionΨ is approximately one-dimensional: there exists a function φ such that
for anyw ∈ Sd−1, we have

|〈w?,Ψ(w)〉 − a0φ(w,w
?)| ≤ C

d

Proof. Define the following quantities:

Ξ(x, x?, x⊥) = h?(x?)σ′(x+ a0ρ0σ
′(x)h?(x?))x⊥ (E.25)

φ(m) = E[Ξ(x, x?, x⊥)] for
(
x

x?

)
∼ N

0,

(
1 m
m 1

) and x⊥ = x? −mx. (E.26)

For simplicity, we let u = 〈w, z〉+ a0ρ0σ
′(〈w, z〉)h?(〈w?, z〉). Doing a Taylor expansion of

σ′ in the second order, we have

σ′
(
〈w, z〉+ ρh?(〈w?, z〉)σ′(〈w, z〉) ·‖z‖2

)
=σ′(u) + σ′′(u)ρh?(〈w?, z〉)σ′(〈w, z〉) ·

(
‖z‖2 − d

)
+R(u)ρ2h?(〈w?, z〉)2σ′(〈w, z〉)2 ·

(
‖z‖2 − d

)2
,

whereR(u) is the Taylor remainder of σ′ at second order around u.
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The distribution of the triplet (〈w, z〉, 〈w?, z〉, 〈w?, z⊥〉) is the same as the one of (x, x?, x⊥),
hence

E
[
〈Φ(z),w?〉

]
− a0φ(m) = ρE

[
σ′′(u)h?(〈w?, z〉)2σ′(〈w, z〉) ·

(
‖z‖2 − d

)
〈w?, z⊥〉

]
︸ ︷︷ ︸

(1)

+ ρ2E
[
R(u)h?(〈w?, z〉)3σ′(〈w, z〉)2 ·

(
‖z‖2 − d

)2
〈w?, z⊥〉

]
︸ ︷︷ ︸

(2)

.

We first bound (2). From the Hölder inequality (since 1
2 + 1

8 + 1
8 + 1

8 + 1
8 = 1),

(2) ≤ ρ2E
[
R(u)8

] 1
8 E
[
h?(x?)8

] 1
8 E
[
σ′(x)8

] 1
8 E
[
〈w?, z⊥〉8

] 1
8 E
[(
‖z‖2 − d

)4] 1
2

Since σ is three times differentiable almost everywhere, and from the polynomial bounds of As-
sumption 5.4, the first four expectations are bounded by an absolute constant. The last term is
the centered fourth moment of a χ2(d) distribution, which is equal to 12d(d + 4). As a result,
using that ρ2 = O(d−2),

(2) ≤ Cd−1.

For the first term, we let z = z‖ + z
′, where z‖ is the projection of z on the span ofw andw?.

We can then write

(1) = E
[
σ′′(u)ρh?(〈w?, z〉)2σ′(〈w, z〉) ·

∥∥∥z‖∥∥∥2 · 〈w?, z⊥〉
]

︸ ︷︷ ︸
(1′)

+ E
[
σ′′(u)ρh?(〈w?, z〉)2σ′(〈w, z〉) ·

(∥∥z′∥∥2 − d
)
〈w?, z⊥〉

]
︸ ︷︷ ︸

(1′′)

.

Up to the factor of ρ, the term (1′) is the expectation of a polynomially bounded function of a
2-dimensional Gaussian variable, hence

(1′) ≤ Cρ ≤ C ′d−1.

In (1′′), the vector z′ is independent from 〈w, z〉 and 〈w?, z〉, so the expectation factorizes as

|(1′′)| =

∣∣∣∣∣E [σ′′(u)ρh?(〈w?, z〉)2σ′(〈w, z〉)〈w?, z⊥〉
]
· E
[(∥∥z′∥∥2 − d

)]∣∣∣∣∣
≤ Cρ|d− 2− d| ≤ C ′d−1,

where we used that z′ is a (d− 2)-dimensional Gaussian variable. This concludes the proof.

Lemma E.1 implies that Assumption E.3 holds for Ψ and any choice of q, as long as d is large
enough. As a result, the proof of Theorem 5.2 hinges on the following facts about φ:
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Proposition E.5. For almost any choice of ρ0 (w.r.t to the Lebesgue measure),

• if `?p = 1, then φ(0) 6= 0;

• if `?p = 2, then φ′(0) 6= 0.

of Theorem 5.2. Our goal is to apply Proposition E.4 to the function φ. If `?p = 1, then φ(0) 6=
0 by the previous lemma, and with a uniform initialization of w? we have m0φ(0) > 0 with
probability 1/2. Combining this with the (1− δ) probability event of Proposition E.4 for small
enough ε, with probability 1/2 − δ, we have τη ≤ C(δ)d. We now move to the proof of the
case where `?p = 2. In this case, Proposition E.4 implies the desired result as soon as φ′(0) > 0
(which corresponds in the k = 1 setting to the only eigenvalue of dφ(0) being positive). Since
the Lebesgue measure is invariant w.r.t multiplication by ±1, the factor a0ρ0 in the definition
of φ′(0) has the same distribution as ρ0, hence we can write φ′(0) = a′0|φ′(0)| where a′0 is also
uniform in {−1, 1}. The eventφ′(0) > 0 therefore also has probability 1/2, and we conclude as
before.

Analysis of φ: proof of Proposition E.5

The main ingredient here is to write φ(m) = φ(m; ρ0) and differentiate w.r.t ρ0. For simplicity,
we take a0 = 1 in the definition of φ. We show the following:

Lemma E.2. Under Assumption 5.4, the function φ(m; ρ0) is analytic in ρ0. Further, we have

∂kφ(m; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= E
[
h?(x?)k+1x⊥σ(k+1)(x)σ′(x)k

]
(E.27)

where x, x? follow the same distribution as in eq. (E.26).

Proof. The first statement stems from the analyticity of σ, and the fact that it is a property con-
served through integration. For the second, we differentiate inside the expectation, to find

∂φ

∂ρ0
= E

[
σ′(x)h?(x?)2σ′′(x+ ρ0σ

′(x)h?(x?))x⊥
]
;

the result follows by induction and taking ρ0 = 0 at the end.

We define the following quantities related to Assumption 5.2:

u
(k)
0 = E

[
σ(k)(x)σ′(x)k−1

]
u
(k)
1 = E

[
xσ(k)(x)σ′(x)k−1

]
v
(k)
0 = E

[
x?h?(x?)k

]
v
(k)
1 = E

[
[(x?)2 − 1]h?(x?)k

]
∆(k) = E

[
h?(x?)k

]
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Then, by Proposition 11.37 from [ODo14], and using x⊥ = x? −mx:

∂kφ(m; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= E
[
h?(x?)k+1x?σ(k+1)(x)σ′(x)k

]
−m · E

[
h?(x?)k+1xσ(k+1)(x)σ′(x)k

]
=
(
u
(k)
0 v

(k)
0 + u

(k)
1 (v

(k)
1 +∆(k)) ·m+ o(m)

)
−m

(
u
(k)
1 ∆(k) + o(1)

)
= u

(k)
0 v

(k)
0 + u

(k)
1 v

(k)
1 ·m+ o(m)

This allows us to show Proposition E.5:

Proof. Assume first that `?p = 1. Then φ(0; ρ0) is an analytic function of ρ0 with

∂kφ(0; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= u
(k)
0 v

(k)
0 .

Since `?p = 1, there exists a k ∈ N such that v(k)0 6= 0, and by Assumption 5.4 the coefficient
u
(k)
0 is nonzero for every k. As a result, φ(0; ρ0) is an analytic and non-identically zero function

of ρ0, so it is non-zero for almost every choice of ρ0, as requested. The case `?p = 2 is done in a
similar way, noting that this time

∂kφ′(0; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= u
(k)
1 v

(k)
1 .

E.2.2 Proof of Theorem 5.4

The proof of Theorem 5.4 follows in the same way as the one of Theorem 5.2. Recall the defini-
tion ofΦ in eq. (E.24), and define

Ξ(z, z?, z⊥) = h?(z?)σ′(z + a0ρ0σ
′(z)h?(z?))z⊥ (E.28)

ψ(p) = E
[
Ξ(z, z?, z⊥)

]
for
(
z

z?

)
∼ N

0,

(
1 p
p Ik

) and z⊥ = z? − zp. (E.29)

Again, the variables (z, z?) correspond to 〈w, z〉,W ?z, and the vector p toW ?w. As before,
the only difference between E

[
Φ(w)

]
and ψ(W ?w) lies in replacing‖z‖with d, and the proof

of Lemma E.1 implies the following: for anyw ∈ Sd−1,∥∥W ?Ψ(w)− ψ(W ?w)
∥∥ ≤ C

d
.

As a result, the functionΨ is approximately k-dimensional for any choice of q as d→ ∞.

We can view the vector ψ(p) as a random variable depending on the choice of a0, ρ0. Since a0
is a sign, we will only consider the dependency of ψ in ρ0. As before, let u

(k)
i be the i-th Her-

mite coefficient of z 7→ σ(k+1)(z)σ′(z)k, and C(k)
i the i-th Hermite tensor of h? [Gra49] – in

particular,C(k)
i is a tensor of order i. We have the analogous result to Lemma E.2:
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Lemma E.3. Under Assumption 5.4, the function ψ(p; ρ0) is analytic in ρ0, with

∂kψ(p; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= u
(k)
0 C

(k)
1 + u

(k)
1 C

(k)
2 p+ o(‖p‖).

Proof. As in Lemma E.2, we can write ψ(0) = ψ(0, ρ0), with

∂kψ(p; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

= E
[
h?(z?)k+1z⊥σ(k+1)(z)σ′(z)k

]
.

From [Dan+24a, Lemma 19], we have

E
[
h?(z?)k+1z?σ(k+1)(z)σ′(z)k

]
=

∞∑
i=0

u
(k)
i+1〈p

⊗i, C
(k)
i 〉p+

∞∑
i=0

u
(k)
i C

(k)
i+1 ×1,...,i p

⊗i.

Since z⊥ = z − zp, we find

∂kψ(p; ρ0)

∂ρk0

∣∣∣∣∣
ρ0=0

=
∞∑
i=0

u
(k)
i

(
C

(k)
i+1 ×1,...,i p

⊗i − 〈C(k)
i+1,p

⊗(i+1)〉p
)
. (E.30)

For i ≥ 0, we have
∥∥∥C(k)

i+1 ×1,...,i p
⊗i
∥∥∥ = O

(
‖p‖i

)
and 〈C(k)

i ,p⊗(i)〉 = O
(
‖p‖i

)
. The only

terms in the sum which are not of order‖p‖2 are the first two terms in the left sum, which yields
the statement of the Lemma.

We are now ready to show the first part of Theorem 5.4. We begin with a characterization of U?
whenever `?p = 1:

Lemma E.4. If `?p = 1, then

U? = span
({

C
(k)
1

}
k≥1

)
.

If `?p = 2, then

U? =
⊕
k≥1

Im
(
C

(k)
2

)
.

Proof. By the properties of the Hermite tensors, we have for any v ∈ V ? and any polynomial p

E
[
ykH1(〈v, z〉)

]
= 〈v, C(k)

1 〉

As a result, if v =
∑

k≥0 vkC
(k)
1 , then by letting p(y) =

∑
k≥0 aky

k we have

E
[
p(y)H1(〈v, z〉)

]
=‖v‖2 6= 0.
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Conversely, if v is orthogonal to every vector C(k)
1 , then E

[
ykH1(〈v, z〉)

]
= 0 for all k ≥ 0,

which implies that v /∈ U?.

The case `?p = 2 is similar, since this time

E
[
ykH2(〈v, z〉)

]
= v>C

(k)
2 v.

As a result, for fixed k, the largest vector space Uk such that E
[
ykH2(〈v, z〉)

]
for all v ∈ Uk is

ker(C(k)
2 ) = Im(C

(k)
2 )⊥. The result ensues fromU? =

⋂
k≥1 U

⊥
k .

Using Assumption 5.4, the following corollary ensues:

Corollary E.1. If `?p = 1, then for any v ∈ U? and almost every ρ0,

〈v, ψ(0)〉 6= 0.

As a result, with probability one, the set {ψ(0; ρ0,i)}i∈[p] spansU? as soon as p ≥ k.

If `?p = 2, then with probability at least 1/2 on the choice of ρ0, a0, dψ(0) is symmetric and has a
strictly positive eigenvalue.

Proof. Let v ∈ U?, and k ≥ 1 such that 〈v, C(k)
1 〉 6= 0. Then

∂k〈v, ψ(0; ρ0)〉
∂ρk0

∣∣∣∣∣
ρ0=0

= u
(k)
0 〈v, C(k)

1 〉 6= 0,

so the function ρ0 7→ 〈v, ψ(0; ρ0)〉 is not the zero function. Since it is also analytic, it is nonzero
for almost every choice of ρ.

We now prove that if p ≤ dim(U?), then the family {ψ(0; ρ0,i)}i∈[p] is free, which implies our
second result. Assume by recursion that {ψ(0; ρ0,i)}i∈[p−1] is free, and let vp ∈ U? orthogonal
to this family. Then with probability one, 〈vp, ψ(0; ρ0,p)〉 6= 0, so ψ(0; ρ0,p) is independent
from {ψ(0; ρ0,i)}i∈[p−1].

Finally, if `?p = 2, then by symmetry of the distribution of ρ0 we can write ψ(p; a0, ρ0) =
a0ψ(p; 1, ρ

′)with ρ′ = a0ρ0 chosen independently from a0. Writing

dψ(0; ρ′) =
∑
k≥1

(ρ′)ku
(k)
1 C

(k)
2 ,

we can see that dψ(0) is a symmetric matrix, which is non-zero with probability one on ρ′. Since
either dψ(0) or−dψ(0) has a positive eigenvalue, a0dψ(0) does with probability 1/2.

We are now ready to prove Theorem 5.4.
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of Theorem 5.4. We begin with the case `?p = 1. Fix a p = p(δ) to be chosen later, and let
ψi(p) = ψ(p; a0,i, ρ0,i) for i ∈ [p]. With probability 1/2 onw0,i, we have 〈w0,i, ψi(0)〉; let
p+ be the number of such neurons. For p = O(log(1/δ)), we have p+ > max(p/4, k) with
probability at least 1− δ

2 .

In particular, with probability one, the set {ψi(0)}i∈[p+] spansU?. Let ε > 0 to be chosen later,
ηi(ε) adapted toψi in Proposition E.4, τi the hitting time for ηi in the i-th neuron. Consider the
time τ = mini τi; applying Proposition E.4 to δ′ = δ/p, we have

τ ≤ maxi∈[p+]
ηi(1 +

√
kε)

γ0
∥∥ψi(0)∥∥ d ≤ C(δ)d.

However, we also have τ > c(δ)γ−1, and hence from Proposition E.2, for any i ∈ [p+]∥∥wt,i

∥∥ ≥ γτ
∥∥ψi(0)∥∥−√

kηiε ≥ c′(δ)

for small enough ε. This proves the first part of the theorem. Now, consider the vectors

ui =
Π?wτ,i∥∥Π?wτ,i

∥∥ ;
by the same argument as in Proposition E.4, for any i ∈ [p+],∥∥∥∥∥ui − ψi(0)∥∥ψi(0)∥∥

∥∥∥∥∥ ≤
√
kε.

Since the {ψi(0)}i∈[p+] span U? with probability one, so do the {ui}i∈[p+] for a small enough
choice of ε.

For the case `?p = 2, we define the p+ “good” neurons as those with dψi(0) having a positive
eigenvalue. Since this happens with probability at least 1/2 independently for each neuron, the
bounds on p(δ) from earlier still apply. For those neurons, and small enough ε, we define the
ηi(ε) as those in Proposition E.4, and τ = maxiτi. Then by Proposition E.4, we have τ ≤
C(δ)d log(d)2 for some constantC(δ).

Now, fix a vector i ∈ [p+]. We define the j-th “excursion” to be the j-th sequence of times
τ
(j)
i , . . . , τ

(j)
i + e

(j)
i such that

∥∥Π?wt,i

∥∥ ≥ ηi. Then:

• With probability at least 1 − e−cγ , we have
∥∥wt+1,i −wt,i

∥∥ ≤ C
√
γ, and thus for any

excursion j we have
∥∥∥∥Π?wτ

(j)
i +e

(j)
i +1,i

∥∥∥∥ ≥ ηi/2.

• between twoexcursions, the results ofPropositionE.3 apply, and thus thenormof
∥∥Π?wt,i

∥∥
increases exponentially.

As a result, for τi ≤ t ≤ τ , we have
∥∥Π?wt,i

∥∥ > ηi/2, which finishes the proof of Theorem 5.4.
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E.3 Additional proofs

E.3.1 Proof of Lemma 5.1

Letσ be an analytic functionwhich is not a polynomial. Then for any k ≥ 0, the functionσ(k) is
also analytic and non-identically zero, and hence so is the function fn = σ(k) · (σ′)k. Lemma 5.1
thus ensues from the following result:

Lemma E.5. Let f be an analytic and non-identically zero function. Then

E
[
f(x+ b)

]
6= 0 and E

[
xf(x+ b)

]
6= 0

for almost every b under the Lebesgue measure.

Proof. The function ψ(b) = E
[
f(x+ b)

]
is analytic in b, and we have

ψ(k)(0) = E
[
f (k)(x)

]
= ckuk(f),

where uk(f) is the k-thHermite coefficient of f and ck is a nonzero absolute constant. Since f is
nonzero, at least one of itsHermite coefficients is nonzero, andψ is a non-identically zero analytic
function. As a result, ψ(b) 6= 0 for almost every choice of b.

The other case is handled as the first one, noting that by Stein’s lemma

E
[
xf(x+ b)

]
= E

[
f ′(x+ b)

]
.

The above shows that for fixed n ∈ N, the set

Bn =

{
b ∈ R : E

[
σ(n)(x+ b)σ′(x+ b)n−1

]
= 0 or E

[
xσ(n)(x+ b)σ′(x+ b)n−1

]
= 0

}
has measure 0. Since there is a countable number of such subsets, the set

B =
⋃
n∈N

Bn

also has measure zero, which is equivalent to the statement of Lemma 5.1.

E.3.2 Proof of Theorem 5.3

Wedecompose the polynomialh? as an even and odd part e(x) and o(x), with degrees do and de.
We first assume that o is non-zero, and that the leading coefficient of o is positive. Then, for odd
m ≥ 0, we have

E
[
xh?(x)m

]
=

m∑
k=0

(
m

k

)
E
[
xe(x)ko(x)m−k

]
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Each term in the above sum is zero if k is odd, we focus on the terms where k is even. There exist
constantsA, ε > 0 such that if |x| ≥ A,

|e(x)| ≥ ε|x|de and |o(x)| ≥ ε|x|do ,

and we let
B = sup

x∈[−A,A]
|e(x)| ∨ sup

x∈[−A,A]
|o(x)|

As a result, when k is even, both e(x)k andxo(x)m−k are even polynomials with positive leading
coefficients, so

E
[
xe(x)ko(x)m−k

]
= E

[
xe(x)ko(x)m−k1x∈[−A,A]

]
+ E

[
xe(x)ko(x)m−k1x/∈[−A,A]

]
≥ ε2E

[
xkde+(m−k)do+11x/∈[−A,A]

]
−ABm

Let d(m, k) = kde + (m− k)do + 1. Then,

E
[
xe(x)ko(x)m−k

]
≥ ε2E

[
xd(m,k)

]
−Ad(m,k) −ABm.

Going back to the sum, and with the crude bound
(
m

k

)
≤ 2m,

E
[
xh?(x)m

]
≥ ε2E

[
xd(m,0)

]
−

m∑
k=1

2m
(
Ad(m,k) +ABm

)
≥ E

[
xm+1

]
− Cm

Since the Gaussian moments grow faster than any power ofm, this last expression is non-zero for
a large enough choice ofm.

Finally, if o is the zero polynomial, we can do the same reasoning with e(x)m to get

E
[
(x2 − 1)e(x)m

]
= ε2(E

[
xmde+2

]
− E

[
xmde

]
)− Cm = ε2mdeE

[
xmde

]
− Cm,

and we conclude as before.

E.3.3 Hardness of sign functions

We show in the appendix the following statement:

Proposition E.6. Letm ∈ N, and

h?(x) = sign(x1 . . . xm)

Then the function h? has Information and Generative Exponents ` = `? = m.

We first show the lower bound. For any vector v ∈ Rm, and k < m,Hk(〈v,x〉) is a polynomial
in z of degree k, and therefore each monomial term is missing at least one variable. We show that
this implies the lower bound of Proposition E.6 through the following lemma:
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Lemma E.6. Let f : {−1, 1} → R be an arbitrary function, and g : Rm → R a function which
is independent from xm. Then

E
[
f(h?(x))g(x)

]
=
f(1) + f(−1)

2
E
[
g(x)

]
Proof. We simply write

E
[
f(h?(x))g(x)

]
= E

[
E
[
f(h?(x))g(x) | x1, . . . , xm−1

]]
= E

[
g(x)E

[
f(h?(x)) | x1, . . . , xm−1

]]
= E

[
g(x)

f(1) + f(−1)

2

]
=
f(1) + f(−1)

2
E
[
g(x)

]
,

where at the second line we used that g only depends on x1, . . . , xm−1 and at the third line the
addition of xm randomly flips the sign of h?.

Using this property on every monomial inHk(〈v,x〉) and summing back, we have for any func-
tion f

E
[
f(h?(x))Hk(〈v,x〉)

]
=
f(1) + f(−1)

2
E
[
Hk(〈v,x〉)

]
(E.31)

But the latter is zero when k ≥ 1 by orthogonality of the Hermite polynomials. This shows that
`?v ≥ m for all v ∈ Rm, and thereforem ≤ `? ≤ `.

For the upper bound, let v = e1 + · · ·+ em. Then

Hm(〈v,x〉) = m!x1 . . . xm +Q(x),

whereQ is a polynomial where each monomial has a missing variable. As a result,

E
[
h?(x)Hm(〈v,x〉)

]
= m!E

[
h?(x)x1 . . . xm

]
= m!E

[
|x1 . . . xm|

]
= m!

(√
2

π

)m
which is a non-zero value, hence `? ≤ ` ≤ m.

E.4 Additional Numerical Investigation

In this section, we present further numerical investigation to support our theory and extend it
beyond the mathematical hypotheses used in the formal proof.
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Figure E.1: example of two different algorithmwith data repetitions learning an hard single-index
target h?(z) = He3(z1), ` = 3, `? = 1. Left: SAM, with ρ0 = 0.1, γ0 = 0.01. Right: 2-
Lookahed with γ0 = 0.1. See details in Appendix E.5.

E.4.1 Testing wider range of Algorithm 5.1

In the main we presented all the numerical simulation using ρ > 0, i.e. ExtraGradient method-
/descent. In Figure E.1 Left, we repeat one of the experiment of Figure 5.1 in the case ρ < 0,
the Sharpness-Aware Minimization. The two algorithms are based on very different principle,
but in our context they behave in the same way: the reusing of the data makes high information
exponent function easily learnable. The global picture for ρ 6= 0 is the same regardless of its sign.

Although Algorithm 5.1 includes a broad variety of algorithms, it is not the most general domain
of validity of our theory. Simple algorithms such as repeating the gradient step twice on the same
data before discarding it (also known as 2-lookahead optimizer [Zha+19]) are not part of Algo-
rithm5.1, yet our considerations are still valid. In fact, the data repetition is sufficient to introduce
correlations across two consecutive steps, whose effect builds up along the dynamics causing the
network to learn hard targets. A simple illustration of this claim is available in Figure E.1 Right.

E.4.2 Extensive batch size

In this section, we want to present some evidence that our result does not change when the batch
size is 1 < nb ≤ O(d

`?

2 ). The formal proof we presented in the paper is valid in the case where
the batch size is nb = 1, but we strongly believe it is the case when training with larger batches.

In the context of the information exponent, it has been shown in [Arn+24b] that the total sample
complexity does not change when using batch sizes nb ≤ O

(
d

`
2

)
. The heuristic argument

for this behavior is that using a larger batch size increases the learning rate since the noise of the
gradient is “more” averaged out, ultimately reducing the number of steps. The same argument
should pass from information exponent to generative exponent, allowing the claim (when nb ≤
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Figure E.2: Single-index recovery for large-batch training. The dashed horizontal line 1√
d
is a

visual guide to place randomperformance. The plots showσ = relu, γ = 0.01, ρ = 0.1, and the
performance is computed averaging across 10 different runs. Left (`, `?) = (3, 1): h? = He3.
Right (`, `?) = (4, 2): h? = He4. See details in Appendix E.5.

O

(
d

`?

2

)
)

T · nb ∼


O(d`

?−1) if `? > 2

O(d log d) if `? = 2

O(d) if `? = 1

. (E.32)

Note that this drastically reduces the time steps needed to learn the teacher’s directions, although
the sample complexity does not change. [Dan+24b] first shows that some high-information ex-
ponent functions, such as He3, can be learned in just a few steps with full-batch gradient descent
nb = O(d). In the same work, they introduce a larger class of hard functions that cannot be
recovered in T = O(1), not providing any information on possible bounds on the number of
time steps, nor any claim suggesting that not all the function in the class have the same sample
complexity. Our theory can provide a full understanding of the phenomena:

• He3 has generative exponent `? = 1, that implies we needO(d) samples to weakly recover
the target; when training with batch sizenb = O(d), we haveT = O(1) as in [Dan+24b];
Figure E.2 (Left) is a numerical proof of this fact.

• He4 has generative exponent `? = 2, that implies we need O(d log d) samples to weakly
recover the target; when training with batch size nb = O(d), we have T = O(log d);
Figure E.2 (Right) is a numerical proof of this fact.

We can push our claims beyond single-index targets and illustrate the same phenomena for multi-
index functions. In Figure E.3 we test Extragradient Descent against two hard multi-index func-
tions: once again the sample complexity is the same as the case nb = 1, while the number of steps
is reduced by a factor nb = d.
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Figure E.3: Multi-index recovery for large-batch training. The dashed horizontal line 1√
d
is a

visual guide to place random performance. The plots show σ = relu. Upper (`v, `?v) = (3, 1):
h?(z) = sign(z1z2). Lower (`v, `?v) = (4, 2): h?(z) = z1z2z3. See Appendix E.5 for details.
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E.5 Implementation Details

In this section, we provide all the implementation details needed to reproduce the Figures of the
paper. The full implementation can be found in the repository linked in the main paper.

Unless explicitly stated, we always run the plain version of Algorithm 5.1 with squared loss, as
opposed to Assumption 5.3 which requires correlation loss and spherical gradient. We use the
reLU function as an activation. Finally, we always run simulations withW 0⊥W ?, which does
not fall under Assumption 5.2. Indeed, our numerical simulations deviate from the theoretical
assumptions needed for the formal proofs, but the aim here is to show that our claims are valid
beyond the technical limitations of the theory and that they can allow us to understand settings
closer to what is used in practice.

In the plots with a single-index target we plot the absolute value of the cosine similarity between
the student weightw and the teacher weightw?, averaged acrossN different runs (where we vary
both seen samples and initial conditions). If q in the index for different runs:

yaxis(t) =
1

N

N∑
q=1

∣∣∣CosSim(w
(q)
t ,w?(q))

∣∣∣ ,
where

CosSim(w,w?) =
w ·w?

‖w‖2‖w?‖2
.

In the plots with a multi-index target, we take the maximum across all the network weights

yaxis(t) =
1

N

N∑
q=1

maxj∈[p]
∣∣∣CosSim(w

(q)
j,t ,w

?(q))
∣∣∣ .

E.5.1 Hyperparameters of the Figures

Here are the hyperparameters used in the figures:

• Figure 5.1 (all 4): d = 8192, γ0 = 0.01, ρ0 = 0.1, N = 40.

• Figure 5.3 (left): p = 8, d = 2048, γ0 = 0.01, ρ0 = 0.1, N = 40, a0j ∼ Rad(1/2).

• Figure 5.3 (center-left): p = 8, d = 2048, γ0 = 0.01, ρ0 = 0.1, N = 40, a0j ∼
N (0, 1).

• Figure 5.3 (center-right): p = 8, d = 2048, γ0 = 0.1, ρ0 = 0.1, N = 40, a0j ∼
N (0, 1).

• Figure 5.3 (right): p = 8, d = 2048, γ0 = 0.1, ρ0 = 0.1, N = 20, a0j ∼ N (0, 1).

• Figure 5.2 (left): p = 8, d = 2048, γ0 = 0.1, ρ0 = 0.1, N = 40, a0j ∼ N (0, 1).

• Figure 5.2 (right): p = 4, d = 1024, γ0 = 0.01, ρ0 = 0.1, N = 10, a0j ∼ N (0, 1).

• Figure 5.4: p = 4, d = 1024, γ0 = 0.01, ρ0 = 0.1, N = 10, a0j ∼ N (0, 1).
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• Figure E.1 (left): SAM d = 4096, 8192, γ0 = 0.01, ρ0 = 0.1, N = 40.

• Figure E.1 (right): 2-Lookahead d = 4096, 8192, γ0 = 0.01, ρ0 = 0.1, N = 40.

• Figure E.2 (all 2): d = 8192, nb = 2d, γ0 = 0.1, N = 40.

• Figure E.3 (upper): p = 8, d = 2048, nb = 2d, γ0 = 0.1, ρ0 = 0.1, N = 40,
a0j ∼ N (0, 1).

• Figure E.3 (lower): p = 8, d = 2048, nb = 2d, γ0 = 0.1, ρ0 = 0.1, N = 20,
a0j ∼ N (0, 1).



Appendix F

Appendices to “Asymptotics of SGD
in Sequence-Single Index Models and
Single-Layer Attention Networks”

F.1 Reduction from attention to sequence single-index

LetX ∈ RL×d denote a sequence of lengthL ofd-dimensional tokens, and consider the standard
dot-product attention:

Attention(X) = softmax

(
QK>
√
dhead

)
V (F.1)

where Q =
(
X + P√

d

)
WQ,K =

(
X + P√

d

)
WK , V =

(
X + P√

d

)
WV ∈ RL×dhead are

trainable weights known as the query, key and valuematrices, respectively. ThematrixP ∈ RL×d
is the positional encoding, a fixed matrix needed to inject a representation of the position of the
tokens in the sequence. To make the analysis tractable, [Tro+25b] considered the following sim-
plifying assumptions:

• Key and query matrix are tied, and dhead = 1: Q = K =
(
X + P√

d

)
·w ∈ RL×1;

• Identity value matrix V = IL.

Note the second assumption is mild for single-layer attention, since we do not need to learn a new
representation of the sequence. Under these assumptions, Equation (F.1) reduces to:

TiedAttention(X) = softmax

((
X +

P√
d

)
ww>

(
X +

P√
d

)>
)

(F.2)

This is a map from sequences X ∈ RL×d to L × L matrices. Further adding the reduction
map Π : RL×L → Rkout , we get the model in Equation (6.1). Finally, to get the reduction to a

203



204 APPENDIX F. SGD IN SINGLE-LAYER ATTENTIONNETWORKS

sequence single-index model, it suffices to consider P = 0 and the map on real-valued sequences
s ∈ RL:

g(s) = Π
[
softmax (ss>)

]
(F.3)

F.2 Mathematical preliminaries and notations

F.2.1 Tensors

Weconsider tensors asmultidimensional arrays: a tensorT oforderk anddimensions (d1, . . . , dk)
is simply an element of Rd1×···×dk . Its elements are denoted by Ti1...ik , where i` ∈ [d`]. The
scalar product between two tensors with same dimensions is defined as

〈T, T 〉 =
∑
i1,...,ik

Ti1...ikT
′
i1...ik

.

We say that a tensor is symmetric if all its dimensions are equal and for any index (i1, . . . , ik) and
permutation σ ∈ Sk,

Ti1...ik = Tiσ(1)...iσ(k)
.

We shall need two operations on tensors: the first is the tensor product, that turns two tensors of
order k, ` into a tensor of order k + ` defined as

(T ⊗ T ′)i1...ik+`
= Ti1...ikT

′
ik+1...ik+`

.

The second is the tensor-matrix contraction: given a tensor T of order k, an index ` and a matrix
M of size d` × d′`, the tensor T ×`M is defined as

(T ×`M)i1...i′`...ik =
∑
i`

Ti1...i`...ikMi`i
′
`

Given kmatricesM (1), . . . ,M (k), we will use the shorthand

T × (M (1), . . . ,M (k)) = T ×1 M
(1) · · · ×kM

(k)

Immediate properties of those operations are gathered in the following lemma:

Lemma F.1. The operation× is associative: if T is a tensor and

(M (1), . . . ,M (k)), (N (1), . . . , N (k))

are matrices with compatible dimensions,(
T × (M (1), . . . ,M (k))

)
× (N (1), . . . , N (k)) = T × (M (1)N (1), . . . ,M (k)M (k))

Let T ∈ Rd1×···×dk and (x1, . . . ,xk) ∈ Rd1 × · · · × Rdk . Then

〈T,x1 ⊗ · · · ⊗ xk〉 = T × (x1, . . . ,xk).
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Odeco tensors Since tensors of order k ≥ 3 are sometimes hard to handle, we work with a
restricted class. We say that a symmetric tensorT is odeco (short for orthogonally decomposable, see
[Rob16]) if there exist real numbers λ1, . . . , λr and orthogonal vectors v1, . . . ,vr such that

T =
r∑
i=1

λiv
⊗k
i .

In particular, all tensors of order 1 (with r = 1) and 2 (with r equal to the rank of T ) are odeco.

F.2.2 Hermite Polynomials

In this sectionwe provide our definition ofHermite polynomials, which are used in the construc-
tion of the Hermite basis, both for the one-dimensional and the multidimensional case.

Gaussian measure and Gaussian `2 space We define the Gaussian density in p dimensions

ωp(x) =
1

(2π)p/2
exp

(
−‖x‖

2

2

)
,

and dωp(x) = ωp(x)dx. This measure defines a space `2(ωp) of functions f satisfying

‖f‖ω :=

∫
f(x)2dωp(x) <∞;

it is a Hilbert space w.r.t the scalar product

〈f, g〉ω =

∫
f(x)g(x)dωp(x).

Hermite polynomials and tensors We follow the conventions of [Gra49]. Define the k-th
Hermite tensorHk as

Hk =
(−1)k

ωp
∇kωp,

where∇k is the k-th order derivative. This results in a k-th order symmetric tensor of size p ×
· · · × p. The Hermite tensors are orthogonal, in the sense that

〈(Hk)i1...ik , (H`)j1...j`〉ω 6= 0 if and only if k = `

and (i1, . . . , ik) is a permutation of (j1, . . . , j`).

When p = 1, all Hermite tensors are scalars, and we get the usual Hermite polynomials:

He0(x) = 1, (F.4)
He1(x) = x, (F.5)
He2(x) = x2 − 1, (F.6)
He3(x) = x3 − 3x, (F.7)
He4(x) = x4 − 6x2 + 3. (F.8)
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Hermite expansion The orthogonality properties of the Hermite tensors imply the following
theorem:

Theorem F.1. Let f ∈ `2(ωp). There exist a unique sequence of coefficients
(
Ck(f)

)
k≥0

such that
Ck(f) is a tensor of order k and

f =
∑
k≥0

〈Ck(f),Hk〉. (F.9)

Those coefficients are given by the following formula:

Ck(f) =
1

k!

∫
f(x)Hk(x)dωp(x).

Further, the scalar product 〈·, ·〉ω can be written as

〈f, g〉ω =
∑
k≥0

k! 〈Ck(f), Ck(g)〉

The proof of this theorem can be found in [Gra49]. The identity (F.9) is called the Hermite
expansion of f , and theCk(f) are itsHermite coefficients.

Finally, by invariance of the Gaussian distribution through orthogonal transformation, the fol-
lowing holds:

Lemma F.2. Let g : Rp → R, and W ∈ Rp×q be a matrix satisfying WW> = Ip. Let
f(x) = g(Wx). Then

Ck(f) = Ck(g)× (W, . . . ,W ).

When p = 1 andw is a single vector, we get

Ck(f) = ck(g)w
⊗k.

This gives rise to a link between odeco tensors and separable functions:

Lemma F.3. Let g : R` → R be a separable function, such that

g(z) =
∑
i

gi(zi),

W ∈ R`×q an orthogonal matrix, and let f(x) = g(Wx). Then

Ck(f) =
∑̀
i=1

ck(gi)w
⊗k
i ,

and in particular every Hermite coefficient of f is odeco.
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F.3 Formalization and proofs

F.3.1 Preliminaries

We consider the following approximation of the SGD dynamics:

dw

dt
= −E ∗ ∇⊥

wL(X, y, fw)−
γ

2
E ∗
∥∥∥∇⊥

wL(X, y, fw)
∥∥∥2w (F.10)

The results of [BGJ21] (whenm is a scalar) and [Arn+24c] (whenm is a vector) imply the fol-
lowing:

Theorem F.2. Let tη be the weak recovery time of the ODE (F.10), with the same initial conditions
as the process (6.2), and let νweakη be the number of gradient steps of Definition 6.1. Then for small
enough η and any δ > 0, there exist constants c(δ), C(δ) such that if

γ = c(δ)(dtη)
−1, (F.11)

then with probability at least 1− δ

νweakη ≤ C(δ)dt2η.

On the other hand, for any number of steps ν ≤ C(δ)dt2η , if γ ≤ c(δ)(dν)−1/2, then with proba-
bility 1− δ

νweakη ≥ c(δ)ν

Whenγ does not satisfy the bound (F.11), we cannot showa strong enough concentration around
the deterministic ODE dynamics, and hence directly showing non-convergence of (6.2) is diffi-
cult. However, as we shall see in the proof, above this value of γ the inhibitive term in (F.10)
dominates at initialization, and hence the ODE dynamics stay trapped around zero overlap with
the target subspace. For this reason, we shall consider (in line with [BGJ21]) that the sample com-
plexity cannot be improved by increasing γ above the bound (F.11).

Remark F.1. When γ is instead fixed below the value (F.11), the hitting time of the dynamics 6.2
is instead given by

νweakη (γ) � γ−1tη.

We shall also assume thatm0 > 0, and that the coefficients appearing in the gain expression in
Theorem 6.2 are all non-negative. As mentioned in [BGJ21; Arn+24b; Arn+24c], this condi-
tion can be ensured with probability 1/2 by randomly setting the learning rate to±γ with equal
probability.

F.3.2 An ODE for overlap evolution

We begin by computing the expectation of the gradient term:
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Lemma F.4. In the tied case, we have when‖w‖ = 1

E ∗ L(X, y, ftied) = Ey2 − 2
∑
k≥0

ck(σ)Ck(g)× (1L, . . . , 1L)mk +‖σ‖ω .

In the untied case, we have instead

E ∗ L(X, y, funtied) = Ey2 − 2
∑
k≥0

ck(σ)Ck(g)× (m, . . . ,m) +‖σ‖ω .

Proof. Recall thatL(X, y, f) = (y−f(X))2 = y2−2yf(X)+f(X)2. For simplicity, define

w̃tied =(ww . . .w) ∈ RdL,
w̃untied =(w1 . . .wL) ∈ RdL, and

W̃ ? =


w?

1 0 · · · 0
0 w?

2 · · · 0
...

... . . . ...
0 0 · · · w?

L

 ∈ RL×dL

Then, for� ∈ {tied, untied}, we have

f�(X) = σ

(
〈w̃�, flatten(X)〉√

L

)
and y(X) = g(W̃ ? · flatten(X)).

Since flatten(X)√
L

is a standard normal vector, and both w̃�√
L
and W̃ ?

√
L
are orthogonalmatrices, we can

use the Hermite expansion properties to find

E ∗ f�(X)y(X) =
∑
k≥0

〈Ck(f�), Ck(y)〉

=
∑
k≥0

〈ck(σ)w̃⊗k
� , Ck(g)× (W̃ ?, . . . ,W ?)〉

=
∑
k≥0

ck(σ)Ck(g)× (W̃ ?w̃�, . . . , W̃
?w̃�).

In the tied case, we have W̃ ?w̃tied = m1L, while in the untied case W̃ ?w̃untied = m. For the
last term, we have in both cases 〈w̃�,flatten(X)〉√

L
∼ N (0, 1)whenever‖w̃�‖2 = L, and hence

Ef�(X)2 =‖σ‖ω .

This ends the proof.
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When‖w‖ (resp.‖wi‖ is different from one, the expressions of Lemma F.4 depend on q =‖w‖2
(resp. qi =‖wi‖2). However, we can write

∇wEL(X, y, ftied) =
∂

∂m
EL(X, y, ftied)w? + 2

∂

∂q
EL(X, y, ftied)w.

As a result, we have

∇⊥
wEL(X, y, ftied) =

(
∂

∂m
EL(X, y, ftied)

)
(w? −mw).

The same holds for the untied case:

∇⊥
wEL(X, y, ftied) =

(
∂

∂mi
EL(X, y, ftied)

)
(w? −miwi)

We arrive at the following result:

Proposition F.1. Define the drift functions

φtied(m) = 2(1−m2)
∑
k≥0

kck(σ)Ck(g)× (1L, . . . , 1L)mk−1

φuntied(m) = 2(1−m ◦m) ◦
∑
k≥0

ck(σ)Ck(g)× (IL,m, . . . ,m).

Then the tied and untied overlaps satisfy the following ODEs:

dm

dt
= φtied(m)− γ

2
E ∗
∥∥∥∇⊥

wL(X, y, fw)
∥∥∥2m (F.12)

dm

dt
= φuntied(m)− γ

2
E ∗
∥∥∥∇⊥

wL(X, y, fw)
∥∥∥2m (F.13)

F.3.3 Controlling the gradient norm

We turn our attention to the inhibitive terms in Proposition F.1. We show the following:

Lemma F.5. There exist an η > 0 and two constants c, C such that ifm < η (resp.‖m‖ ≤ η),

cd ≤ E ∗
∥∥∥∇⊥

wL(X, y, fw)
∥∥∥2 ≤ Cd

Proof. We only treat the tied case; the untied one is done similarly. Differentiating the loss w.r.t
w, we find

∇wL(X, y, f) = 2σ′
(
〈wtied, flatten(X)〉√

L

)(
σ

(
〈wtied, flatten(X)〉√

L

)
− y(X)

)
·
∑

i xi√
L
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We write xi = x
‖
i + x

⊥
i , where x

‖
i is the projection on xi on the subspace spanned byw and

w?. Then

∇⊥
wL(X, y, f) = 2σ′

(
〈wtied, flatten(X)〉√

L

)(
σ′
(
〈wtied, flatten(X)〉√

L

)
− y(X)

)
·
∑

i(I −ww>)x
‖
i +

∑
i x

⊥
i√

L

Importantly, the vectorx⊥i is independent fromanyof the prefactors, andhas squarednormd−2,
while the first vector is a fixed-dimensional Gaussian. As a result, we have

E ∗
∥∥∥∇⊥

wL(X, y, f)
∥∥∥2 = E ∗ fw(X)2(y(X)− fw(X))2(d− 2) +O(1)

It remains to show that the expectation above is bounded away from zero. Assuming that the
labels are centered for simplicity, whenm = 0 the expectation simplifies to

L0 = E ∗ fw(X)2E ∗ y(X)2 + E ∗ fw(X)4 > 0.

By continuity, we can choose η > 0 such that if |m| ≤ η

L0

2
≤ E ∗ fw(X)2(y(X)− fw(X))2 ≤ 2L0,

which ends the proof.

F.3.4 Hitting time for the tied dynamics

We are now ready to prove Theorem 6.1 (as well as part of Theorem 6.2). In light of TheoremF.2,
it suffices to compute the hitting time tη of the tied dynamics (F.12). Since φtied(m) = 2CSIE ×
(1L, . . . , 1L)mSIE−1 +O(mSIE), there exists an ηtied > 0 such that ifm < ηtied,

cSIE(σ)CSIE × (1L, . . . , 1L)mSIE−1 < φtied(m) < 3cSIE(σ)CSIE × (1L, . . . , 1L)mSIE−1

Combining this with the bound of Lemma F.5, we find that wheneverm(t) ≤ η for some con-
stant c > 0,

dm

dt
≥ c · CSIE × (1L, . . . , 1L)mSIE−1 − Cγdm

For any δ > 0, there exists a constant κ(δ) such that with probability at least 1− δ,

m(0) ≥ κ(δ)√
d
.

As a result, when γ ≤ κ(δ)SIE−1C−1d−
SIE
2
+1, then for 0 ≤ t ≤ tη

dm

dt
≥ c′ · CSIE × (1L, . . . , 1L)mSIE−1

This implies:

• when SIE = 1,

m(t) ≥ m0 +
CSIE × (1L, . . . , 1L)

2
t, hence tη ≤

C ′η

CSIE × (1L, . . . , 1L)
;
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• when SIE = 2,

m(t) ≥ m0 exp
(
CSIE × (1L, . . . , 1L)

2
t

)
, hence tη ≤

C ′ ln(d)
CSIE × (1L, . . . , 1L)

;

• when SIE ≥ 3,

m(t) ≥
(
m(0)2−SIE − CSIE × (1L, . . . , 1L)

2
(SIE− 2)t

)− 1
SIE−2

,

hence

tη ≤
C ′d

SIE
2
−1

CSIE × (1L, . . . , 1L)
.

The bound on γ above is always weaker (up to constant factors) than the bound γ ≤ C(dtη)
−1

of Theorem F.2, and hence we always have

νweakη ≤ Cdt2η,

which corresponds to the statement of Theorem 6.1.

On the other hand, for any t ≥ 0we have

dm

dt
≤ 3CSIE × (1L, . . . , 1L)mSIE−1,

which by the same reasoning implies that the bounds on tη that we obtained are sharp up to
constants.

F.3.5 Hitting time for untied dynamics

We are now ready to finish the proof of Theorem 6.2. Since

φuntied(m) = 2cSIE(σ)CSIE × (IL,m, . . . ,m) +O(‖m‖SIE),

for small enough η > 0we have for t ≤ tη

d‖m‖
dt

≤ C · CSIE × (m, . . . ,m) +‖CSIE‖‖m‖SIE−1 ≤ (C + 1)‖CSIE‖ ·‖m‖SIE−1 .

Recall that the hitting time tη,untied corresponds to‖m‖ hitting the threshold η
√
L. As a result,

since the dependency in η is of leading order only for SIE = 1, we find

tη,untied ≥
c

‖CSIE‖


η
√
L if SIE = 1

log(d) if SIE = 2

d
SIE
2
−1 if SIE ≥ 3
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Since the gain satisfies

gain �

(
tη,untied
tη

)2

,

this proves the first part of Theorem 6.2.

For the second part, assume thatCSIE is odeco, hence there exists λ1, . . . , λL and orthogonal vec-
tors v1, . . . ,vL such that

CSIE =

L∑
i=1

λiv
⊗SIE
i .

We assume that the λi are ordered by absolute value, so that‖CSIE‖ = |λ1| Letting m(1) =
〈m,v1〉, we have

〈v1, CSIE × (IL,m, . . . ,m)〉 = CSIE × (v1,m, . . . ,m) = λ1(m
(1))SIE−1

For small enough η, this implies that

dm(1)

dt
≥ c‖CSIE‖ (m(1))SIE−1

Since‖m‖ ≥ m(1) by the Cauchy-Schwarz inequality, the hitting time tη,untied is at most that of
m(1), and hence

tη,untied ≤
C

‖CSIE‖


η
√
L ifSIE = 1

log(d) ifSIE = 2

d
SIE
2
−1 ifSIE ≥ 3

This closes the upper bound of Theorem 6.2.

F.3.6 The effect of positional encoding on the flatness

We conclude with the proof of Lemma 6.1.

Proof. Let Rnew(e,m) and R(m) be the reduced population losses of Equation (6.9) for the
model with and without positional encoding, respectively, so thatR(m) = Rnew(0,m). Then

∂kRnew

∂mk
(0, 0) =

dkR

dmk
(0),

and hence ∇kR(0) 6= 0 implies that ∇kRnew(0, 0) 6= 0. The first non-vanishing derivative
of Rnew at the origin therefore appears at an order no larger than that of R, which is exactly
κ(fneww ,f SSIw?

) ≤ κ(fw,f
SSI
w?

).
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Figure F.1: Population loss of the model in Equation (F.15) with odd targets. (left) g(z?) =
He1(z?,1) +He1(z?,2), no positional encoding; (center-left) g(z?) = He1(z?,1) +He1(z?,2),
injected positional encoding; (center-right) g(z?) = He3(z?,1) +He3(z?,2), no positional en-
coding; (right) g(z?) = He3(z?,1) + He3(z?,2), injected positional encoding. L = 2, P̃ = 0
in order to isolate the effect of the injection.

F.4 Sequence Information Exponent Beyond attention

In the main paper, we discussed the learning of a generic Sequence Single Index model with a
parametrized model like Equation (6.1), with the goal of modelling the attention mechanism
learning. The theory of Sequence Information Exponent goes beyond this, and can be used to
understand the sample complexity of the learning of a generic sequence single-index model both
as a target and as a trained model. In this Appendix, we focus on a particular choice of positional
encoding that breaks the even symmetry of the model, allowing attention to weakly recover odd
SIE targets. In particular, we consider a dynamical positional encoding of the form:

Pi =
ci√
d
w + P̃i with P̃i ∈ RL×d a fixed vector. (F.14)

c ∈ RL is a fixed vector of coefficients. We call this special version of positional encoding injected
positional encoding. The trained model becomes:

fw(X) = Π

softmax
(X +

P̃√
d

)
ww>

(
X +

P̃√
d

)>

+ cc>


 , (F.15)

and it has now a non-zero odd Hermite expansion. In Figure F.1 we show examples of popula-
tion losses with odd targets, learned with the model in Equation (F.15). The injected positional
encoding breaks the symmetry, as the population risk plots show.

F.5 Further analysis on the effect of sequence length

The aim of this Appendix is to clarify and give further examples on Theorem 6.2. Here we pro-
vide an intuitive explanation of the result, while the mathematical details can be found in Ap-
pendix F.3.
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F.5.1 Anatomy of the gain

The gain counts gradient steps (Definition 6.1), while the analysis of Appendix F.3 is carried out
on the gradient flow of Equation (6.11), which lives in continuous time. The learning rate is what
converts one into the other, and it is precisely this conversion that decides whether the sequence
length enters the gain once or twice. In this Appendix we write ttied and tuntied for the weak re-
covery times of the gradient flow— called tη and tη,untied in Appendix F.3 — and keep νweakη for
the number of gradient steps.

From continuous time to gradient steps Theorem F.2 relates the two, for a network whose
gradient flow reaches weak recovery at time t. As long as the learning rate obeys

γ . γmax ∼ 1

d t
, (F.16)

weak recovery is reached after

νweakη ∼ t

γ
(F.17)

gradient steps, whereas above γmax the inhibitive term of Equation (6.11) dominates at initializa-
tion and the network never leaves the uninformative region. The key observation is that t appears
in both equations: saturating Equation (F.16) gives νweakη ∼ d t2, so the weak recovery time of the
flow is paid twice when the learning rate is itself scaled up with L, and only once when it is held
fixed. This is the whole origin of the two regimes discussed below.

The twoweak recovery times Close to initialization, both networks follow a flow of the same
shape (Appendix F.3),

dm

dt
∼ αmSIE−1, (F.18)

and differ only through the drift constant α and the threshold θ that the overlap has to reach:

αtied = CSIE × (1, . . . ,1), θtied = η,

αuntied =‖CSIE‖op , θuntied = η
√
L.

(F.19)

The drifts differ because of the structure of the two networks: the tied network builds up cor-
relation faster than the untied one, since its single weight vector composes the L signals of the
sequence coherently and therefore feels the target through its contraction along (1, . . . ,1); the
untiednetwork, havingL independentweights, canonly follow the leading directionof the tensor
CSIE, whose strength is measured by the operator norm. The thresholds differ for a purely geo-
metric reason: weak recovery of the untied network is expressed throughmuntied = ‖m‖/

√
L, so

its overlap vector has to reach a norm
√
L times larger than the scalar overlap of the tied network.

Integrating Equation (F.18) from the initial overlapm(0) ∼ 1/
√
d up to θ gives

t ∼ 1

α
·


θ SIE = 1,

ln d SIE = 2,

d
SIE
2
−1 SIE ≥ 3,

(F.20)
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and this is where the special role of SIE = 1 is born. When SIE = 1 the overlap grows linearly
in time, so the weak recovery time is directly proportional to the threshold, and a threshold

√
L

times larger costs exactly
√
L times more time. When SIE ≥ 2 the growth is instead exponential

(SIE = 2) or explosive (SIE ≥ 3), and theweak recovery time is dominated by the escape from the
small initial overlapm(0): the threshold then enters only logarithmically, or through a bounded
additive term, and its

√
L is subleading. Dividing the two hitting times,

tuntied
ttied

∼ CSIE × (1, . . . ,1)

‖CSIE‖op
·

{√
L SIE = 1,

1 SIE ≥ 2.
(F.21)

Why the factor for SIE = 1 is sometimes
√
L and sometimes L Writing Equation (F.17)

for both networks, the gain splits into two factors,

gain =
νweakη,untied

νweakη

∼ tuntied
ttied

· γtied
γuntied

, (F.22)

and everything hinges on how the two learning rates are chosen. If the networks are trained with
the same learning rate — or, more generally, with two rates whose ratio does not scale with L
— the second factor is 1. If instead each network is given the largest learning rate it can afford,
Equation (F.16) turns the second factor into a second copy of the first, because γmaxtied /γ

max
untied =

tuntied/ttied. Hence

gain ∼


tuntied
ttied

equal learning rates,(
tuntied
ttied

)2

optimal learning rates.
(F.23)

Substituting Equation (F.21) in the second case gives

gain ∼

(
CSIE × (1, . . . ,1)

‖CSIE‖op

)2

·

{
L SIE = 1,

1 SIE ≥ 2,
(F.24)

which is exactly the statement of Theorem 6.2: the theorem is formulated at the optimal learning
rate, as announced when the gain was defined. The extra factor attached to SIE = 1 is therefore
not a constant of the model: it is

√
L when the two networks share the same learning rate, and

L when both rates are pushed to their maximum. It is one and the same effect — the
√
L larger

threshold of Equation (F.19) — counted once or twice, exactly like the drift ratio next to it.

For later use, combining Equations (F.16) and (F.20), the largest admissible learning rates scale
with the sequence length as

γmaxtied ∝ CSIE × (1, . . . ,1),

γmaxuntied ∝‖CSIE‖op ·

{
1/
√
L SIE = 1,

1 SIE ≥ 2,

(F.25)

up to factors that do not depend onL. Their ratio is again tuntied/ttied, as it must be.
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Figure F.2: The gain in the case of a target function with SIE = 2, where both cases use the same
learning rate γ0 = 0.005. (left) The evolution of the overlap, (middle) the weak recovery time
and (right) the gain. The gain is proportional toL, as predicted. d = 3000, σ = ReLU

F.5.2 Example at non-optimal learning rate

In Figure 6.3we presented the speed up in the case of a target functionwith SIE = 2, and optimal
learning rate for both the tied and untied network. Here we want to show that our result predicts
the gain well even when the learning rates are not scaled up optimally. In particular, consider the
same setting as in Figure 6.3, but with the learning rates

γtied = γuntied = γ0 independent ofL. (F.26)

The target is g(z?) =
∑L

i=1He2(z?,i), so that C2 = IL, C2 × (1,1) = L and‖C2‖op = 1.
Since SIE = 2 there is no threshold correction, and Equation (F.21) gives tuntied/ttied ∼ L. The
two learning rates are equal, so we are in the first case of Equation (F.23) and the flow ratio is
counted only once:

gain ∼ tuntied
ttied

∼ L. (F.27)

In Figure F.2 we show the result of the simulation, where we can see that the gain is indeed pro-
portional to L, as predicted. It is worth stressing that this is the very same target function as in
Figure 6.3, where the measured gain is instead L2: the two experiments differ only in the choice
of the learning rates, which decides whether the flow ratio is counted once or twice.

F.5.3 The upper bound on the learning rate scaling

In this subsection we want to show an example proving that not all scalings of the learning rate
are allowed: if it grows too fast with the sequence length, the network will not be able to learn.

Let’s take as example the SIE = 1 target function

g(z?) =
1√
L

L∑
i=1

z?,i, (F.28)

with the corresponding leading Hermite tensor

C1 =
(
1/
√
L . . . 1/

√
L

)
∈ RL, (F.29)
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Figure F.3: The gain in the case of a target function with SIE = 1, where both cases use the same
learning rate γ0 = 0.015. (left) The evolution of the overlap, (middle) the weak recovery time
and (right) the gain. The gain is proportional toL, as predicted. d = 1000, σ = ReLU

for which C1 × 1 =
√
L and‖C1‖op = 1. This time SIE = 1, so the threshold correction of

Equation (F.21) is active and contributes a second
√
L:

tuntied
ttied

∼ C1 × 1

‖C1‖op
·
√
L =

√
L ·

√
L = L. (F.30)

We train both networks with one and the sameL-independent learning rate

γtied = γuntied = γ0, (F.31)

so that, once again, the flow ratio is counted only once:

gain ∼ tuntied
ttied

∼ L. (F.32)

InFigure F.3we show the result of the simulation,wherewe can see that the gain is indeedpropor-
tional toL, as predicted. Note that here the SIE = 1 correction shows up as a

√
L, and not as the

L of Theorem 6.2, precisely because the learning rates are held fixed: had we instead scaled both
of them up to their maximum, Equation (F.24) would have predicted gain ∼ (

√
L)2 · L = L2.

The two experiments of this Appendix therefore both measure a gain proportional to L, but for
different reasons: for SIE = 2 the whole factor comes from the drift ratio, while for SIE = 1 half
of it comes from the drift ratio and half from the larger threshold of the untied network.

We can now ask what happens if we push the learning rate scaling of the untied network beyond
the limit of Theorem 6.2. If we keep γtied = γ0 and set

γuntied = γ0 · L, (F.33)

the ratio between the learning rates becomes now γtied/γuntied = 1/L, and Equation (F.22) would
give

gain ∼ L · 1
L

= 1. (F.34)

Apparently, the untied networkperformance ismatching the one of the tied network. The predic-
tion is however void, because Equation (F.17) only holds below the threshold of Equation (F.16):
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Figure F.4: The gain in the case of a target function with SIE = 1, where the untied network
is trained with γuntied = γ0L, beyond the bound of Equation (F.16), while the tied one keeps
γtied = γ0 = 0.05. (left) The evolution of the overlap, (middle) the weak recovery time and
(right) the gain. The gain diverges, as predicted. d = 3000, σ = ReLU
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Figure F.5: Comparison between the learning of the tied network with squared activation (or-
ange), namely linear attention, and the single-layer softmax attention (green). (left) The evolution
of the overlap; each symbol is a different value ofL. (right) the weak recovery time. The two net-
works learn at the same rate, but with different constants. g(z?) =

∑L
i=1He2(z?,i), d = 1000,

σ = ReLU

for this target the largest admissible rate of the untied network decreases with the sequence length
as 1/√L, by Equation (F.25), so a learning rate growing as γ0L overshoots it by a factorL3/2. Fig-
ure F.4 shows the result of the simulation of such a case: the learning rate of the untied network
is too high, the untied network stops reaching weak recovery as L grows, and the measured gain
diverges instead of settling to a constant. This plot proves our bounds on the learning rate scaling
are indeed correct.

F.5.4 Equivalence between Single-Layer attention and Tied network

In the main paper we proved that the tied network model is a generalization of the single-layer
attention model. In particular, if the activation function is σ(x) = x2, the tied network is
equivalent to the single-layer linear attention. We also claimed that adding a non-linearity to
the attention can only improve the performance of the network, although not affecting the scal-
ing with the sequence length. In Figure F.5 we show the comparison between the learning of the
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tied network with squared activation (orange), namely linear attention, and the single-layer soft-
max attention(green). The two networks learn at the same linear rate, but with different growth
constants. Softmax attention performs better than the tied network with squared activation for
sufficiently large sequence lengths.

F.5.5 Pathological cases

Theorem 6.2 shows that there could be cases where the gain from learning is 0, meaning that the
tied network cannot learn anything, while the untied one possibly can. In particular the degener-
ate condition happens when

CSIE × (1, . . . ,1) = 0, (F.35)

where Theorem 6.2 guarantees that the gain is 0. Examples of such pathological cases are:

• SIE = 1: a possible pathological target could be

g(z?) = z?,1 − z?,2.

In this case the leading term in Hermite expansion is

C1 =

(
1
−1

)
and consequentlyC1 × 1 = 0.

• SIE = 2: analogously, a possible pathological target could be

g(z?) = z2?,1 − z2?,2.

In this case the leading term in Hermite expansion is

C2 =

(
1 0
0 −1

)
and consequentlyC2 ×

(
1 1
1 1

)
= 0.

In Figure F.6 we show the pathological case for SIE = 1 and SIE = 2. The untied network is not
able to learn the target functionbecause of the symmetry: the tiednetwork is by design symmetric,
while the target is constructed to be as antisymmetric as possible in the sequence length. The
untied network instead is able to learn the target function, because theweights are not constrained
to be equal, thus the symmetry is broken by the initialization.

The degeneracy of the tied network could be solved by weighting randomly the neurons. In that
case, almost surely we have

CSIE × (1, . . . ,1) 6= 0. (F.36)

Although this is a possible solution, we leave the study of the effect of random weights for sym-
metry breaking for future work.
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Figure F.6: Pathological cases for SIE = 1 (left) and SIE = 2 (right). The untied network is able
to learn the target function, while the tied one cannot.

F.6 Further discussion on the positional-semantic transition

F.6.1 SIE of model (6.18)

Definition 6.2 of the sequence information exponent does not apply directly to the model (6.18)
because the model has a non-scalar output. However, we can still extend the concept of SIE to
this case by looking at the update rule of sufficient statistics around initialization.

The population loss function is given by

R(e,m) = Ez,z?∼P(e,m)

[∥∥∥∥∥(1− ω) softmax
(
z?z

>
?

)
+ ω softmax

( a2 −a2
−a2 a2

)
− softmax

(
zz>

)∥∥∥∥∥
2

F

]
= Ez,z?∼P(e,m)

[
L(z, z?)

]
(F.37)

with

P(e,m) ≡ N




0
0
e
−e

 ,


1 0 m 0
0 1 0 m
m 0 1 0
0 m 0 1


 . (F.38)

Using parity arguments, we can easily show that the gradient of the population loss is 0 at the
initialization point (e,m) = (0, 0). Let p(z?, z; e,m) be the probability density function asso-
ciated with the distributionP(e,m). Then the gradient at initialization is

∇(e,m)R(e,m)
∣∣∣
e=m=0

= Ez,z?∼P(e,m)

[
∇(e,m)p(z?, z; e,m)

p(z?, z; 0, 0)
L(z, z?)

]
(F.39)
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L(z?, z) is an even function of (z?, z), while the gradient of the probability density function is
an odd function of (z?, z). Therefore, the product is an odd function of (z?, z) and the expec-
tation is 0.

∇(e,m)R(e,m)
∣∣∣
e=m=0

= (0, 0). (F.40)

We can use the same computation technique to compute the Hessian of the population loss at
initialization. This time the parity arguments does not apply, and we can show numerically that
the Hessian is non-null

∂2R

∂e2

∣∣∣∣∣
e=m=0

,
∂2R

∂m2

∣∣∣∣∣
e=m=0

,
∂2R

∂e∂m

∣∣∣∣∣
e=m=0

6= 0. (F.41)

The information exponent Wecan also compute the information exponent by looking atwhat
rate m grows around initialization. We use spherical gradient descent because we assumed the
norm of the vectorw to be constant (as Ben Arous also does in his paper on Information Expo-
nent):

The update rule ofw is

wν+1 =
wν − γ∇wL

‖wν − γ∇wL‖2

√
d,

multiplying both sides by w?/dwe get

mν+1 =
mν − γw?·∇wL

d

‖wν − γ∇wL‖2

√
d.

We can assume to be in the gradient flow regime, where the learning rate γ � 1

‖w − γ∇wL‖2 =
√
‖w‖2 − 2γw · ∇wL+ γ2‖∇wL‖2 ≈

√
d

√
1− 2γ

w · ∇wL
d

,

that finally lead us to

mν+1 =

(
mν − γ

w? · ∇wL
d

)(
1 + γ

w · ∇wL
d

)
≈ mν−γw? · ∇wL

d
+mνγ

w · ∇wL
d

,

(F.42)
where in the last step we used again the small learning rate limit.

Now we can use the chain rule for getting the gradient in terms of the derivatives we already have

∇wL =
∂L
∂m

· ∇wm+
∂L
∂e

· ∇we =
∂L
∂m

· w?

d
+
∂L
∂e

· p√
d

We can rearrange the equation above as

mν+1 −mν

γ/d
=−w? ·

(
∂L
∂m

· w?

d
+
∂L
∂e

· p√
d

)
+w ·

(
∂L
∂m

· w?

d
+
∂L
∂e

· p√
d

)
=− ∂L

∂m
+m

∂L
∂m

+ e
∂L
∂e
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Figure F.7: Reproduction of Figure 6.5 for d = 100. The transition is smoother than in the
d = 1000. Averaged over 25 runs.

where we used the factp ·w? ≈ 0 in high dimension (as already assumed above), and‖w?‖ = d.

We are interested in what is happening at initialization, therefore all the derivatives should be
evaluated around (e,m) = 0. We already know that ∇e,mL

∣∣
e=m=0

= 0, so we expand the at
the next order inm

mν+1 −mν

γ/d
= −m ∂2L

∂m2

∣∣∣∣∣
m,e=0

− e
∂2L
∂m∂e

∣∣∣∣∣
m,e=0

.

We can repeat the same derivation for finding the analogous equation for e:

eν+1 − eν

γ/d
= −e ∂

2L
∂e2

∣∣∣∣∣
m,e=0

−m
∂2L
∂m∂e

∣∣∣∣∣
m,e=0

.

Since the Hessian of the loss has always a negative eigenvalue, both these equations need ν =
O(d log d) steps of population gradient descent at constant learning rate γ to escape a neighbor-
hood of initialization, leading to SIE = 2. This step count is not the sample complexity of online
SGD: controlling the gradient noise forces γ = O(1/log d), and the same estimate ν � d/γ · log d
then returns O(d log2 d) — the extra logarithmic factor that Theorem 6.1 suppresses when it
quotes the sharpO(d log d).

F.6.2 Numerical experiments on the transition

In this Appendix we would like to provide more details on the phase diagram of Figure 6.4.

In Figure F.7 we reproduce Figure 6.5 for d = 100, clarifying the finite size effects we claimed in
themain text. Smaller values ofd lead to a smoother transition, since the gradient flowassumption
is less valid. In the limit d→ ∞we expect to see a step function.

The yellow region in the phase diagram of Figure 6.4 is predicted to have a unique global seman-
tic minimum, while SGD is aligned with the positional direction at initialization. The resulting
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Figure F.8: The loss surface in the yellow region of the phase diagram. The SGD trajectory is
shown in yellow. The training moves towards the direction orthogonal to the one of global min-
ima, ultimately slowing down the convergence.

trajectories are shown in Figure F.8: the dynamics moves towards theminima direction, get stuck
in the local flat (but not critical) region around (e,m) = (1, 0), and then it moves towards the
global minima. In this region the convergence is very slow. The turning point of the dynamics
is a bit misplaced because of the numerical errors given by the loss integration; details on this in
Appendix F.7.

F.6.3 An alternative model without phase transition

In order to highlight the peculiarity of the model (6.18), we present an example of a model that
does not exhibit a phase transition between the positional and semantic regimes. Let’s assume
that our target is a softmax attention matrix with positional encoding

y(X) = softmax
[
(X + P?/

√
d)w?w

>
? (X + P?/

√
d)>
]

where

P? =

(
+p?
−p?

)
, w? =

√
1− ω2ws + ωp?

√
d with ws⊥p?.

ω plays the same role as in the model (6.18), and we can set ω = 0 to get the semantic model,
or ω = 1 to get the positional model. The difference is that in this case the positional encoding
is added to the input of the softmax function, while in the previous model it was added to the
output. This change has a significant impact on the behavior of the model.

The global minima of the population loss function does not transition from a positional to a
semantic regime, but rather it smoothly move from the semantic to the positional regime as ω
increases. We leave the details and numerical experiments for future work.
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F.7 Numerical experiments details

All the codes used to run the experiments are available at this GitHub repository1; where details
for reproducing figures are not available in the paper, we provide the code to reproduce them in
the repository.

The experiments run on a Mac Studio M2 Ultra, within at most few hours for the largest ones.
The code is written in Python, using the libraries numpy, scipy, torch and matplotlib.
hydra is used to manage the configuration files.

F.7.1 Details on the integration method of squared loss

All the plot of population loss we showed are a numerical integration of the loss function. As
showed in Section 6.1, the population loss is given by a multivariate Gaussian integral of 2L di-
mensions, where the mean and the covariance are determined by the sufficient statistics. The
integral can’t be computed analytically, so we use a custom numerical procedure based on the
Gauss-Hermite quadrature.

Let f : R2L → R be a function of 2L variables to be integrated, and let µ ∈ R2L and Σ ∈
R2L×2L be the mean and covariance of the multivariate Gaussian distribution. The integral we
want to compute is

I =

∫
R2L

f(x)
1

(2π)L
√
detΣ

exp
(
−1

2
(x− µ)>Σ−1(x− µ)

)
dx (F.43)

The numerical procedure is as follows:

(i) Compute the 1D Gauss-Hermite nodes and weights forNint points

{xi}Nint
i=1 and {wi}

Nint
i=1

where xi are the nodes given by the roots of the Hermite polynomialHNint(x) andwi are
the corresponding weights, computed as

wi =
2Nint+1Nint!

√
π

H ′
Nint

(xi)2

(ii) Compute the 2L dimensional nodes and weights by taking the Kronecker product of the
1D nodes and weights

{Xi}
N2L
int

i=1 =
2L⊗
l=1

{xi}Nint
i=1 and {Wi}

N2L
int

i=1 =
2L⊗
l=1

{wi}Nint
i=1

1https://github.com/IdePHICS/Sequence-Single-Index

https://github.com/IdePHICS/Sequence-Single-Index
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(iii) Let T be the Cholesky decomposition of Σ, i.e. Σ = T>T . We can then change the
variable to y = T−1(x− µ) and compute the integral as

I =

∫
R2L

f(x)
1

(2π)L
√
detΣ

exp
(
−1

2
(x− µ)>Σ−1(x− µ)

)
dx

=

∫
R2L

f(Ty + µ)
1

(2π)L
exp
(
−1

2
y>y

)
dy

(iv) The integral can then be approximated, as

I ≈
N2L
int∑
i=1

 2L∏
l=1

Wi,l

 f(TXi + µ)

The precision of the integral is obviously regulated by the number of pointsNint we use. In our
experiments, we usedNint = 17, while for the phase diagram in Figure 6.4 we usedNint = 19.
Some effects of this integration error are visible in Figure F.8.
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