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Abstract

Understanding how deep neural networks learn useful internal representations from
data remains a central open problem in the theory of deep learning. We introduce Nex-
ral Low-Degree Filtering (Neural LoFi), a stylized limit of gradient-based training in which
hierarchical feature learning becomes an explicit iterative spectral procedure. In this limit,
the dynamics at each layer decouple: given the current representation, the next layer selects
directions with maximal accessible low-degree correlation to the label. This yields a tractable
surrogate mechanism for deep learning, together with a natural kernel-space interpretation.
Neural LoFi provides a mathematically explicit framework for studying multi-layer feature
learning beyond the lazy regime. It predicts how representations are selected layer by layer,
explains how emergence of concepts arises with given sample complexity, and gives a concrete
mechanism by which depth progressively constructs new features from old ones through
low-degree compositionality. We complement the theory with mechanistic experiments on
fully connected and convolutional architectures, showing that Neural LoFi improves over
lazy random-feature baselines, recovers meaningful structured filters, and predicts represen-
tations aligned with early gradient-descent feature discovery with real datasets.

1 Introduction

One of the most striking features of modern deep learning [ ] is the ability of neural net-
works to learn complex high-dimensional functions from data with extraordinary effectiveness
[ ]. Yet this empirical success still outpaces our theoretical understanding. A large body of
empirical work suggests that deep networks do not merely fit input-output relations, but pro-
gressively build structured representations. In convnets, feature-visualization studies have shown
that successive layers extract patterns of increasing complexity, from local edge-like detectors to
more semantic motifs [ ]. Transfer-learning experiments indicate that earlier layers tend to
contain more general features, whereas deeper layers become increasingly specialized to the task
[ ]. The platonic representation viewpoint has emphasized that models often learn surpris-
ingly aligned representations across architectures and training procedures [ ]. These ob-
servations point to a central challenge:

Can we understand which features are discovered during training, in which order, and at what
sample complexity? And can we understand why some functions are learned more efficiently with
maulti-layer models?

Several theoretical perspectives have clarified important parts of this picture. In the lazy regime



[ ], or equivalently in the Neural Tangent Kernel (NTK) limit [ ; ], train-
ing is described as kernel regression in an essentially fixed feature space, giving a powerful theory
of optimization and generalization but largely bypassing feature learning. Mean-field analyses of
two-layer networks capture genuine parameter evolution and representation learning [ ;
; ; ], while tensor-program and dynamical mean-field theory approaches provide
a general framework for infinite-width limits, including feature-learning regimes under suitable
parametrizations [ ; ; ; ]. In parallel, stylized high-dimensional mod-
els, such as single-index and multi-index settings, have made it possible to analyze when neural net-
works recover latent structure from data [ ; ; ; ], and recent work
has begun to clarify the computational role of depth in synthetic toy models [ ; ;
; ; ; ]. Still, we lack a simple predictive mechanism for how deep
networks select, organize, and refine features across layers.

In this work, we propose such a mechanism, which we call Nexral Low-Degree Filtering (Neu-
ral LoFi). Neural LoFi is a stylized, mathematically tractable iterative spectral surrogate for fea-
ture learning: Given a current representation, each layer forms a label-weighted moment operator
on the current features, selects its leading eigendirections, and lifts the resulting projected fea-
tures through a nonlinear random feature map. This procedure is motivated by a stylized small-
initialization limit of gradient-based training, in which the feature-learning component of the
layerwise dynamics is governed by a Hessian-like, label-weighted second-order operator.

The analysis of Neural LoFi leads to two main lessons. First, at a fixed representation, feature
learning is governed by a relevance-complexity trade-off: the next layer selects features that have
large low-degree correlation with the label while remaining simple in the geometry induced by the
current representation. Neural LoFi makes this trade-oft explicit through a variational problem,
where relevance is measured by supervised low-degree correlation and complexity by the RKHS
norm. This variational view also yields an explicit, data-driven criterion for feature emergence: a
new direction becomes learnable when its population correlation rises above the empirical noise
floor, whose scale is controlled by the residual effective dimension of the current kernel.

Second, depth makes this process powerful because the selected features are lifted into a new repre-
sentation, changing the geometry in which the next layer searches for signal. Thus a deep network
can turn structure that is high-degree in the input into structure that is low-degree in an inter-
mediate representation. This leads to a principle of low-degree compositionality: deep learning is
efficient when each stage of the target is not only compositional, but visible through low-degree
correlations in the current representation. The same viewpoint also gives a kernel interpretation
of feature learning: Neural LoFi constructs a sequence of task-adaptive kernels, one per layer,
rather than a single fixed kernel chosen before seeing the labels. In this sense, depth allows for an
adaptive multilayer kernel construction driven by supervised low-degree feature selection.

Although we use Neural LoFi primarily as a theoretical lens, the resulting procedure is also of in-
dependent interest: it is layerwise, backpropagation-free, and based only on label-weighted low-
degree moments of the current representation. In this sense, it provides a simple spectral primitive
for feature discovery, sitting between fixed random-feature models, which do not adapt their rep-
resentation, and full end-to-end backpropagation, whose dynamics are much harder to analyze.



The rest of the paper develops this picture. We first introduce Neural LoFi and motivate its label-
weighted moment operator from the early feature-learning dynamics of gradient descent. We
then derive an RKHS variational characterization, which makes explicit the relevance—complexity
trade-off solved at each layer. This leads to a criterion for feature emergence, expressed through
the residual effective dimension of the current kernel, and to the principle of low-degree compo-
sitionality. We conclude with a study of a solvable mathematical model that illustrates out main
point (emergence of features and low-degree compositionality), and with real-data experiments,
including fully connected and convolutional architectures, illustrating the predicted mechanisms
arising in practice.

A public implementation, together with code to reproduce the numerical illustrations, is available
athttps://github.com/IdePHICS/Neural-LoFi-Theory.

2 Neural Low-Degree Filtering

2.1 Setup and guiding approximation

We now define Neural LoFi and present its feature-space and kernel interpretations. Its derivation
asasurrogate for early gradient-based feature learning is given in App. A. Consider supervised data

Dy = {(@p, yu) } =15 Ty € R, Yu € R,

with scalar labels for simplicity (The extension to vector-valued outputs is discussed in App. C).
We assume throughout this section that the labels are centered, and write IE,, for the empirical
average over the training set. A depth-L neural network builds a sequence of representations

w(@ =z he@) = Wza(@),  zle) €RP =olhy(e), (=1,...L

(1)
for sequence of widths p1, - - - , pr,. For structured architectures, such as convolutional networks,
the same notation should be read locally: z;_1 () is replaced by the local patch or feature vector
seen by a filter, and the corresponding estimator is averaged over spatial locations. The model’s

output is then defined by a readout applied to the final layer
f(x) = {ar, z.(2)). (2)

Fix a layer ¢, and consider the preactivation hy () = (wpy;, 2¢—1(x)). We show in Appendix
A, that under a layer-wise vanishing initialization scheme a;, < Wyr_1 < - - - Wy, the training
of different neurons in a layer, can be described up to leading approximation through a linear
dynamics consisting of two terms: 7) a constant drift along a mean direction given by 4’ € RP¢
and #7), a linear projection along the matrix C® e Rrexe with af, CO) defined by:

. 1< ~ 1<
ué = E Z yuzéfl(wu% C(e) = g Z yuzéfl(wu)szl(wu)T~ (3)
p=1 p=1

This resultis formalized below, which is a consequence of Taylor’s theorem and the fact that under
alayer-wise vanishing scaling of initializations, interactions between neurons within the same layer
and between the present layer and the subsequent, untrained layers, are suppressed:


https://github.com/IdePHICS/Neural-LoFi-Theory

Proposition 0.1 (Informal). Suppose that f () is trained throu gh layer-wise gradient descent with
initialization scale ap, < Wi _1 < -+ W1. Then, for anyn > 0, and layer {, any fixed neuron
Wy i fori € py, satisfies for small enough time:

) ~ 2
wy(t+ 1) —we,(t) = ncoty + nclc(é)wf,i(t) + O(Hwe,i(o)H ); (4)
for some constants cy, c1 > 0.

The first term in Eq. 4 is the linear correlation between the current representation and the label.
It can be removed by centering, by fitting the best linear predictor in the current representation,
or simply interpreted as the degree-one component of the dynamics. The second term, however,
is the first genuinely multiple feature-learning component. Let C® = VAV denote the eigen-
decomposition. For small step-size, the linear term ¢ C (f)’wg’i(t) yields the per-neuron approx-
imation wy ;(t) ~ exp(ci C (e)t)wg,i(()). Stacking the p; neuron weights into the row matrix
Wy(t) € RPeXPe-1 with i-th row wy ;(t) T, the dynamics splits into two interpretable pieces:

Wy(t) = Wi(0) exp (clé(z)t) = W0V x exp(c1 AV T
——— —_————
random transformation spectral filter—top-eigenvector projection

(5)
The second part depends only on CO. it projects onto the eigen-basis of C" and reweighs each
direction by exp(c1 )\,(ng)t), exponentially amplifying directions with the largest eigenvalues, so an
early-stopped power iteration will approximate hard projection onto the top-k eigenvectors as
t grows. The first part Wg(O)V is t—independent: it is a fixed random linear transformation of
those eigenvectors, inherited from the i.i.d. initialization of the neuron weights. The post-training
feature map o (W;(t)z,_1(x)) ateach layer is therefore, to leading order, the composition of (i) a
spectral filter that selects the leading eigen-directions of C® and (ii) arandom per-neuron mixing
of those directions: small-initialization training acts, to leading order, as a spectral filtering of the
representation.

While the exponential weighting in Equation 5 holds under vanishing initialization and small
time-scales, we expect, in general, the network to maintain a preference towards features corre-
sponding to larger eigenvalues for other training regimes. We discuss how weighting regimes arise
under different training settings for two-layer networks in App. B. The simplest choice of such

weights is top-k selection: w()\g)) = 1forr < k for some k, and 0 otherwise, which we use in

Alg.1.

Unlike the general gradient descent dynamics involving complex interactions across layers and
neurons, the regime identified by Proposition 0.1 is sequential across layers and decoupled across
neurons. We call this the Neural LoFi regime and put forward the following hypothesis:

The Neural LoFi regime described by Proposition 0.1 provides a tractable surrogate towards
understanding hierarchical learning in deep nenral networks.



2.2 The Neural Low-Degree Filtering algorithm

The decomposition in Eq. (5) directly motivates the two operations of Neural LoFi (Algorithm 1),
which replace the implicit dynamics of the Neural LoFi regime (Proposition 0.1) with two con-
crete, decoupled steps per layer: First, a filter step projects the current representation onto the
leading eigen-directions of the label-weighted moment operator Cc, making the spectral filter
explicit as ‘7@. Second, a /ft step applies a nonlinear random feature map R, that emulates the
per-neuron randomness of the left factor 1W;(0) Vin Eq. (5), producing the next representation.

Algorithm 1 Neural Low-Degree Filtering

Require: Dataset {(,yy)}},_1, depth L, ranks {ke}E |, widths {pe}L_,
1: Initialize zo(x) < x and pyp = d.
2: for/=1,...,Ldo

3 al < 1/n Zzzl Yuzi—1(x,), o < al /|| a’| > Estimate linear component,
normalize
4: Form the label-weighted moment operator:

~ 1 <
cO o = E 3 B T € RPe—1XPe-1
o YuZe 1(wu)zé 1(%1)

pn=1
5: V, = [, ﬁ§€), . ,@lii)] € RPe-1%ke_ with ordered ky eigenvectors by decreasing |A|.
6: ge(x) + ‘7;23,1 (x) € RFe, > Project onto the learned feature subspace
7: zi(x) « 1/ypio(Rege(x)), Ry € RP**e. 1 Lift by nonlinear random feature map
8: end for
9

: Fita final linear or logistic readout @ on zr,(x).
10: return Final predictor f(x) = (a, z1(x))

The matrix V; defines the learned feature projection at layer £. The projections

gi(x) =V, 2 (z) (6)

are the features selected by low-degree filtering. The random nonlinear lift o(Rygy) then re-
expands these selected coordinates into a richer representation, so that the next layer can search
for new low-degree correlations in the transformed feature space. The projection step can be in-
terpreted as a weighted principal component analysis: The linear component @’ gives the direction
in the feature space z¢_1 () maximizing the linear correlation with , and the top eigenvectors of
C® extract the most relevant directions! in feature space z¢_1(x) weighted by their 2"%-order
correlation with y.

Figure 1 gives a first sanity check for Neural LoFi as a surrogate for gradient-based feature learning.
We compare it with backpropagation on the binary CIFAR-10 animal-vs.-vehicle task, for both

Tn some experiments, we did not even kept the linear component, as the second-order components are numerous
and seem to suffice for extracting the most relevant features.
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Figure 1: Neural LoFi versus gradient descent/backpropagation (GD). Test error on binary
CIFAR-10 [ ] (animals vs. vehicles) for fully connected networks (FCN) and convolutional
networks (CNN). We compare Neural LoFi with networks trained by gradient descent/backprop-
agation, shown for different numbers of training steps. In the low-data regime, and at early train-
ing times even with more data, Neural LoFi matches or exceeds GD, illustrating that the spectral
surrogate captures an efficient supervised feature-extraction mechanism.

fully connected and convolutional architectures. The results show that Neural LoFi can match
early GD performance, especially in the low-data regime, while remaining a one-pass spectral pro-
cedure. We return to these experiments in detail in Section 4.

2.3 Function-space and kernel interpretation
¢ 0 (0)

The projection components [9, Dy ', . . ., 'fjk[ ] reside in the dual space w.r.t. the features z,_;
and are themselves not directly interpretable and depend on the choice of random projection
i ing f N
weights Ry_1,--- , Ri. However, we show below that the resulting features ('), z,_1(x))
~ (£ . . .. . .
and ('vj( ), z¢—1(x)),for j = 1,..., k¢, admit a clear description in terms of low-degree projec-
tions of y onto the RKHS defined by the previous layer. Furthermore, the features converge to
deterministic infinite-width limits. Let

Kpi(z,2') = (z-1(2), 21 (2)) (7)

be the kernel induced by the current representation, and let #,_; be its Reproducing Kernel

Hilbert Space (RKHS [ ; ]). Through an analogue of the classical representer theo-
(0)

rem (Lemma 0.1), we show that for any j € ky, the features p;(x) = (0;7, z¢—1(x)), lie
in the subspace spanned by { K¢—1 (2, )}},_1, and satisty the equivalence of norms given by
i@, , = ||13](-£) ||2. Since f)ge) maximizes v | C(Dv subject to the ||v]|2 = 1, we obtain

the equivalent criterion:

NG 1 ¢ ¢ 1 ¢
'vi) € argmax |— Zyu<v,z5_1(azu)>2 — cpg) € argmax | z:yugo(:cu)2 . (8)
1 u=1

n
loll2=1 | u=1 lell#,_ =

Maximizing this correlation with the label, together with the norm constraint in feature space,
leads to the fundamental conclusion:



Neural LoFi searches for features that are simple in the geometry induced by the previous layer, but
predictive through their low-degree correlation with the task.

This is the sense in which the method is a low-degree filter. We show in App.E, how this can be
turned into a practical kernel version of our approach. This is formalized through the following re-
sult, furthermore showing that they converge to the eigenfunctions of the limiting infinite-width
kernel as the layer width grows:

Theorem 0.1 (Variational characterization and infinite-width convergence). Ler f)g denote the
. N ~ (¢ . . .
linear component and [’U§ ), e ,’U,(w)] the ordered eigenvectors from Algorithm 1. Define the linear

feature

V(@) = (05, 21 (@),
and the second-order features pj(x) = ('ﬁ](-z), zo—1(x)) forj =1,... k. Then:

(1) Linear feature. 1" is the unit-norm maximizer of the empirical first-order correlation with

Y-
Yt = argmax |E, [yw(w)] ’ : (9)
VellPllag,_ =1
(i) Second-order features. Forcachk =1, ..., ky, @y, is the unit-norm maximizer of the em-

pirical second-order correlation, successively orthogonalized to the previously selected features:

Y = argmax E, [ygo(a:)Z] ‘ ) (10)

eillell, =1
PLlot,.pr—1

(iii) Infinite-width convergence. Let K;° | denote the infinite-width limiting kernel obtained
as the layer width pg_1 — 00, and let {$7° }i>1 be its eigenfunctions ordered by decreasing
eigenvalue magnitude with the selected limiting eigenvalues separated from the rest of the
spectrum. Then, for any pseudo-lipschitz (of finite order) o (-), and any fixed k, as pe—1 —
00,

Pr = OF s

where convergence is in L2 under the data distribution, and ¢5°, - - - R° satisfy the corre-
sponding limiting deterministic variational criteria.

The above characterization in feature space translates to an explicit recursion over the kernels

(0 (£)

defined by each layer, once the selected features @77, . .. ) Py, are obtained, define g;(x) =
(gpgé) (x),..., 4,0](:;) (z)). If the next layer is a random nonlinear lift, then the induced kernel is
Ki(z,a') = By [o(rT gu(@))o(r T gu(a'))] . (1)

This recursion is the kernel-level form of feature learning. Unlike a fzxed kernel method, with
a single geometry before seeing the labels, Neural LoFi constructs a sequence of task-adaptive
kernels Ko — K1 — - — K|, where each transition is supervised: the next kernel

7



is built from the low-complexity features in H,_1 whose squared activations are most correlated
with the label. Neural LoFi thus turns deep learning into an explicit procedure for adaptive kernel
construction.

3 Neural LoFi lessons: emergence and low-degree compositional-
ity

Neural LoFi is not proposed here as a replacement for backpropagation, but as a tractable, sim-
pler, surrogate for understanding learning. This section now attempts to draw lessons from the
surrogate.

3.1 Emergence of concepts, effective dimension, and a criterion

A growing body of empirical evidence suggests that learning is often not a smooth process: train-
ing dynamics can display long plateaus followed by abrupt transitions, with new directions in rep-
resentation space emerging sequentially rather thanallatonce [ s ; ; ].
Neural LoFi provides a simple mechanism for this phenomenon. By Theorem 0.1, the kth feature
extracted by layer £ maximizes the following second-order empirical correlation:

k
b\é )= sup , (12)

‘I@"HZ71:17¢L¢17'“ »Phk—1

IEn [ygp(w)g}

where H_1 is the RKHS induced by the representation after £ — 1 layers, and [E,, is the empirical
average over data. This variational form gives a direct criterion for feature emergence. Suppose
that the features 1, - - - , (o _1 have been extracted and define the set of candidate features as:

Sﬁ = {go € Hp 1 3||80HH4,1 =Lo Loy ’gpk_l} ' (13)

For a fixed unit-norm feature ¢ € SY, define

~

(@) =E [yp@)?], (o) =B [yo@)?] . (14)

The empirical correlation ¢y, () fluctuates around its population value c¢(¢p). Since Neural
LoFi optimizes over a class of candidate features, the relevant measure of variance is the uniform
fluctuation over S ﬁ,

7' (n) = sup [Con(p) — colp)]- (15)
peS!

To recover the population minimizer feature, the variance must be small w.r.t. the population
correlation

k
p) = sup

i E [W(m)ﬂ

: (16)




Hence, the criterion for the emergence of a feature at layer £ becomes:

k
o > 7l (n). (17)

Below this threshold, the leading empirical direction is dominated by noise. Above it, a task-
dependent direction separates from the noise and becomes learnable: Feature emergence is thus
akin to a phase transition & /2 Baik-Ben Arous-Péché/Edwards-Jones (BBP/EA) [ ; ].
We show in Appendix F, using local Rademacher-complexity bounds over S£ [ ; ],
that up to poly-logarithmic factors:

(18)

where szi(r) is the residual effective dimension of features with scale r (see Def.0.1) within

the current RKHS after removing the previously extracted features [ ; ], and réf =

argmax, (ry/ D (r)) is the dominant scale of fluctuations among candidate features. This can

be estimated from the empirical spectrum of the kernel, making Eq.(17) a data-driven diagnostic
for emergence of concepts.

We develop this formalization of emergence further in Appendix F. The criterion recovers known
sample-complexity scales in solvable hierarchical models [ ; ; ; ;

]. More importantly, on real data it predicts the sample scale at which learned concepts
appear in different layers: in the CIFAR-10 experiment of Section 4, individual eigenvector over-
laps rise near the predicted thresholds; see Fig. 5. This makes Neural LoFi a quantitative theory
of layerwise concept emergence.

3.2 Why depth helps: low-degree compositionality

While approximation-theoretic works show that deep networks can represent certain composi-
tional functions much more efficiently than shallow ones, especially in tree-like or hierarchical
settings [ ; ], efficient representation does not by itself imply efficient learning. The
previous discussion motivates the notion of low-degree compositionality: depth is useful to learn
functions when each layer exposes a new low-degree signal that is visible in the representation
constructed by the previous layers. This means that the target admits a sequence of intermediate
representations
r— z1(x) — z2(x) — -+ — zp(x),

such that, at each stage, the next useful representation is visible through a low-degree statistic of
the current one. In the second-order Neural LoFi mechanism, this is precisely the condition that
the population counterpart of Equation (12) is larger than the statistical noise floor. Thus, at layer
£, Neural LoFi asks whether the current representation contains a simple feature whose second-
order statistics are predictive of the task. This gives a learnability criterion for compositional struc-
ture: A deep model does not benefit from arbitrary compositions; it benefits from hierarchies in
which each intermediate step exposes a statistically detectable low-degree signal. Equivalently, the
target should become progressively simpler when expressed in the learned coordinates.



A function may be high-degree, or otherwise complex, as a function of the original input, while still
being learnable through a sequence of low-degree problems: Depth then converts one hard esti-
mation problem in the input space into several easier estimation problems in adapted representation
spaces.

This perspective is consistent with a growing body of theoretical work on idealized models, where
compositional structure leads to sequential feature recovery and sample-complexity gains from
depth, see: [ ; ; ; ; ; ; s ]. Neural
LoFi abstracts a common principle from these settings: a useful hierarchy is one whose next layer
is statistically visible through low-degree correlations in the representation already learned. This
viewpoint is in particular related to the compositional information exponent introduced for hier-
archical Gaussian targets [ ]. In that setting, one assumes access to a planted hierarchy of
intermediate features hj () and asks for the smallest degree ¢ such that

= 0(1). (19)
F

e [(t@n®rr @)

A low compositional exponent means that the target has a strong low-degree dependence on the
hidden intermediate representation. Instead of assuming access to h, Neural LoFi searches over
the current learned feature space through Eq. (12), and acts as a data-adaptive compositional in-
formation test by asking whether the current representation contains simple, statistically visible
features that are predictive of the task. In this sense, Neural LoFi implements a supervised coarse-
graining procedure: Each layer keeps a small number of task-relevant directions and discards much
of the irrelevant high-dimensional variation, in a way reminiscent of physics renormalization-
inspired views of learning across scales [ ].

3.3 Further related works

Hessian and spectral learning Hessian-based spectral information has long played a central
role in statistical physics and high-dimensional inference, for instance in community detection
[ ], spiked matrix—tensor models [ ; ; ], and BBP/EA-type selec-
tion mechanisms [ ; ]. Related label-weighted second-order operators also appear in
single-index and multi-index estimation, where they yield spectral initializations and recovery pro-
cedures [ ; ; ; ]. More recently, similar operators have been connected
to the early dynamics of shallow neural networks through Hessian or Hessian-like interpretations
[ ; ; ; ]. Neural LoFi extends this viewpoint beyond the first initial
layer and to iterative multi-layer methods.

Beyond second order While the second-order operator (3) is the first nontrivial term in the ex-
pansion, higher-order terms correspond to tensor correlations between the current representation
and the label. In Gaussian single-index and multi-index models, such higher-degree components
govern harder directions and later learning time scales, as captured by information, leap, and gen-

erative exponents [ ; s s ; ]. Higher-order LoFi variants
could replace y¢? by higher-degree statistics, but would lead to (difficult) tensor spectral prob-
lems, as tensor PCA can be notably harder than matrix PCA [ ; ; s ].

10



This limitation also points to a natural future direction: Multi-pass gradient descent can break the
constraints imposed by information and leap exponents by repeatedly transforming the effective
label and representation [ ] as well as through staircase mechanisms [ ; ;

; ; ]. An interesting direction for future work is a multi-pass Neural LoFi,
alternating low-degree spectral filtering with target/residual transformations and feature correc-
tion, that would connect the present mechanism to the more powerful generative-exponent/SQ-
type learnability picture. We further discuss connections with this theoretical literature in App.B.

Quadratic networks and spectral feature learning. A closely related line of work studies
quadratic and polynomial networks, where the feature-learning component of the dynamics is
especially transparent. Early works analyzed the optimization landscape and recovery properties
of one-hidden-layer or polynomial networks through tensor and low-rank structure [ ;

s s ]. More recent high-dimensional analyses of overparameterized quadratic
networks show that ERM can be mapped to matrix sensing with nuclear-norm regularization, so
that capacity control emerges through low-rank learned feature maps [ ]. Even closer to
our perspective, [ ] characterize the spectra of trained quadratic and diagonal networks
in the feature-learning regime: informative directions appear as spectral outliers or spikes, while
the bulk corresponds to learned noise or overfitting and should be pruned. A related bulk-plus-
spikes picture was later observed in attention models [ ]. This mirrors the Neural LoFi
mechanism: the Hessian-like label-weighted operator extracts task-correlated spectral directions

and discards the residual bulk.

This viewpoint is also consistent with empirical observations that trained deep networks often
exhibit structured, non-random spectra in their learned weights with eigenvalues popping out of

the bulk [ 1.

Scattering, coarse-graining, and multiscale representations Our construction is related in
spirit to scattering transforms [ ]. Both scattering and Neural LoFi build representations
through a multilevel cascade of filtering and nonlinear lifting. The key difference is that scat-
tering uses fixed analytic filters, typically wavelets, designed for invariance and stability, whereas
Neural LoFi is supervised and task-adaptive: each layer selects directions through a label-weighted
spectral operator on the current representation. This also resonates with coarse-graining and
renormalization-inspired views of deep representations [ ].

Rainbow networks The rainbow analysis of [ ] gives a post-training description of
deep nets: trained layers behave like random feature maps with learned, often low-rank, weight
covariances, yielding deterministic hierarchical kernels in the infinite-width limit. In this view,
feature learning amounts to identifying low-dimensional covariance structure between random
high-dimensional embeddings. Neural LoFi provides a possible mechanism for the emergence of
this structure: its label-weighted spectral operator selects the task-correlated directions to keep,
while the subsequent random lift re-expands them into a new feature space.

Mechanistic interpretability Neural LoFi is complementary to mechanistic interpretability,
which aims to reverse-engineer trained networks into interpretable features and circuits [ ;
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]. Rather than starting from a trained model and asking which circuits implement a be-
havior, Neural LoFi asks why certain features are selected during training. Its basic objects are
spectral directions in representation space, not necessarily individual neurons, aligning with the
modern “features as directions” viewpoint underlying superposition [ ].

Recursive Feature Machines A recent line of work proposed the average gradient outer prod-
uct (AGOP) as a mechanism for feature learning and uses it to define Recursive Feature Ma-
chines, iterative algorithms for adaptive feature learning and dimensionality reduction [ ;

]. This is close in philosophy to Neural LoFi: both seek a simple iterative surrogate for
representation learning. The constructions differ, however. AGOP-based methods use gradient
covariances of a learned predictor, whereas Neural LoFi crucially uses the next order approxima-
tion with the Hessian.

Local and backpropagation-free learning  In spirit, Neural LoFi is also related to local alter-

natives to backpropagation, including feedback alignment and direct feedback alignment [ ;
s ], local-loss and layerwise training methods [ s ], target propagation
[ ], and biologically inspired plasticity rules [ ; ]. Although Neural LoFi is

not proposed as a biologically faithful model, it is backpropagation-free and layerwise: its spec-
tral operator can be approximated by label-modulated Hebbian/Oja-style updates| ; ;

5 I.

Pruning Neural LoFi also gives a feature-space perspective on why overparameterization and
pruning are not contradictory. Classical pruning methods show that many weights or connections
can be removed after training with little loss in performance [ ; ], while the lottery-
ticket hypothesis suggests that large dense networks may contain smaller trainable subnetworks
[ ]. In Neural LoFi, width and rank play complementary roles: large width creates a rich
feature space in which task-correlated directions can be discovered, while pruning retains only the
directions that finite data can reliably support. Thus large networks are useful for discovery, but
low-rank feature selection controls the effective dimension used for prediction.

4 Mechanistic illustrations: from a solvable model to real data

For this section, codes are availableathttps: //github.com/IdePHICS/Neural-LoFi-Theory.

4.1 A solvable model

We first consider a toy model in which the full Neural LoFi mechanism can be inspected math-
ematically, that illustrates the salient feature discussed in the former section: emergence and low-
degree compositionality. Following the hierarchical polynomial constructions of [ ; ;
; ], letx ~ N(0, I;) and generate labels through a planted compositional hierar-
chyx — b () — h®)(z) — y. Let Hy(z) denote the degree-k Hermite feature vector
of the input. We plant d; = d° random directions Agl) ey A((ill) in this degree-k feature space,

together with a random symmetric matrix A?) € R41*91 acting on the first hidden layer. The
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Figure 2: Neural LoFi in a mathematically solvable model: We used data generated by the
two-level target Eq.(21), with (k = 2), latent dimension d; = |d°], e = %, and final readout
g*(t) = tanh(t), learned by a Neural LoFi approach. For d € {80,100,120, 140}, we use
first-layer random-feature widths p; € {20000, 30000, 40000, 50000} and second-layer widths
p2 € {512,768,1024,1280}. The final one-dimensional non-linearity is fitted with a polyno-
mial kernel of maximal degree 5, using ridge regularization 1076 and kernel regularization 1074,
Left: Mean Squared Error (MSE) of the final predictor as a function of «, for input dimensions
d € {80,100, 120, 140}. Notice the drop at the predicted sample complexity for feature learn-

ingn o d?". Center: Overlap between the recovered first-layer representation 71 and the
ground-truth latent variables B, Right: Spectrum of the first random-feature spectral opera-

tor 61 ford = 100 at & = 3, where d; = 10, showing the emergent informative features.
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hidden variables are
W (x) = (A Hy(a)),  i=1,....d, (20)
and the second representation is a quadratic function of these variables,
h?(x) = (AP Hy(hW(2))),  y=g"(h?(x)). (21)

While the target is high-degree as a function of the input, it factors into low-degree transitions:
hW is degree-k in x, and h(2) s quadratic in R This s why the model is useful for illustrating
both the advantage of feature learning and the advantage of depth: A fixed kernel or random-
feature method [ ] sees only the composed map & +— y; if g* contains a degree-r com-
ponent, then for k& = 2 this includes degree-47 structure in the input. No learning whatsoever
would arise before at least n = O(d*) data just to beat a random guess!

A two-layer feature learner can already improve on such a one-shot approach by recovering the first
hidden representation R but the remaining target is still a nonlinear function of the d; = d*
latent variables, and thus we still face the curse of dimension (over d; instead of d°).

This is where the multi-layer approach solve the problem: A second feature-learning step provides
the depth advantage: once h(!) is recovered, the next hidden variable 2(?) is only a quadratic
spectral problem in dimension d1, followed by a one-dimensional readout. The model realizes
the separation identified in [ ], but now with Neural LoFi itself: Each layer lowers the
effective degree of the remaining task by making the next hidden variable visible through a low-
degree statistic. The final target is therefore learned by Neural LoFi progressively, and efficiently,
building the correct intermediate representation, rather than by fitting the full high-degree map
x +— y in one shot.

Appendix D provides the corresponding mathematical theorems and synthetic experiments, demon-
strating feature emergence at the predicted sample scales (Eq.17), spectral outlier formation, align-
ment with the planted features, and recovery of the final compositional target.

We thus refer to Appendix D for more details and just briefly illustrate here the performance of
Neural LoFi in Fig. 2: The function becomes learnable at n > Dydy = O(d¥*¢), which, in
the quadratic case used in the experiments, is n > d*T. Around this scale, the Neural LoFi
estimator simultaneously shows a drop in prediction error, a sharp increase in overlap with the
planted representation, and the separation of the leading eigenvalues from the spectral bulk (see
right panel in Fig. 2 as well as Fig. 7 showing the emergence of learned features in the first layer in

Appendix).

4.2 Fully connected networks (FCN)

We now focus on experiments on real data, intended as mechanistic illustrations of the theory,
not as a claim that Neural LoFi is a competitive training algorithm. Fig.3 (FCN on CIFAR-10
[ ]) illustrates two qualitative predictions: i) the label-weighted LoFi operator extracts useful
directions beyond those available to fixed random features, leading to a consistent improvement
over ridge and random-feature baselines. ii) feature selection is non-trivial: the best test error is not
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Figure 3: Fully connected Neural LoFi on the CIFAR-10 animal-vs.-vebicle task. Left: Test error
vs number of training samples for ridge regression, three-layer random features, and Neural LoFi,
with projection dimensions p = 1k and p = 5k. Right: Test error over the number of retained
features (k1, k2) in the first two LoFi layers, for different training-set sizes and fixed projection
dimension p = 5k. Stars indicate the best point in each grid.
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Figure 4: Layer-wise normalized overlap (see App. G.2) between features learned by SGD at dif-
ferent steps with the Neural LoFi representation, for a four-layer FCN on CIFAR-10.

always achieved by keeping the largest number of features. As the sample size grows, the optimal
number of retained features increases or remains stable, matching the signal-to-noise picture in
which weaker directions become accessible with more data.

We also compare Neural LoFi with a standard back-propagation approach: The overlap in Fig. 4
appears to grow during the early stages of training, indicating that LoFi approximates the ini-
tial feature-discovery phase of SGD. This is further supported by the aforementioned Fig. 1, that
shows direct test-error comparisons between GD and Neural LoFi. At later times, the align-
ment plateaus or decreases, suggesting that backpropagation eventually moves beyond the one-
step LoFi approximation and learns features involving richer training dynamics.

Most directly, Fig. 5 tests the feature-emergence criterion of Egs. (17) and (18). We compare each
eigenvector learned from n samples with a large-sample reference eigenvector, and mark the pre-
dicted emergence thresholds. The overlap curves rise close to these thresholds, showing that the
effective-dimension criterion predicts the sample scale at which individual task-relevant directions
("concepts”) become learnable. Additional details on this experiment are given in App. G.5; fur-
ther numerical evidence, including spectra of the c operator and experiments with the infinite-
width Neural LoFi kernel, is reported in App. G.

4.3 Convolutional networks (CNN)

Neural LoFi is not restricted to fully connected architectures: the moment operator can be built
in the feature space exposed by the architecture. This makes it natural to incorporate structural
inductive biases such as locality, weight sharing, equivariance, or graph structure, in the spirit of
geometric deep learning [ ]. Here, we consider convolutional networks. Let z¢_; () €
R#¢*Pt=1 denote the input features to layer £, where s¢ is the number of spatial locations and py_1
is the number of channels. We define the operator in channel space as:

N 1
C(Z) = n—sf Z Z yuzg_l(wu)jzg_l(wu)j. (22)
u=1j=1
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Figure 5: Predicting when individual features emerge on CIFAR-10. For a three-layer fully
connected Neural LoFi model on the CIFAR-10 animal-vs.-vehicle task, we track the squared

overlap |<v§n), UEN)> |? between eigenvectors estimated from n samples and large-sample refer-
ence eigenvectors computed with N' = 60,000 samples. Curves show mean = SEM over 100
random subsamples at fixed random features. Dashed vertical lines indicate the predicted emer-
gence thresholds nz from (17),(18) (for further details, see Eq. (116) in Appendix). The sharp rise
of each overlap near its predicted threshold shows that the effective-dimension criterion predicts
when individual task-relevant directions become learnable.

The top eigenvectors of C'® define the task-relevant channel directions retained at layer ¢; the
resulting features are then passed through the same fixed random lifting used by Neural LoFi.

We remind that Fig. 1 showed how similar direct GD optimization is to Neural LoFi at early train-
ing time. The convolutional experiment also gives the most direct visual evidence for low-degree
compositionality. Applying the LoFi operator directly to pixels already recovers familiar low-level
visual features: a leading color-sensitive direction, followed by localized contrast and edge-like fil-
ters. Several later filters resemble finite-difference or Laplacian-like stencils, echoing classical edge-
filter emergence in natural image models [ ] and the early filters learned by CNNs trained
with gradient descent [ ; ; ]. In appendix, we further show in Fig. 11 the
feature-emergence criterion of Egs. (17) and (18) for GNN, as we did for FCN in Fig.5.

Strikingly, these salient visual structures emerge without backpropagation or end-to-end optimiza-
tion: they are obtained simply by diagonalizing the Neural LoFi label-weighted moment operator.
This shows that part of early visual feature learning is already captured by the low-degree super-
vised correlations emphasized by our theory. Depth then turns these simple local filters into more
selective features. In Figure 6, the same LoFi feature behaves like a generic edge or contrast detector
at shallow depth, but becomes increasingly selective after successive LoFi layers, responding only
to more structured spatial patterns. This is, again, the qualitative mechanism suggested by the the-
ory: each layer extracts a low-degree task-correlated component from the current representation,
and repeated extraction builds progressively more structured features. Additional experiments
(including the spectrum of the operators, and difterent datasets) are presented in App. G.
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S Conclusion

We introduced Newural LoFi, a tractable spectral theory of multilayer feature learning beyond the
lazy regime. The framework turns deep representation learning into an explicit layerwise pro-
cedure: given a current representation, each layer selects low-degree features that are both task-
correlated and simple in the geometry induced by previous layers. This yieldsa concrete relevance—
complexity principle for feature selection, a quantitative criterion for when new features emerge,
and a principle of low-degree compositionality: depth helps when each layer makes the next useful
signal statistically detectable.

This picture is visible beyond idealized models. Neural LoFi improves over random-feature base-
lines, predicts the sample scale at which layerwise features emerge, aligns with early gradient-
descent representations, and recovers salient convolutional filters without backpropagation. To-
gether, these results suggest that part of deep feature learning is already captured by supervised
low-degree spectral structure.

The deliberate simplicity of Neural LoFi also delineates a clear research program. Theoretically,
it remains to understand the long-time dynamics of the task-adaptive kernels generated by LoFi,
their behavior beyond second-order filtering, and their extension to structured architectures such
as attention.

Algorithmically, the main challenge is to scale LoFi from a mechanistic surrogate into a useful
training primitive—for initialization, feature pretraining, pruning, or diagnostics. Incorporating
data reuse, multi-pass dynamics, and backward feature correction would bring the framework
closer to trained networks.
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A Neural LoFi from Gradient Descent

In this section, our goal is to prove Proposition 0.1, whose formal version is stated below as The-
orem 0.2, i.e. show that under layerwise training with vanishing initialization, the early-time dy-
namics of each layer produces spikes along the linear direction %, and aligns with the top eigen-
vectors of C (6), for a standard fully-connected architecture without skip connections.

Consider the standard L-layer network

flx) = (ar, z(x)), zo(x) =z, zo(x) = O'(Wng_l(:B))7 {=1,...,L,
(23)
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with square loss £ = - w (Y — f(:cu))2 The final readout ay, € RP” is fixed throughout
training; the weight matrices Wy are updated layer-wise.

We write wy ; for the i-th row of Wy and set
Oy, := max;|| Wiy, ;(0)]], m=1,...,L, (24)

withapy1 = ||ag||-

Assumption 0.1 (Layerwise scale separation). The dataset, architecture, and activation are fixed.
The scales, including the final readout scale oy, 1 = ||ar||, form a strict bierarchy: for every € and
everym e {{+1,...,L+1},

am = o(ay). (25)

Thus later hidden layers, and the final readout, vanish on a strictly smaller asymptotic scale than
the layer currently being trained. The hierarchy is used below in a scale-counting sense: every
replacement of a later-layer quantity by its leading initialization-scale term carries at least one ad-
ditional factor from some o, with m > £.

Assumption 0.2. 0 : R — Risthreetimes continuously differentiable, 0(0) = 0, and ||0'| o, ||0” ||0c, [[0"" || 0o <
0.

Define the linear spike direction and the label-weighted covariance at layer £:

NS R A0 1v
U= Zyuz@,l(az“), W0 — - ZyMZE,l(wu)zg,l(ch)T. (26)
p=1 p=1

Theorem 0.2 (Layerwise GD approximation). Under Assumptions 0.1-0.2, there exist constants
7, C' > 0such that the layerwise gradient descent run admits horizons

T, = DMJ (=1,...,L, (27)

with the following property: for every layer £, every neuron i, and every 0 < t < Ty,
lwes(®)]| < Cau.

Thus the layer receives an O (o) update while staying on its initialization scale. Define the leading
effective readout

aci =g~ fe[ﬂ Wm(O)>TaLL (28)

where co = o' (0). Suppose that the cffective readout for neuron i is non-degenerate i.c.:

L

|G| > crqar41 H am (29)
m=¢+1
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for a fixed c.g > 0. For such neurons and 0 < t < T,
wei(t + 1) — wei(t) = neode it + nag;e1COwg () + Rey(t), (30)

where c; = 0" (0). Forevery 0 < t < T} the acumulated residual obeys

t—1
ZR“(S) < Caj. (31)
s=0

Equivalently, the spike contributes O(cov) over the borizon, the covariance-amplification term con-
tributes O (o} ), and the discarded part is O(cs}). Thus the displayed approximation keeps the first

two nontrivial orders in the layer-{ initialization scale.
Remark 0.1. The three components in Equation (30) have the following roles:

* Linear spike. ncoty ;U is independent of the current weight; over the horizon Ty it moves
the neuron by O(cv) toward the empirical label-feature correlation.

* Covariance amplification. nay ;c1 oo wy ;(t) is linear in the current weight and ampli-
fres components aligned with the leading eigenvectors of C 0,

* Remainder. The per-step remainder is second order in the current layer scale, hence it accu-
mulates to O(oi3) over Ty < v /1) steps. Terms coming from later layers are smaller by the
scale bierarchy in Assumption 0.1.

The proof below shows that ay ; is the leading, sample-independent backpropagation coefficient along
the path from layer € to the readout. The non-degeneracy condition only excludes neurons whose lead-
ing backpropagation coefficient is accidentally cancelled; such neurons are inactive at the displayed
order.

A.1 Proof of Theorem 0.2

Proof. All constants below may depend on the fixed data and architecture bounds, L and the
derivative bounds of 0. We write K for a finite constant of this kind, changing from line to line,
and do not track separate data, width, or label constants.

For the standard architecture the gradient of the loss w.r.t. wy ; involves a single backpropagation

path through all layers  + 1, ..., L. Define the layer-to-layer Jacobian

L
Jro(x) AN [T diag(c/(hm(2)) Wi,  han(@) = Winzm-1(z),  (32)
82’@(35) m=/(+1

and the sample-dependent effective readout
dg,i (a:) = [JLg(JJ)TCLL]i.
By the chain rule,

1 n
Vg, L= - Z rubei(2,)o’ (ug (@) ze-1 (), rui=yu — flon),  (33)
pn=1
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where ug () = (we i, z—1(x)).

The key observation is that, under Assumption 0.1, the activation derivatives along this path
are well approximated by their value at zero, so @y ;(x) is approximated by the initialization-
dependent coefficient in (28). On the layerwise horizons considered below the representations
are uniformly bounded and ||[Wi, [lop S @m. Hence || (2)]| S cup, and Taylor expanding o
around zero gives

diag(o” (hm(2))) = col + crdiag(ho(2)) + O(a2), co=0'(0),c1 = d”"(0). (34)
Let

L
0 _
JO = bt IT w0
m=0+1

with the convention that the empty product is the identity. Expanding the product for Jr¢(z)
around this leading term gives the explicit scale bound

L L
0
1ze(x) = T lep <K | T om | | D2 om
m={+1 m=0+1

Since each o, = 0(y) for m > ¢, the right-hand side is 0( ). Therefore

1 Tze(z) — T Jlop = o), (35)

and when £/ = L the left-hand side is zero. Multiplying by the final readout gives, with 7, =

L
OKL+1 Hm:£+1 Qs

L
|agi(x) — aril < Kve Z am |
m=~¢+1
while (29) gives the relative estimate
[80(2) = Gl <C ZL: am = o(ay) (36)
@il T "

m=~¢+1

In particular, ag;(x) = ay;(1 + €¢;(x)) with sup, |e¢;(x)| = o(ay). The error is zero when
{=1L.

We next translate the above bound to the required bound on the dynamics of Wy. We start by
stating uniform bounds required throughout. Since the sample, widths, and activation are fixed,
and since we may restrict to scales max,, &y, < 1, the row-norm condition ||w; ;|| < 2a; implies
recursively that

maxy ;|| zj(z,)|| < K.

Hence, at the start of layer /,

. 1
[aell < =D lyullze-r (2]l < K,
n
I
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and

~ 1
1COop < = > lunlllze-s (@) |* < K.
I

The same bounds give ||J Sz) lop < K and hence uniformly bounded effective readouts. The
residuals 7, are uniformly bounded as well. Therefore ||V, ;L] < K. Choose 7 small enough
that 7K < 1. Then, for every t with nt < Tay,

lwei@ < lwei(O)]] +ntK < 2a.

On this horizon, |ug ()| < Koy. Taylor’s theorem and Assumption 0.2 give
o'(u) = o+ cru+ wo(u),  |wo(u)| < gllo" |0’ (37)

Moreover, by (36), Gr;(x,) = i1 + egi(®,)) with sup, [egi(y)| = o(ag). Thus the
readout replacement error is smaller than the leading readout contribution itself; quantitatively it
is |agilo(aw) = o(a?), because |azi| = O(ye) = o(ay). By the hierarchy of scales, we further
have |f(:cu)] = o(a?),and r, = y, + o(a?). Substituting these three estimates in (33) yields

1< ) .
- Z rudg,i(azu)a’ (ug,i(wu))zg,l(wu) =y, [coug + ch(z)wg,i(t)] + &i(t),
pn=1

with the per-step error bound
€ea®)ll < K (el sup leci(@,)] + [aeilaf + ola?)) < Ka.
o

Finally, we;(t+1) —wpgi(t) = =1V, L, sosetting Ry ;(t) := 1&g ;(t) proves (30). Summing
over 0 < s <t < T gives

which is (31). O

B Two-layer networks

B.1 Training a two-layer network on multi-index models

In this section, we instantiate the general framework on a canonical setting that has driven much

of the recent theory of feature learning: t7aining a two-layer network on a Gaussian multi-index

model (e.g. | 5 ; 5 5 ; 5 ] 5 ;
; 1)

The goal of this subsection is to make explicit how the second-order correlation criterion that

drives Neural LoFi in the main text reduces, in this setting, to the classical information exponent
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of [ ], and how the regime IE < 2 is precisely the regime in which Neural LoFi alone
(i.e., a single low-degree filtering step) suffices for weak recovery of the hidden subspace. This is
connected to a recent line of work on the Hessian of the loss in, e.g. [ ; ; ;

]. We then describe how, when IE = 2, the resulting dynamics of the two-layer network
under gradient descent take the form of a saddle-to-saddle cascade through the top directions of
the population correlation matrix.

Setting We consider inputs & € R? with & ~ N(0, I;) and a teacher of multi-index form

y=f"(x)= g*((u{,a:>, . <u:,w>) + &, (38)

where U* = [u, ..., u}] € R¥" hasorthonormal columns spanning a hidden subspace V* C
R? of dimension 7 = O(1), g* : R" — Ris a fixed link function with E[¢g*(Z)?] < oo for
Z ~ N (0, I,,), and £ is independent sub-Gaussian noise. The student is the two-layer network

p
f(ac) = \jf? ;am«wi,w)), w; € RY, q; € R, (39)

trained by (online or layerwise) gradient descent on the squared loss with small initialization w; (0) ~
N(0,d~ 7 4) and second-layer weights a; either fixed at random signs or trained on a fresh batch.
This is the standard setup of e.g. [ ; ; ; ; ; ].

From the LoFi correlation criterion to the information exponent Specializing the first-
layer (¢ = 1) Neural LoFi criterion of equation (12) to this setting, the input representation is
zo(x) = x, and the population version of the second-order correlation maximized by Neural
LoFi at layer 1 becomes

o) = [E [ye@?]|, ¢ € Mo, el =1, (40)

where Ho = L?(74) is the Gaussian RKHS associated with the identity representation reducing

to the constraint||w|| = 1.. Expanding f* in the Hermite basis, f*(z) = >~ (f*, Hg) Hy(U* "),
and any test feature ¢ in the same basis, the criterion (40) retains only the components of (? that
overlap with the lowest non-zero Hermite component of f*. Following [ ], define the 7n-
formation exponent of f* as

IE(f*) == min{k > 1 : E[f*(x)Hy({u, x))] # 0 for somew € V*}. (41)
Our second-order correlation p(¢) probes 2, so it is sensitive to the first two Hermite compo-
nents. In particular,

* if IE(f*) = 1 (linear teacher direction), the maximizer of (40) corresponds to ¢ linear in
x and aligned with the leading direction of E[yx];

* if IE(f*) = 2, the maximizer is a quadratic form in & and the criterion reduces to the top-
eigenvector problem for the population correlation matrix C* == E[yzz '] — E[y]I4;
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* if IE(f*) > 3, the second-order correlation is degenerate at the population level on the
hidden subspace, and a single LoFi step recovers no signal.

This is precisely the well-known threshold separating “easy” from “hard” multi-index problems
for online SGD [ ; ; ; ].

Neural LoFi suffices for weak recovery when IE < 2. Let c = % Zzzl YuT M:L'Z -yl
be the empirical correlation used by Neural LoFi at layer 1, and let V] be the top-k1 eigenspace
of CW). The following statement, which is a direct consequence of matrix concentration results

applied to C'"), makes the link with weak recovery quantitative.

Proposition 0.2 (Neural LoFi recovers V* when IE < 2). Assume the multi-index model (38)
with 1E(f*) < 2 and bounded link function. There exist constants ¢, C,§ > 0 depending only on
G* such that, with sample size . > C'd, the top-r eigenspace V1 of c satisfies

<1-4, i.e. weak recovery of V', (42)

HP‘A/l — P op

with probability 1 — d™°.

In other words, when IE < 2, a single Neural LoFi layer is statistically sufficient: the same low-
degree filtering step that, in the main text, defines the Neural LoFi feature already captures the hid-
den subspace at the optimal n = O(d) sample complexity, in agreement with the upper bounds
of | ; . When IE > 3, Proposition 0.2 fails by construction, and recovery of V*
requires either non-Gaussian preprocessing of y (e.g. polynomial reweightings, as in [ ;

]) or genuinely deeper compositionality, which is the regime studied in Appendix A and
the main text.

Saddle-to-saddle dynamics in the Neural LoFi regime with IE = 2. We now describe how,
under the same multi-index model with IE( f*) = 2, the actual gradient-descent dynamics of the
two-layer network (39) traverse the top directions of C* in a saddle-to-saddle cascade, recovering
the same ordered features as Neural LoFi.

Order the eigenvalues of C* as Ay > A2 > --- > A, > 0 on the hidden subspace and
Arg1 = -+ = A\g = 0 oft it, with associated eigenvectors v7, . . ., v;:. With small initialization
[|w; (0)]| < d~'/2 and step-size 1, the leading-order continuous-time dynamics of the (rescaled)
neuron weights w; (t) satisfy, after averaging over the second-layer signs, a power-iteration—type
ODE driven by C*:

(1) = (C* — @] C*TL) (1) + o(1), (43)

Equation (43) is the gradient flow of —w " C*w on the sphere, whose only attractors are the top
eigenvectors £v7 and whose other critical points are strict saddles indexed by the remaining 'U;»‘.

When several eigenvalues ) ; are well separated, this gives rise to the saddle-to-saddle picture: start-
ing from a small isotropic initialization, the trajectory spends a time T} =< )\j_l log(d) in a neigh-
borhood of the saddle associated with U; before escaping along the nextleading direction [ ].
The neurons therefore learn the directions vy, v3, .. ., v} sequentially, in order of decreasing
population correlation \;, with sharp transitions between successive plateaus.
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The eigenbeasis traversed by GD in such saddle-to-saddle dynamics is exactly the basis selected
by the Neural LoFi criterion (40). In both cases, the relevant operator is C* = E[yzx ] (up
to centering), and the ordering by \; is the ordering of low-degree correlations with the label.
Neural LoFi can thus be viewed as the static abstraction of the saddle-to-saddle GD dynamics in
the IE = 2 regime, replacing the dynamics through saddles by a single eigendecomposition of

c,

Finally, we note that with the use of a different loss other than the squared loss or with data reuse
or label transformations [ ; ], the criterion in Equation 40 is modified to:

pol@) = [E [gw)e(@?]| @€ Ho, el =1, (44)

for a transformation g : R — R. The condition py(¢) # 0 then corresponds to generative
exponent [ ; ] > 2 instead of the information exponent [ ].

C Vector labels

In the main text we stated Theorem 0.2 for scalar labels y € R. The variational criteria extend in a
natural way to vector-valued labels y € R™, as encountered in multi-class classification (e.g. one-
hot or softmax targets), multi-task regression, or any problem with a multi-dimensional response.
We sketch here the corresponding generalization.

Per-coordinate correlation operator —  Given a feature ¢ : X — R and a vector label
Yy = (Y1, ..., Ym), define the label-feature correlation vector

ca[t] == (Enlyito(@)], ..., Enlymt(z)]) € R™, (45)

and analogously the second-order correlation vector 2 [p] == (En [yacp(m)2]);n:1. The scalar

quantities [E,, [y (z)] and E,, [y (x)?] used in Theorem 0.2 are recovered when m = 1.
Natural scalarization — To obtain a variational principle one needs a scalar score on ¢, [1)].
A natural generalization is to use the squared Euclidean norm of the correlation vector,

d

§%2(0) = lealt]} = > (Enlyaro(2)])”, (46)

a=1

which selects features that are simultaneously well aligned with as many label coordinates as pos-

sible.

Vector-valued variational characterization —  With the above generalization, the analogues
of parts (i)—(ii) of Theorem 0.2 read as follows:
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(i') Linear features. The linear features are defined recursively as:

¢ =~ 2
(S AT MAX ||l =1 Lopd 0l ||En[y¢(iv)]H2, (47)

Note that unlike the scalar label setting in Theorem 0.2, the linear correlation criterion now
produces m features, corresponding to the m singular vectors of the correlation matrix

% Zzzl yuz;_l(m)

(ii') Second-order features. Foreachk = 1,. .. ky,

~ 2
i € argmaxg o, =1 [[Enlye(a)’]] (48)
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successively orthogonalized to the previously selected features.

D A Solvable Theoretical Setting

The agnostic and recursive nature of Neural LoFi calls for a theoretical setting that contains a
compositional structure, while not revealing the relevant intermediate variables to the learner.
In this appendix, we follow the hierarchical spectral construction of [ ], building on the
fundamental earlier works [ ; ; ]. This allows us to define a controlled high-
dimensional model and to use it to study how depth turns a globally hard learning problem into
a sequence of simpler spectral recoveries.

A natural way to isolate the role of depth is to consider teacher-student models where the target
is not merely a low-dimensional function of the input, but is built through a hierarchy of inter-
mediate representations. Such models have appeared in several recent works on compositional
learning and the computational advantage of depth, including random hierarchy models, hierar-
chical Gaussian targets, and polynomial teacher-student constructions (e.g. [ ; ;
; ; ; ; ; ; ; ]). They share the same
guiding principle: a target may look high-dimensional or high-degree as a function of the input,
while becoming low-degree after the right intermediate representation has been found. This is
precisely the situation in which depth should help, since learning can proceed by a sequence of
simpler feature-recovery problems rather than by solving the full high-degree task at once.

D.1 Setting

We focus on the high-dimensional Gaussian teacher-student model of [ ], which provides
a particularly tractable instance of this principle. The input is Gaussian, & ~ N (0, I), and the
target is generated by a two-level compositional hierarchy

reR! — W@ erRt" — W@ eR — . (49)

For ¢ > 1, we denote by H, () the normalized Hermite polynomial of order g, either in its scalar
or tensor-valued form.> We write (-, -) for the Frobenius product between tensors of the same

*For a vector & € R™, the tensor Hermite polynomial H,(x) € (R™)$? is defined through the tenso-

rial Rodrigues formula v/q!Hgy(x) = (—1)qe‘|m"2/2v,§q (67”“3“2/2) , where V&7 denotes the g-fold symmet-
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order.’> We write Fy, for the symmetric flattening map from order-q symmetric tensors to R,
with D, = (‘Hzfl) , chosen so that the Frobenius product is preserved. Below, we freely identify
a symmetric tensor with its flattened representation whenever no ambiguity arises. The teacher
parameters are given by symmetric tensors

A(l) c (Rd)®q 1=1,... ,dl, dy = dea (SO)

1 Sym7
normalized so that the first-layer features have order-one variance, and by a symmetric matrix
AP ¢ Rdrxdi, (51)

The latent variables and the label are then defined as

h (z) = <A§1),Hq(m)> . di=1,....d, (52)
(@) = (A®), Hy(h(a))) (53)
y = g"(h®) (). (54)

Thus the first layer selects only di = d° directions inside the ambient degree-g Hermite space
of dimension D,. When d; < Dy, the relevant information is sparse in this low-degree feature
space: the target depends on @ only through a small hidden subspace of Hermite features. Learn-
ing the first layer therefore amounts to recovering this subspace, so that the rest of the hierarchy
can be expressed as a low-degree problem in the variables A1),

The analysis of [ ] shows that this sparse compositional structure can be exploited by a
hierarchical spectral estimator. Rather than learning the full composed function in one step, the
procedure first recovers the hidden degree-q subspace defining R, and then uses this recovered
representation to make the next component of the hierarchy accessible. In this sense, depth turns
the learning problem into a sequence of spectral recovery tasks, each one exposing the variables

needed by the next layer.

This gives a clean explanation for the advantage of depth in this model. A one-shot method that
works directly on the input must resolve the full high-degree dependence of y on . By contrast,
the hierarchical spectral procedure only needs to reveal the first representation and then reuse it
to make the next layer visible. In the regime di = d, the first stage requires on the order of
d?¢ samples, while the second stage requires only the sample complexity of a quadratic problem
in dimension dq. The dominant cost is therefore the recovery of the first hidden representation,
rather than the degree of the full composed polynomial.

The price to pay is that the corresponding spectral estimators are still partially co-designed with the
Gaussian-Hermite structure of the teacher. Indeed, the first stage is built in an explicit degree-k
Hermite feature space, while the second stage uses a prescribed second-order Hermite structure in

ric tensor of derivatives. For m = 1, this reduces to the normalized scalar Hermite polynomial v/q!H,(z) =
(~1)re /2 (e572).
*For example, if & € R™ and A € R™*" is symmetric, then (A, Ha(x)) = % (wTA:I: — Tr(A)) .
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the recovered variables. A natural way to relax this feature-design aspect is to replace the explicit
Hermite construction by nonlinear random features. Rather than specifying the polynomial co-
ordinates in advance, one lets a random feature map generate a generic nonlinear representation
and applies the same layer-wise spectral selection in that space. In the hierarchical teacher-student
setting above, this random-feature extension of the hierarchical spectral estimator matches pre-
cisely the Neural LoFi algorithm.

D.2 Random-feature hierarchical estimator
In this setting, Neural LoFi takes the following concrete form. Let W1 = (w1 )L | withwy 4 ~

Unif(S?1), and define the first random-feature representation

1
1
(;5/(14) = ﬁgl(Wlxﬂ) S Rpl. (55)

The first spectral operator is

n

A 1 1 )T
Cr=—-> vuofol)". (56)

pn=1

LetV; € RP1¥41 contain the eigenvectors of C'y associated with the largest eigenvalues in absolute
value. Here we keep d; directions for simplicity; this can be replaced by a standard rank-selection
step. The recovered first-layer coordinates are

Y =1l e R%. (57)

We then draw Wa = (w2 4)b2 with wa g ~ Unif(S#~1), and define
1 ~
o) = ﬁ@(%h&”) 3 (58)

At the second layer, since the teacher contains only one hidden direction, we do not construct a
matrix-valued spectral estimator. Instead, we directly form the first-order moment vector

PO
B = > yuo?. (59)
pn=1

The associated second-layer coordinate is then obtained by projection:

R =5y o). (60)
Finally, the readout is fitted on the one-dimensional representation {(/]{,(3) +Yp) } =1 for instance
by ridge regression in a polynomial feature space,
g agmin = 3" (1, - o))’ + Mgl (61
geG N K i g
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The choice of keeping exactly d eigenvectors at the first layer is not meant to define a different
procedure, but simply to make explicit the outcome of the usual rank-selection step within Neural
LoFi in the present setting. More generally, one could keep an arbitrary number k of directions
and optimize over k, exactly as in the rest of the pipeline. In the model considered here, this
optimization would select dy directions at the first layer and a single direction at the second layer.
In that sense, fixing d; in the first layer and using the linear estimator ¥ in the second layer is fully
equivalent to the standard Neural LoFi selection rule.

D.3 Main Results

The main prediction of this tractable model is that replacing the explicit Hermite structure of the
estimator by random features preserves the emergence transition. In particular, for a degree-g first
layer with d1 = d° hidden variables, we expect the first representation h(1) to become recoverable
at the sample scale

n > dite, (62)

In the quadratic setting used in our experiments, ¢ = 2, and the predicted first-stage transition is
therefore n > d*T¢.

This prediction is the concrete instance of the emergence criterion in Eq. (18) in the main text.
Indeed, Eq. (18) states that the empirical fluctuation level is governed by the effective dimension
of the current residual feature class. Section F.2 shows that, before the first hidden variables have
been recovered, the relevant eftective dimension is the size of the degree-g Hermite block, namely
D, = O(d?). The additional factor d; = d° comes from separating and aligning with the d;
planted directions in this block, giving the scale D,d; = O(d?7€).

The role of the next subsection is to explain why the random-feature estimator contains the same
signal-bearing Hermite spectral object as the explicit construction, now embedded in the random-
feature representation. Figure 2 illustrates the resulting transition numerically: in the quadratic
case, the drop in MSE, the growth of the overlap with R, and the separation of the leading
eigenvalues all occur at the predicted first-layer emergence scale.

D.4 Mathematical Justification

We now analyze the signal structure of the random-feature estimator introduced above. The key
point is that, although the estimator is built from generic nonlinear random features, its popula-
tion signal behaves as a well-defined Hermite estimator aligned with the teacher hierarchy. This
will allow us to connect the first step of the Neural LoFi algorithm to the spectral transition es-
tablished in the Hermite model of | ].

Let us expand the first-layer activation in Hermite as

o1(2) =Y egHy(2),  ¢g=E.onop) [o1(2)Hy(2)] (63)
q=>2
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where H; denotes the normalized scalar Hermite polynomial of degree g. For each row w1 4 of
W1, we use the standard Hermite tensor identity

Hy((w10,@)) = (w}'h, Hy(a)). (64

Here and below, ’w1 a 7 denotes the degree-g Hermite coefficient vector, with the multi-index nor-
malization chosen so that the above identity holds. Collecting these coefficient tensors over all
rows of W7, and flattening them with the Frobenius-preserving map F'[-], we define:

1 Flwl)"
—H,(Wix) = PyH,(z), with P,:=

q :
D D
v VP )

e RP1* P, (65)

where H,(Wy2) € RP! is understood entrywise on the left-hand side and H,(z) € RP7 is the

flattened Hermite tensor. Hence the first random-feature representation decomposes as

Pl = LN, (Wazy) = cqPyHy(,). (66)
\/]Tl q>2

We denote by

Z yuH ,u)T (67)

the degree-g Hermite moment matrix appearing in the middle. If one uses the centered second-
order Hermite convention of [ ], this matrix should be replaced by its centered version;
the difference is an empirical isotropic term, controlled by the same estimates and absorbed in the
rates below. With this notation, the degree-g contribution to the first Neural LoFi operator is

O = 2p,CYPT. (68)

Thus the random-feature operator contains the Hermite estimator conjugated by the random
Hermite embedding P, up to the scalar factor cg.

We now focus on the quadratic case ¢ = 2, which is the case controlled explicitly by the quadratic
Hermite decomposition of [ ]. Define the normalized RF Gram

Gy := Do Py Ps. (69)

The important point is that G2 is not close to the identity on the full degree-2 Hermite space.
The trace direction produces a deterministic contraction spike. More precisely, by Lemma F.6
and Corollary F.7 of [ ], one has the decomposition

G2 = Ip, + K2 + Ry, Koy = fgee’, 04| < O(d), (70)
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where e € RP2 is the normalized trace direction in the degree-2 Hermite block. The term K>
is the explicit non-trivial contraction term coming from the trace component of the quadratic
Hermite features, while Ry is the remaining centered fluctuation of the random-feature Gram,

with
~ D D
IRallop <O [/ =2+ 2|, (71)
P1 P1

where the O(-) hides logarithmic factorsin d. This conservative full-column concentration bound
is not expected to be optimal, but it is sufficient for the projected comparison below.

Finally, let A € RU*D2 be the matrix of planted first-layer Hermite directions, and define its
random-feature image by

AY = /DA P e REXPL (72)
We can now state the projected RF analogue of Theorem 3.1 in [ ].

Theorem 0.3 (Projected RF Hermite recovery, quadratic case). Assume the setting and normal-
ization of Theorem 3.1 in [ | withdy = d° and e < 1/2. With G, Ko, Ry as defined
above, the following holds with high probability:

D, 2
e Ao -

(%) -o(&) o (1)

~ Dy D Dy D
+0 du/ +—+\/ 22 1+ 22 73)

Pl P1 P1

Vi

In particular, if
n>>ddy,  p1 > did?,

then the additional RF bridge error is o(1). Therefore the projected RF estimator has the same
Limiting signal as the Hermite estimator, up to the deterministic scalar factor c3/ D.

Proof. The proof is a direct comparison with the Hermite estimator. By the definitions of Ag}:) ,

~(2 . .
Cl({F)’ and G2, we have the exact identity

Dy () A2) ;)T ~(2
gA;gc}gF>A;g = AN G C PG AT, (74)

Thus it is enough to compare A(UGQG}?GM(UT with A(l)ag)A(l)T.
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We use the RF Gram decomposition stated above,

~ ~ D D
Gy =Ip, + Ko+ Ry, Ky=0gec’, |04 <O(d), [Rsflop <O \/?ﬂf
1 1

Here K> is the trace-contraction spike and Ry is the centered RF Gram remainder.

LetC := é\g) We use the following standard high-probability bounds:
1AVl < 6 ({f) 75

IC]lop < O <\/1ch> : (76)

HeTcA(l)T”Q <0 (‘ /@ + 1) , (77)
n d

~ 1 Vdy
le"Ce| <O (\/ﬁ + d21> . (78)

The first estimate is the overlap of a random d;-dimensional Gaussian subspace with the fixed
trace direction. The remaining estimates are obtained by the same truncation, matrix Bernstein,
and Gaussian-equivalence arguments used in Appendix A.4 of [ ], applied either with one
test tensor equal to the trace direction e, or with both test tensors equal to e. The population
contributions are smaller because the trace overlap satisfies || AMe||y = O(Vdy/d).

Expanding Go = I + Ky + Ry gives
G20G — C = K2C + CKj + K2CKj + terms containing Ro.
For the first trace term,
AV K,CADT = g,(AWe)(eTCADT),

and therefore, using (75)—-(77),

VEIAD AV < <d1 d dl) |
n d

The transpose term AN C Ky AMT is bounded identically. For the quadratic trace term,
AWK, CEKADT = 92(AWe)(eTCe)(AWe) T,

so by (75) and (78),
(1) (1)T ~ dy d3
Vi |AVE,CE,AVT | <O [ dy S A R
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Finally, all terms containing Ry are controlled by || Rz ||op and (76). The worst mixed terms are
K5>C R3 and RoC K>, and they satisfy

~ D D
Vi | AV K,CRy AT ||, < O |V pi + p—Q :
1 1

with the same bound for the transpose. The RyC' Ry term contributes at most

~ Dy Dy
O | vd — + —
! b1 b1

Combining these estimates gives the bridge bound

~ / dl d d%
op 0 (dl d d2>

2

Jd HA<1> (G20Gy — C) AT

h p1 b1
(79)
Theorem 3.1 of [ ] gives
~ d2d ~ (d ~( 1
Vi [|[ADCP AOT _ 4B <O (/=2 +O<1>+O<>.
H ! op - n \/a \/a
Combining this with (79) proves (73). O

We stated the theorem for the quadratic case ¢ = 2 because the contraction correction is com-
pletely explicit. For any fixed degree g, the same argument applies by replacing the trace direction
by the finite list of lower contraction sectors given by the Gegenbauer decomposition; see Lemma
F.8of [ ]. These contraction terms are subleading on the random planted subspace by the
same vanishing-contraction estimates used in Appendix A.1-A.4 of [ ]. Consequently,
the Hermite recovery theorem transfers to the degree-g RF estimator with the same sample scal-
ing. Together with the RF Gram concentration requirement, the sufficient scaling for recovery
is

n > Dydy, p1 > Dy, (80)

up to logarithmic factors. Under these conditions, the degree-g RF estimator has the same pro-
jected signal limit as the Hermite estimator, up to the scalar factor cg /Dy.

The projected comparison above shows that the first LoFi step has the same signal scaling as the
explicit Hermite estimator. Therefore, the bottleneck remains the Hermite recovery scale of the
first layer, together with the RF width needed to realize the corresponding degree-q block. The
same reasoning applies recursively to later LoFi steps, with the ambient dimension replaced by the
dimension of the representation entering that layer.
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D.5 Numerical experiments

We begin by defining the two observables reported in the random-feature experiments. Given
a fresh test set { (2, y,) } 1, we measure the prediction error through the test mean-squared

u=1
error
1 Thtest 9
MSE e = Z(Qu - yu) ) (81)
Theest u=1

and we quantify the recovery of the first hidden layer through the feature overlap

Overlap(h(), A1) = | HWAMT|2 HO = (4

] )“gnw’ aY = (%1))

P Mhest”
(82)

All curves are averaged over 10 seeds, and error bars indicate one standard deviation. Concerning
the precise setting of the experiments, we specialize to the quadratic first-layer setting ¢ = 2.
Unless otherwise stated, we fix

1
dy = [d], €= 3 n=[d*|], (83)
and generate labels according to
y=g"(hP(x),  g°(t) = ranh(t). (84)

The purpose of these experiments is to test whether the random-feature pipeline exhibits the
same first-layer emergence transition as the explicit Hermite spectral estimator, while replacing
the structured Hermite features by generic nonlinear random features.

The random-feature maps used by the learner are chosen independently of the teacher. The rows
of the random matrices are sampled uniformly on the sphere,

Wiq ~ Unif(Sd_1)7 w24 ~ Unif(Sdl_l), (85)

as in the estimator of Section D.2. For both layers, we use a ReLU activation with its degree-zero
and degree-one Hermite components removed:

0]_{071} (Z) = RCLU(Z) - C()H()(Z) — 01H1 (Z), Cr = EGNN(O,l) [RCLU(G)HT(G)] .
(86)

The random-feature widths are chosen in the overcomplete regime relative to the quadratic Her-
mite block,

d+1
p1 2 Do, Dy = < 5 )7 (87)

in agreement with the finite-width requirement appearing in Theorem 0.3. In the second layer,
the width ps is chosen large enough with an equivalent regime as for the first layer, py > d%, with
the same activation o | (o 1} at both layers.
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Figure 7: Spectral emergence in the Neural LoFi estimator. Spectrum of the first random-
feature spectral operator C) for the hierarchical solvable model of section 4.1, shown at increasing
sample exponents & = log(n)/ log(d). Blue histograms display the bulk eigenvalue density, while
red triangles indicate the leading d; eigenvalues in absolute value. As o increases, the leading
eigenvalues progressively separate from the bulk, marking the emergence of concepts in the first
layer, as predicted by the sample-complexity scale n >> d**¢ (from Eq. (17)) in the quadratic
setting k = 2.

For each value of d and v, we generate a training set of size n = |d® | and an independent test set.
We follow the Neural LoFi learning strategy detailed in Sec. D.2, adding only batch normalization
to smooth the anisotropy. The readout g is fitted by ridge regression on degree-5 polynomial fea-
tures of A2, with regularization parameter obtained by cross-validation. We additionally apply
the same output calibration procedure throughout all experiments.

Figure 2 shows that the random-feature estimator undergoes a clear transition near the predicted
first-layer scale. For small cv, the test MSE remains close to its baseline value and the overlap with
R is essentially zero, indicating that the first hidden representation is not yet spectrally accessi-
ble. Around the predicted scale n > d?*€, the MSE drops and the representation overlap grows
sharply. This confirms that the improvement in prediction is tied to the recovery of the first hid-
den representation, rather than merely to the final one-dimensional regression step.

Figure 7 gives a more direct spectral view of the same phenomenon. At small sample sizes, the
leading eigenvalues of C) remain buried in the random-feature bulk. As « increases, the leading
dy eigenvalues separate from the bulk and become stable outliers. This outlier formation is the
spectral signature of the first-layer signal emerging in the random-feature representation. Together
with the overlap curve, it shows that Neural LoFi recovers the hidden degree-2 representation at
the same sample scale predicted by the Hermite theory, while avoiding the explicit construction
of the Hermite feature map.

E Neural LoFi Kernel

E.1 Preliminaries: RKHS, spectral theorem and kernel integral operators

This subsection collects the standard background on Reproducing Kernel Hilbert Spaces (RKHS)
and the spectral decomposition of kernel integral operators that we use in the rest of the ap-
pendix. We refer to [ ; ] for a more detailed exposition. Throughout, (X', i) denotes
a measurable input space equipped with a finite Borel measure p (e.g. the data distribution), and
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K : X x X — R asymmetric kernel.

Reproducing Kernel Hilbert Space A Hilbert space H of real-valued functions on X is a
Reproducing Kernel Hilbert Space (RKHS) if, for every € X, the evaluation functional ev, :
f — f(x) is bounded (continuous) on H. By the Riesz representation theorem, there exists a
unique element K € H such that

fx) = (f,Kg)p  forall f € H. (88)

Defining K (z,2') 1= (K, Ky/)5 = Kg/(x) yields a symmetric positive semi-definite ker-
nel, and (88) is called the reproducing property because the kernel section Ky = K (, -) literally
reproduces the value of f at & via an inner product. Conversely, by the Moore—Aronszajn the-
orem [ ], every symmetric positive semi-definite kernel K uniquely determines an RKHS
H ¢ in which (88) holds; concretely, H ¢ is obtained by completing span{ K (x,-) : * € X'}
under the inner product (K (z, -), K (&', )y, = K(z,2').

Spectral theorem for compact self-adjoint operators Let H be a separable Hilbert space
and T : H — H abounded linear operator. Recall that T is se/f-adjoint it (T f,g) = (f,Tg),
and compact if it maps bounded sets to relatively compact sets (equivalently, it is a norm-limit of
finite-rank operators). The spectral theorem states:

Theorem 0.4 (Hilbert—Schmidtspectral theorem). IfT" is compact and self-adjoint on a separable
Hilbert space H, then there exist a (finite or countable) sequence of real eigenvalues {\; }i>1 with
IA1] > |X2| > -+ — 0and an orthonormal system {e;}i>1 C H of eigenvectors Te; = Aie;
such that

Tf=Y Xlf.edei forallf M. (89)

i>1

Trace-class and Hilbert—Schmidt operators are special cases of compact operators on which the
spectrum is, respectively, absolutely summable (3~ |A;| < 00) and square-summable (>°, A? <

Kernel integral operator  Given akernel K and the measure 11, the associated integral operator
Tk : L*(X,p) — L*(X, p) is defined by

(Tic f) () = /X K(z, ') f(2)du(a). (%0)

Under the standard assumptions that K is symmetric, continuous (or merely measurable) and
square-integrable in the sense that [, K (x,2")*dp(x)du(x’) < oo, the operator T is self-
adjoint and Hilbert-Schmidt (in particular compact) on L?(X, ).

Applying Theorem 0.4 to T yields eigenpairs {(\;, €;) }i>1 with A; > 0, A; | 0, and {e;}
orthonormal in L?(X, p1). Mercer’s theorem [ ] then states that, under mild continuity
assumptions on X and K (e.g. X compact and K continuous), the kernel itself admits the abso-
lutely and uniformly convergent expansion

K(z, o) =) he(x)ei(x). (91)

i>1
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Relation between the integral operator and the RKHS  The Mercer decomposition (91)
provides an explicit isometric description of the RKHS H i in terms of the spectral data of T'k.
Restricting to indices with A; > 0,

a?
Hic= {1 = 3 wier: Il = Y § <o}, (92)

:A; >0 :A; >0

with inner product (f, g)3, = >, a;bi/\;. Equivalently, H  is the image of L?(X’, x1) under
the square root Tll(/z, with norm HT;(/ZQHHK = |lgllz2(x ) (modulo ker T); equivalently,

Tfl(/ 2. 12 (X, 1) = Hp is a partial isometry. Two consequences will be used repeatedly below:

* The eigenfunctions {\/)Tiei}i: A;>0 form an orthonormal basis of H ¢, while {e; } form an
orthonormal basis of the closure of range(T ) in L?(X, ).

* Smoothness in H i corresponds to spectral concentration: f € H iffits L? coefficients
ai = (f,ei)p2 decay fast enough that >, a?/)\; < oc. In particular, functions in the
top-k eigenspace of T are exactly the “low-degree” or “low-frequency” functions used
throughout the main text.

This dictionary between the kernel K, the integral operator Tk and the RKHS H i is what al-
lows us, in the rest of this appendix, to translate between function-space statements (norms, pro-
jections, low-degree truncation in H i) and operator-spectral statements (eigenvalues and eigen-
functions of T).

E.2 Representer Property

We begin by establishing a fundamental property: the optimal features lie in the finite-dimensional
span of training features, which enables efficient computation via the kernel trick.

Lemma 0.1 (Representer property of LoFi features). Ler {ﬁj(»g) }fi | denote any minimizers of

o . . RONT
the empirical objective in (8). Then the corresponding weight vectors { i Yie lie in the span of the
previous-layer features evaluated at the training inputs, i.e.

ol e span{ze1(@1), ..,z (@)}, G=1,... ke (93)

Proofof Lemma 0.1. Fix any index j € {1,...,k¢}. The empirical objective in (8) depends

on 'f;j(»e) only through the inner products <ﬁ§e), z¢—1(xy)), p = 1,...,n, and is optimized

5)H2 _

subject to the norm constraint H'f)]( = 1 (together with the deflation/orthogonality con-

straints to previously selected directions, which are also expressible solely through such inner

y + ’UJJ-‘, where ’UJ”

dimensional subspace S := span{zg_l(wﬂ)}zzl C RPe-1 and UJJ-‘ € S*. By orthogonality,
|

(vj»-, zy—1(x,)) = 0 for every training input, so <1§](-€), zi—1(xy)) = <v; ,Ze—1(xy)), ic. the

~ (€ . L .
products). Decompose v](- J— is the orthogonal projection onto the finite-

data-dependent objective depends only on vjl»l. Pythagoras gives 1 = H’f)j(-é) I3 = ij” 13+ ’vj»‘ 13,

SO any nonzero UJJ»‘ forces H'UL| |l2 < 1. The rescaled vector v := 'UJH/H'Uy |2 € S is then feasible
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(it has unit norm and inherits the orthogonality constraints, since these involve only inner prod-
ucts with vectors in §) and yields a strictly larger objective by a factor ||v ]H |32 > 1, contradicting

optimality of ’ﬁj(.g). Hence every minimizer satisfies vk =0,ie. ’IAJJ(»E) € S, which is (93). O

J

E.3 RKHS-Euclidean Equivalence

We now establish a fundamental result that underlies all subsequent proofs in this section. By
Lemma 0.1, we know features lie in the span of training features. This allows us to identify RKHS
constraints with Euclidean constraints on weight vectors.

Lemma 0.2 (RKHS-Euclidean Norm Equivalence). Let Ko—1(x, z') = (z¢—1(x), zo—1(2'))
and let Ho_y be its induced RKHS. Then the RKHS norm of a linear feature coincides with the
Euclidean norm of its weight vector: for any w € RP=1, the linear feature

pu(@) = (u, 20-1(2)).
satisfies
lalbey = o
Consequently, the RKHS unit ball {¢ : |¢||ln, , < 1} and the Eudidean unit sphere {u :

\wlle = 1} are in bijection through w — y, establishing a primal-dual equivalence between
RKHS constraints and Euclidean constraints.

E.4 Proof of Theorem 0.1

We prove each part of Theorem 0.1 in turn, using Lemma 0.2 to convert between the RKHS and
Euclidean formulations.

Proof of part (i). By Lemma 0.2, the objective equals

B (@) = |13 ot s = ()
p=1

wherea! = 1 > =1 Yuze—1(x,) is the empirical first-order moment computed in Algorithm 1.

éa Z0—-1 ($)>
as the unique maximizer (up to sign). O

By the Cauchy-Schwarzinequality thisis maximized atu = /|| @?||2, giving ! (z) = (@

Proof of part (ii). By Lemma 0.2, the second-order objective equals

)

~ 1 n R
En [yg@(.’.lf)ﬂ ) = E Z y/i<uv 24—1(1:#)}2 = "U,TC@)U
pn=1

where C1) = 1 > 1 YpZe-1 (z,)ze-1(z,) " is the empirical second-order moment opera-

tor. By the Courant—Fischer minimax theorem, the unit-norm vector maximizing |u ' C“)u|

. . . ~ (L ~ . . . ..
is the leading eigenvector 'U% ) of O (in absolute eigenvalue). Successive orthogonal maximiz-

. ~ (¢ ~ (¢ .
ers are the subsequent eigenvectors 'vé ), cen v,(w). Via u > (py, these correspond exactly to
1, - -, Pk, satisfying the stated variational recursion. O
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Dual (kernel-space) form — By Lemma 0.1, any optimal feature ; lies in the span of the n
training feature vectors:

n
pj(x) = ZO‘j,qu—l(mvmu)- (94)
pn=1
Define oij = (a1, .. ., Oajm)T as the coefficient vector for feature j. By Lemma 0.2, the RKHS
norm of this feature is
il = &) Giray, (95)

where Gy_1 = Zg,lZJ_l € R™*" is the Gram matrix with entries Gy_1 (11, v) = Ky_1 (2, ).

The empirical objective from Theorem 0.1 (ii) becomes

1 Zn 2 TAWE
maxa:H<p||7.%71:1 E yu@(mu) = MaAXy:0 TGy 1a=1 ‘a C( )a‘ ) (96)
p=1

where C(0) = 1 >t YIS (T, ) @K1 (2, -) is the label-weighted kernel outer-product

T n
operator.

Proposition 0.3 (Generalized Eigenvector Problem). The optimal dual coefficients { & }f": | that
sequentially maximize the above constrained objective satisfy the generalized eigenvector problem

G2YG oy = Ny, j=1,... ke, (97)
whereY = diag(y1, ..., Yn) is the label matrix, and \; are the generalized eigenvalues ordered
kg

by magnitude. The solutions {ée;} 21 recover the dual cocfficients of the second-order features, en-
abling a kernel implementation of Neural LoFi without explicit access to the feature vectors.

Proof of part (iii). At every layer, assume that the limiting eigenvalue (or eigenvalue cluster)
being selected is separated from the rest of the spectrum. For a single feature this means a posi-
tive eigengaps; for a cluster the statements below hold for the spectral projector, with an arbitrary
orthonormal basis chosen inside the limiting eigenspace.

Induction statement. Let py, be the data distribution. After layer r, let
g¥(@) = (V7 (@). o) (@), ... o), (@)

denote the projected features selected by Neural LoFi at finite width, and let K ®) be the kernel
produced by the following random lift. The induction claim |,. is that there exist deterministic
functions g;° and a deterministic kernel K ° such that

0o P
19 = 9711 22 (o) P 0 (98)
and, for the training inputs,
P = P
G = GXllop —— 0, D IKP () = KXCoxp)lliag,) — 0 (99)
pn=1
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where (G,(np))w, = K,Sp)(azu, @, ). The base case is deterministic: go() = @ and Ko(x, ') =
(z, z').

We first record the kernel-propagation step used in the induction. Suppose that, for some layer r,

the projected features already satisty g,(~p ) g% in L?(py). For a deterministic feature map g,
write

K:lgl(z,2) = Eanr, [0(a’g(x))o(a'g(z"))].

The limiting next-layer kernel is K2° = K, [g>°]. Since g7(«p ) g% in L? and o is pseudo-

Lipschitz with the required moment bounds, dominated convergence gives convergence of the
(p)

deterministic kernels IC,.[gr"’] — KC;-[gS°] on the fixed Gram matrix and in the L? section norm

in (99). Conditional on g,” ), the finite-width kernel is an average of iid random features:

Pr

KO(@,2') = — 3 o(a] g (@))o(a; g (a)).
pr S
For each fixed anchor x,
) ) 2 C
EG‘HK’I" ("wu) _ICT[gr ]("m/‘)HL2(pz) < D 5 (100)

and the same iid law of large numbers applies to the finitely many Gram entries. Thus (99) follows.
This is the formal sense in which, once the features entering a layer have a deterministic limit, the
next layer sees a fixed deterministic distribution.

It remains to show that this deterministic kernel convergence propagates through the spectral

filtering step. Assume ly_1 and abbreviate K, = K éﬁ )1, Ko = K}°,,and G}, G for their
Gram matrices. By (99),

P g P
1Gp — Goollop o 0, Z:l [Ep (s 2p) — Kool mM)H%Q(pm) e 0.  (101)
s

The explicit Op(n/,/p) Gram-matrix rate in the non-adaptive, fixed-g case is the usual random-
feature concentration bound; for the section convergence, (100) gives the sharper Hilbert-space
law of large numbers needed for out-of-sample features.

By Lemma 0.1, every selected feature has the form
n
(@)=Y auky(, ).
p=1

Its RKHS norm and empirical second-order objective are

~ 1 '
e, =o' Gpa,  Enlyp(e)’] = —a'GpY Gpar, Y =diag(yr, - yn).
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Therefore, on the range of G, the generalized eigenproblem is equivalently the symmetric eigen-

problem
1
B,8=)3, B,= EG;/QYG;/Q, B =G o (102)

The square-root map is continuous on positive semidefinite matrices, hence || B — Boo|[op — 0
in probability. If the kth limiting eigenvalue is isolated with gap Ay > 0, the Davis—Kahan
sin © theorem [ ] implies convergence of the corresponding projectors at rate Op (|| By, —
Bollop/Ak). For a simple eigenvalue, after fixing the sign,

P
Bpe —— Boojk- (103)
p—+00

We next convert the convergence of [3,, ;. into convergence of the actual feature functions. Let

T
kp(w) = (Kp(wwwl)v v 7Kp(a:7 wn)) ’ Qp = G;;/Qﬁp,ka

where 7 denotes the Moore—Penrose inverse on the stable range of the limiting Gram matrix. If
G « is nonsingular, this is the ordinary inverse square root. Continuity of the pseudo-inverse
operator and (103) give o, ), — Ot i, in probability. Hence, with

Gok(@) = kp(x) Tapp,  OF(x) = koo(®) oo s

we have

1@pk = D% N r2(pe) < I1kp — Kool L2(peirm) ll0tp k]2

P (104)
+ HkOOHLQ(pm;R”)Hap,k - aoo,kH? p—>—oo> 0.
The linear feature satisfies the same conclusion directly, since
‘ 1< 1 < ¢
Yp(x) = o Zyqu(w7wu) - ZyuKOO(wa T,) = Vs ()
pn=1 pn=1
in L?(pg). Thus the whole projected vector gép ) — (w;;, Pp1s- -1 Pp,) converges to the de-

terministic vector g;° in L2, Applying the first part of the induction to this deterministic limit

gives convergence of the next random feature kernel K lfp ) to
K*(2,a') = Banr, |0(a’ g7 (@))o(a’ g7(2"))]

which proves ly. By induction, all finite collections of learned features and the induced kernels
converge layer by layer to deterministic infinite-width limits.

d
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F Effective dimension and sample complexity of emergence

As discussed in the main text, training dynamics is found in practice to often display long plateaus
followed by abrupt transitions, with new directions in representation space emerging sequentially
[ ; ; ; ]. We return in this section to the emergence of learned features
at each layer, and in particular, we now make the noise level 77 (n) in (17) explicit. Throughout
the section our results apply conditioned on a fixed kernel Ky_; (x, ') defined by the features
z¢—1 of the previous layers.

Recall the residual candidate class
Slf: = {SO € Hf—l :||90HH4_1 = 1730 1 P1y 7§0k—1} .

Let Ty : L?(P;) — L?(P;) be the integral operator of the current kernel,
Ta)(@) = [ Kos(aa) f(@)aPu(a),

and let Hé‘ denote the projection orthogonal to the selected features 1, . . ., or—1. The residual
covariance operator is

17l 1
For a resolution parameter r > 0, define the residual effective dimension:

Definition 0.1 (Residual effective dimension). Lez {)\fk }j>1 denote the eigenvalues of Ty i, The
effective residual dimension at scale v is defined as

XF
DL(r) = "Tr | Top(Top + rI)—l] = A“jj (105)
iz T
The above notion of effective dimension is standard in kernel regression [ ; ], and sim-
ilar quantities appear in local Rademacher analyses of kernel classes [ ; ] Di (r) can

be interpreted as counting the number of residual directions whose variance is above the resolu-
tion 7.

Assumption 0.3 (Residual eigenfunction hypercontractivity). Let &y, denote the L (Py,)-closed
span of the residual eigenfunctions {gf)g’k} j>1. There exists Hy < 00 such that every g € &y,

satisfies

9/l Lacp,y < Hellgll2(p,) -
Equivalently, the same inequality holds for every L?-convergent expansion g = e qb?k with
> c? < 0.

Such an assumption holds, in particular, for the polynomial eigenbases that appear in random-
feature kernels such as Hermite polynomials and spherical harmonics ([ 1).
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Theorem 0.5 (Emergence sample complexity). Suppose that Assumption 0.3 holds and the kernel
K1 and labels y are uniformly bounded. Let

Tf’* i= argmaxry/ Dt (r).

r:rS)ﬁ’k

Here )\ti’k is the top residual eigenvalue, hence the largest possible variance scale of a unit-RKHS

candidate in St Then, for any § > 0, there is a constant Cy > 0 such that with probability at
least1 — 6,

k ~ k,x Dﬁ (T?*)
7 (n) = sup [on(p) = colp)| < Conry™ || =5 (106)
peSt n
This gives, up to polylogarithmic factors, the sample scale
) D)
(py
for recovery of py, conditional on the recovery of previous features 1, - -+, Pr—1.

Remark 0.2. The order of maximizers of the noise scale v/ Di (r) may not perfectly match the

. Hence, the next emergent feature

order of maximizers of the population correlation |E[yp(x)?]
after recovering o1, - - , Pr—1 may not be py. For simplicity, we neglect the correction in sample
complexity due to such order switches.

Proof. Forr > 0, let
Si(r) :=={p € 8} : E[p(X)?] <1},

We proceed by decomposing the fluctuations into contributions from Sﬁ (r) for different variance
scales 7. Define

rhrn) = sup [Blye?) — Elye? - (107)
PESL(r)
We will show that:
~ Dt
7 (r,n) S Conr i(7) (108)
The above bound follows through an extension of Theorem 2.1 in [ ] which bounds the
rademacher complexity of Sf; (7). Concretely, Theorem 2.1in [ ] provides that for a unit

ball of an RKHS of a bounded kernel with eigenvalues {\;};>1:
1/2
1
, 2 ~ )
ER, {f € fll < LEFX)? <v} S [ = minfr, A}

Jj=1
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Since for every r > 0 and every eigenvalue A;,

1 i
3 min{7, \;} < 7’:—J

< min{r, A\;},

J
the same bound holds for D¢ (r) defined in Definition 0.1.

We now adapt the proof of Theorem 2.1 of | ] to the quadratic process. By the bounded-
ness of the labels y, 7/°(r,n) can be bounded up to constants by the rademacher complexity of
©? over St (), defined as:

n

Ec[ sup Y en(X)?|], (109)
peSL(r) |i=1

where € € {£1} denote standard rademacher random variables.

Let {qb?’k} j>1 denote the L?(P,)-orthonormal eigenfunctions of Ty, Any ¢ with||p|,, = 1

can be expressed in the basis w.r.t {qﬁf’k} j>1as

pa(x) =D B/ e (@), Y A<
J

j>1

The constraint E[p(X)?] < 7 then translates to > y )\g,k /6’]2 < r. Hence, the set of coefficients
for ¢ € Si(r) is given by:

L:=3B:) <1, D N8 <r
J

J
The proof of Theorem 2.1in [ ] relates the set ;. to an ellipsoid B, through the following
inclusions:
—1
B, C L CV2B,,  Byi={B:Y m(nB<1p, ()= (min{lr/AS")
J

Thus the supremum over I, is bounded, up to an absolute constant, by the supremum over B,.
Setting 0 = /() B}, By is re-parameterized as the Euclidean unit ball||#]], < 1. Next, define

A7 Lk
a;(r) = () = min{\;", 7}
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The decomposition pg(x) = >~ Bj/ )\g’kqbﬁ’k(m) can then be re-expressed as:

> B Aﬁ’kﬁbf’k(ﬂ?)

J=1

_ (B (g
_zj: :UJJ()BJ\/WJ()

= Zej\/aj(T)qbf’k(ﬂ?)

2
n
sup ZQ‘SO,B(X@)Z < sup eZ 20 \/ a; (bek . (110)
Bel, |32 1012<1 ;=1
Define:
Ve e () <\/ <Z5€ i > ;
i>1
then the RHS in Equation 110 can be expressed as:
n
Z €001 (Xi) @ v r (X5)|| - (111)
=1

op

Let
Yo x(r Z a;(r) < = rD(r).

We now bound Equation 111 through a matrix concentration argument which requires bounding
the operator norm of the following fourth-moment matrix:

Mg’k(r) =K [HW,IC,T(X)HE W,k,r(X) X Ugykyr(X)] .

We bound|| My, () || through Assumption 0.3. Foreveryl|ul|, = 1, write g, (€) = (u, vg s, ().
Then
= Z u?aj(r) <r
J

since aj(r) < r. Subsequently by Cauchy—Schwarz and hypercontractivity (Assumption 0.3),

we obtain:
t (u, Myg(r) Zaa { X))ggu(X)ﬂ

< Zaj(r) ¢j7 ’L‘l

< Hitey(r)*Elgu(X)?] < Hirer(r)®.

P lgull71(p,)
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Therefore
HM@7;€(T)H2 < Hélmﬁg’k(r)Q = HZLT’QD;;(’I“).

Matrix Bernstein then gives, up to constants and polylogarithmic factors:

Ee sup Zeigo(X¢)2 < HEVnrpei(r) < Hinr k(r)
peSL(r) |i=1

n

By symmetrization and the boundedness of labels, this yields (108). Taking the maximum over
shells gives the stated bound with 7"5’*. O

F1 Estimating 7/(n) in Feature space

We discuss here how 7/°(n) can be estimated directly in the feature space (rather than in function
space, as we did so far).

Define the true label, weighted covariance:
C = Elyze_1(@)ze-1(2) ], (112)
and the unweighted covariance:

2 = Bz (@) ze-1(2) ). (113)

To estimate the cutoff nj for the number of samples required for the recovery of ¢y, we proceed
as follows:

(i) Letws,...vr—1 denote the top k£ — 1 eigenvectors of C' ©, Compute the residual covari-
ance:

EI(f) = (I — vk,lv,ll)Egll(I — vk,lv,ll). (114)

(ii) Let {)\ﬁ’k 521 denote the eigenvalues of El(f) . Then, for any r € R, define:

AF
Dhr) =Y 7

0k :
= /\j +7r

(115)

iii) Set 7*=aremax__.ox 1/ D¥(r). We predict the emergence of vy, with samples n¥ satis-
¢ g r<A ¢ p g p ¢
SA
tying:
2
k 7”5 k
Py

where pgk) is the Ky, eigenvalue of C ©),
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F.2 Effective dimension in the Hermite toy model

The abstract quantity Di () becomes concrete in the toy model Appendix D. In this paragraph,
k denotes the Hermite degree used to define the first hidden representation h(l), not the index of
the sequentially selected feature. Write the flattened degree-k Hermite tensor as

d+k—1>

Hi(x) = {Ha(@) : lo| = k} € RP*, Dk:( k

For Gaussian inputs, these coordinates are orthonormal in L?( P,.). Hence, for any two coefficient
vectors a, b € RPk,
E [{a, Hy(X))(b, Hi(X))] = (a,b)poy.-

Thus a degree-k candidate feature o, () = (a, H(x)) is literally a vector in a Dj,-dimensional
Euclidean feature space as far as L?( P;) norms and projections are concerned.

Equivalently, the degree-k Hermite kernel

Ky y(a,a') = (Hy(@), Hy(2)) = ) Ha(z)Ha(2')
|a|=k

has integral operator
Tuwf =Y (f,Ha)r2(p,) Ha-
loo|=k
This is the orthogonal projector onto the degree-k Hermite chaos. Its only nonzero eigenvalue is
1, with multiplicity Dy,. If the same block is reached through a random-feature activation, asin the
construction of Subsection D.4, the eigenvalue is multiplied by the squared Hermite coefficient
and by normalization constants, but the multiplicity is still at most Dj.

Therefore, effective dimension relevant for the recovery of R is bounded by this Hermite block
rank. For a block eigenvalue aj, > 0,

Dy

d+ k-1
¥ (r) = W _ % po<D,= — O(d*
toy,l(r) j;ak‘i‘r ap + 1 k>~ Mk k ( )7

and for resolutions A < ay, this is < Dj,. Hence, during first-level feature recovery, the statistical
fluctuation is governed by the ambient degree-k Hermite space.

The planted first-level variables in Appendix D,
WO (@) = (AY, Hy(m), i=1,....d,

formad; = d° dimensional signal subspace inside this D, = O(d*) dimensional Hermite
block. The residual effective dimension controls the size of the empirical noise over the full can-
didate block, while the planted subspace controls the rank and strength of the population signal.
Concretely, by the definition of y, we have that:
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Substituting the above scaling into the sample complexity prediction prescribed by Theorem 0.5
gives the d*T¢ first-stage sample scale stated in Appendix D.

F.3 Effective dimension in the multi-index models

We now discuss how the sample complexity prediction in Proposition 0.5 recovers the rates in the
setting of multi-index models with power-law dependence on the label.

We follow here [ ; ] and consider hierarchical multi-index targety = f*((w7, x)
¢ with isotropic Gaussian inputs & ~ N (0, I) and orthonormal teacher directions {w} }7_;.
Because the input covariance is the identity D¢ < d, at the slice-wise scale used in Proposition 0.5.
The features at layer £ along each candidate direction have unit variance under the Gaussian in-

put, so the variance scale is order one, 7 = rék) = O(1). Finally, the power-law dependence of
the label on the teacher coefficients translates into a power-law decay of the population correla-

tions across the planted directions: the i-th spike satisfies péi) = O(i77), where v > 0 is the
exponent governing the label spectrum. Plugging D{ =< d, 7 = O(1) and p) = O(i~7) into
the recovery condition n > (Ték) )2D4/( pék) )2 of Proposition 0.5 yields the sample-complexity

threshold n; > di? for resolving the i-th spike, which matches the optimal scaling laws derived

in [ ; ]

G Additional Numerical Explorations

G.1 Neural LoFi Kernel Limit

The kernel formulation of Neural LoFi developed in Appendix E replaces the random projec-
tions IR, of Algorithm 1 by their kernel expectations and computes the generalized eigenvalue
problem of Proposition 0.3 on the nx7n Gram matrix. The resulting estimator is deterministic in
the projection randomness and depends on (1.5, Y1.n) only through the kernel K;_; and the

labels.

Figure 8 reports the test error of kernel LoFi on binary CIFAR-10 over the per-layer retained ranks
(k1, k2), at two training-set sizes. First, the error landscape is U-shaped in the same way as its
finite-width counterpart in Figure 3: keeping too few features discards predictive signal, keeping
too many includes eigendirections that are not separated from the noise bulk at this sample size,
and the optimumssits atintermediate (K1, k2). Second, the location of this optimum shifts toward
larger ranks as m grows. Both effects are those predicted by the relevance—complexity criterion of
Theorem 0.1 and the emergence threshold of Equation (17): more samples lower the noise floor
7/ (n), allowing additional low-degree directions to cross it.

Read together with the convergence experiment of Figure 10, in which the finite-width LoFi error
approaches the kernel-LoFi error from above as the projection width p grows, this establishes that
the U-shape and the sample-dependent rank optimum are properties of the supervised spectral
mechanism itself rather than artifacts of the random projections used in practice. This is also what
distinguishes kernel LoFi from standard fixed-kernel methods such as the NNGP or NTK: the
operator diagonalized at each layer is built from the labels, so the geometry in which the next layer
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Figure 8: Test Error (%) as a function of the kept features for Kernel LoFi for different training
dataset sizes n. Stars indicate the best (k1, k2) in each grid. The optimal retained dimension is
finite and different from the usual kernel case (upper right corner), mirroring the behavior of the
finite-width Neural LoFi heatmaps in Figure 3
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searches for signal changes with the task. Kernel LoFi is, in this sense, the simplest deterministic
object that captures the layerwise task-adaptivity of feature learning described in the main text.

The Neural LoFi kernel also gives a feature-space perspective on why overparameterization and
pruning are not contradictory. Classical pruning methods show that many weights or connec-
tions can be removed after training with little loss in performance [ ; ], while the
lottery-ticket hypothesis suggests that large dense networks may contain smaller trainable subnet-
works [ ]. In Neural LoFi, width and rank play complementary roles: large width creates
arich feature space in which task-correlated directions can be discovered, while spectral pruning
retains only the directions that finite data can reliably support. Thus large networks are useful for
discovery, but low-rank feature selection controls the effective dimension used for prediction.

G.2 Measuring the feature alignment of LoFi with GD

In order to establish if the features learned by LoFi are a good approximation of those learned by
GD, we aim to measure how the alignment grows during GD training, when compared with the
features learned by LoFi.

Let’s consider a setting where we train the same architecture with both GD and LoFi, and we

measure the overlap between the features at each layer. More concretely, let 25°F(,,) denote the

features at layer £ learned by LoFi, and let 2§ (,, t) denote the features at the same layer learned

by GD at training step ¢; both are vector representations of the same dimension py. We can then
compute the featurewise overlap as

B zn: <zz%§Fi(a:u) — <z{7ffi>) (zgjl?(a:u,t) - <zgjl?(t)>>
e \/ <z£ﬁ:fﬁ<xu> - <z;¢3ﬁ>)2\/ (z%?(a:u,t) - <zg;.>(t)>>2

where <z;7(l?Fi> and <z§3}) (t)> denote the mean of the respective features across the dataset. This

, (118)

matrix Fy(t) € RPCXPe captures the pairwise correlations between the features learned by LoFi
and GD at layer £ and training step t. Features are permutation invariant, so we consider the
Frobenius norm of the overlap matrix as a measure of overall alignment, normalized by its initial
value at random initialization:

Ey(t — || F
Normalized Overlap,(t) = [Ee®)lle — | K(O)HF. (119)

1E2(0)]| 7

The normalization is required because having every layer a different p, and different spreadness of
the features, the initial overlap at random initialization can be different across layers, and we want
to measure the relative growth of the alignment during training.

In Figure 4, we plot the evolution of Alignment,(#) for each layer £ during GD training, for a 4
layer fully-connected network trained on a binary classification task on CIFAR-10.
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Figure 9: Test error (%) as a function of the number of retained features k at the hidden layer,
for a one-hidden-layer Neural LoFi with ReLU activation on CIFAR-10, for varying number of
random projections p and two training set sizes. The input and output layers are not reduced.
The optimal k increases with p, and larger p consistently yields lower test error.

G.3 Generalization and Spectral Performance: GD vs. LoFi

In this experiment we aim to train networks for image binary classification (Animals vs. Vehicles
in CIFAR-10) using both Neural LoFi and Gradient Descent (GD), and compare their generaliza-
tion performance across a range of training set sizes. We investigate the generalization properties
of Neural LoFi relative to GD by evaluating their test performance across varying training set
sizesn € [10%,5 x 10%]. To ensure a controlled comparison, we fix the architectures for both FC
and CNN models to have a comparable number of parameters and identical random projection

dimensions.

For GD, we employ a compute-constrained training protocol where the total number of gradi-
ent steps is held constant across dataset sizes. We adopt an adaptive scaling law for the learn-
ing rate, o y/B/n, where B is the batch size, and utilize a cosine annealing schedule with a
linear warmup. This ensures stable convergence dynamics without the need for exhaustive per-
conﬁguration hyperpararneter tuning. In contrast, LoFi remains a one-pass algorithm requiring
only the selection of the eigenvector bottleneck k.

Figure 1 illustrates the test error as a function of the training set size. We observe that LoFi achieves
generalization performance comparable to, and in low-sample regimes occasionally superior to,
GD. By reporting GD performance at varying step intervals, we demonstrate that LoFi, despite
being a one-pass spectral method, captures a feature set equivalent to that learned by GD during
its early-to-mid training stages.

While GD eventually outperforms LoFi as the training budget increases, this gap is expected; GD
iteratively refines features across the full model capacity, whereas LoFi performs a sequential, layer-
wise spectral projection. Crucially, these results are obtained without auxiliary regularization (e.g.,
dropout, early stopping) or optimized filtering levels for LoFi. Thus, the results in Figure 1 suggest
that the spectral alignment of LoFi is not merely a theoretical property but a robust driver of
generalization in deep architectures.
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Figure 10: Convergence of finite-width NLoFi to the NLoFi-NNGP limit as the hidden width p
grows. Each panel shows the test MSE versus p for four training-set sizes . Solid curves are finite-
RF NLoFi; dashed horizontal lines mark the corresponding NLoFi-NNGP limits at the same 7.
Rows vary the number of retained eigenfeatures per layer (k1 = k2 € {50,100, 200}); columns

vary the ridge regularisation A. Across all settings the finite-width curves converge from above to
the kernel limit.
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G.4 Filtering of Features

Figure 9 shows the test error as a function of k for a single hidden layer, where only the interme-
diate representation is subject to Neural LoFi’s feature selection. The curve structure mirrors the
two-dimensional heatmaps of Figure 3, now collapsed to a single axis. As p increases the resulting
test error improves and the optimal number of retained features k* increases. Crucially, select-
ing too few or too many features degrades performance, confirming that the U-shaped trade-oft
observed in Figure 3.

G.5 Predicting the sample complexity for feature recovery

The variational analysis of Section 3.1 predicts that the k-th eigenvector of the layer-¢ signed co-
variance becomes recoverable once the population correlation pék) exceeds the empirical noise
floor 7} (n), with the latter controlled by the residual effective dimension of the kernel induced
by the previous layer. This is an asymptotic statement, and the quantitative prediction Eq. (116)
rests on assumptions that CIFAR-10 features are not designed to satisfy. The experimentin Fig. 5

(and its convolutional analog Fig. 11) is intended as a stress test of the prediction in that regime.

We use the full binary CIFAR-10 training set (N = 60,000, animals vs. vehicles) as a population

proxy: running Neural LoFi on this set yields stable reference eigenvectors {'f)i(N) }i>1 at the layer
of interest. We then refit the same pipeline on random subsets of sizen < IV, holding the random
projections W7y, W fixed across subsets, and record the index-aligned overlap |<’0i(n), ﬁZ(N)) 2,
averaged over 100 independent dataset permutations. In the convolutional figure we plot the eight
overlaps after sorting them descending within each draw, which is robust to the | A|-ordering swaps
that arise when two leading eigenvalues of opposite sign have similar magnitude. The predicted
thresholds nf are obtained from the proxy at n = N by the recursive procedure of App. F and

use no information from the smaller-n runs.

The predicted thresholds (dashed verticals) track the order and approximate scale of the empiri-
cal transitions across the eight leading eigenvectors, which themselves are sharp on a logarithmic
scale and saturate in the order predicted by the recursive effective-dimension recipe — consistent
with the BBP/EA picture of Section 3.1. The bound is qualitative and not tight, so the prediction
should be read as the correct scaling of n? with the residual effective dimension and the spectral
gap rather than as an absolute threshold; even at this level, however, a single eigendecomposition
on a reference set is enough to indicate the order of magnitude at which each eigendirection be-
comes extractable.

G.6 Spectrum of the signed covariance

The core of LoFi is the spectral decomposition of the signed covariance operator, thus it is crucial
to understand the structure of its spectrum.

We analyze the eigenvalue spectra learned by ridge spectral networks on a binary CIFAR-10 clas-
sification task (animal vs. vehicle). The architecture comprises two convolutional layers with p =
512 channels, each followed by 2 X 2 max pooling and L normalization of the features—conclud-
ing with a fully-connected layer of p = 512 units. All layers are trained using signed-covariance
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Figure 11: Predicting when individual features emerge on CIFAR-10 with convolutional
networks. Convolutional analog of Fig. 5 in the main text. For a CNN Neural LoFi model on
the CIFAR-10 animal-vs.-vehicle task (random feature matrices W71, Wy held fixed across sub-
samples), we track the squared overlap |(v£n) , ’UZ(N)> K
samples and the large-sample reference eigenvectors at layer 1 (Left) and 2 (Right). At each sam-

ple size we order the eight tracked overlaps from largest to smallest within each draw, so ¢ = 1 is

between eigenvectors estimated from n

the best-aligned axis at that 72 and so on; curves show mean + SEM over 100 random subsamples.
Dashed verticals are the predicted emergence thresholds nlg from (17),(18), sorted ascending and
color-matched to the curves (see Eq. (116) in the Appendix). The sharp rise of each curve near its
predicted threshold shows that the effective-dimension criterion predicts the order and approxi-
mate scale at which successive task-relevant directions become learnable.
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eigendecomposition with eigenvalue-based feature selection (ridge spectral training). We evaluate
the model across a range of training set sizes (n € {200, 500, 2000, 50000}) while maintaining
a fixed network architecture. The grid plots in Figure 12 illustrate the full eigenvalue spectrum
for each layer, utilizing a symlog x-axis to resolve both fine-grained and large-magnitude spectral
components. The top five eigenvalues per layer are highlighted with red triangles, revealing how
the spectral structure evolves with data scale and illustrating the relative importance of dominant
versus distributed features across the network depth.

G.7 Feature Visualization
©)

Inputimportance To probe which input pixels drive the activation along v;. 7, we back-propagate
through the random features and accumulate the absolute Jacobian—vector product over the train-
ing set,

0 (v,(f)Tci)z(xi))

8xi,d

¢ 1 &
SOESDY

i=1

N
1 ¢
=52 ‘Jg(xi)Tv,i)’d, (120)
i=1
where Jy(z) = d¢y(z)/0x € RE*P. The raw map I ,ge) is convolved with an isotropic Fourier
low-pass filter m(f) = (1 + || f||/fo) ™ to suppress high-frequency noise inherited from the
random projections. For the input layer (¢ = 0) the Jacobian collapses to the identity and (120)

reduces to I,go) (d) = (v,(fo))z.

Difterent eigenvectors carry very different amounts of label signal. Rather than treating them uni-

formly, we aggregate the K retained per-k importance maps with weights given by the absolute
signed-covariance eigenvalues,

— l l
St NI (@)

_ [
Bt Ay

1) = (121)
This emphasises directions that most strongly co-vary with the target while preserving the spatial
information carried by the lower-ranked, but still label-aligned, eigenvectors.

In Figure 13 each panel shows 10 reshaped to the 64 x 64 image grid and averaged over the three
colour channels. We min—max rescale each panel independently to [0, 1]. The shared colorbar
reports this per-panel normalised intensity. The vertical label on the leftmost panel names the
binary CelebA attribute used as y.

Filter and activations for CNNs In Section 4 we have already discussed the filters and acti-
vations learned by LoFi for CNNs. Here we provide additional visualizations of these filters and
activations, for different layers and training set sizes. In Figure 14 we show the first-layer filters
learned by LoFi, as well as the activations of the top-ranked and mid-ranked eigenvectors at each
convolutional layer. Despite being larger than the filters learned on CIFAR-10 (Figure 6), the fil-
ters learned on CelebA are still interpretable as edge detectors, with a variety of orientations and
frequencies. It is interesting to compare the features learned by different eigenvectors: the top
eigenvector tends to be a brightness filter and converges to the same representation when going
deeper. The mid-ranked eigenvector, instead, learns more complex features even at the first layer,
obtaining a self-evident representation of the sample after the last convolutional layer.
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Figure 12: Spectral Distribution: Histograms of eigenvalues across network layers (columns)
and dataset sizes (rows). Red markers indicate the five most dominant eigenvalues. The symlog
scale reveals the emergence of spectral structure and the separation of lead features from the bulk

distribution as n grows. The random feature dimension in this experiment is p = 512 for all
layers.
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Figure 13: Layer-wise feature importance I © (Equation (121)) on CelebA [Liu+15] for two bi-
nary attributes. (7op, High Cheekbones) Importance concentrates progressively on the cheekbone
region across layers, while the chin area, salient at the input, is progressively suppressed in deeper
layers. (Bottom, Smiling) Importance remains focused on the mouth and jaw region throughout
all layers, reflecting that the discriminative signal for this attribute is preserved and not discarded
by Neural LoFi’s feature selection. This contrast illustrates that the retained features are task-
dependent and geometrically meaningful.
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Figure 14: Filters and activations for CNNs5.9We train a 6 convolutional + 1 fully connected
layer neural network on CelebA [Liu+15] for binary classification of the ?Gender” attribute, us-
ing Neural LoFi with signed-covariance eigendecomposition and eigenvalue-based feature selec-
tion. (Left) The 5 x 5 first-layer filters learned by Neural LoFi, visualized as RGB images. (Right)
The activations of the top-ranked (1st) and mid-ranked (7th) eigenvectors at each convolutional
layer (lower rows are deeper), for 6 images of the test set.



H Code Implementation

All experiments are carried out with a self-contained Python package built on PyTorch [ ],
Numpy [ 1, Scipy [ ] and scikit-learn [ ]. The source code is available in the
attached zip file.

Foreachlayer ¢ = 1,..., L, the trainer (i) estimates the RMS norm ¢ = (1 37, thi_)l 1) 26
keep pre-activations O(1); (ii) draws a frozen random map W, € R%-1>P¢ 1, .. ~ N(0,1),
and forms Z; = pe_l/ 2@ (H£_1Wg / Cg); (iii) computes the top-ky eigenvectors V of the signed
covariance Cp = %Z; diag(y)Z, ranked by |A[; and (iv) sets Hy = Z, V.

The eigendecomposition of Cy is the dominant cost, and three paths are dispatched automatically
based on (n, p¢, k¢): for pp < 25,000 on GPU, Cy is formed explicitly and diagonalised with
torch.linalg.eigh; for moderate p; on CPU, the full LAPACK eigensolver is used when

k¢ > pe/4 and Lanczos

(scipy.sparse.linalg.eigsh)otherwise; forp, > 50,000and k; < py/2,alinearOperator
is passed to eigsh so that Cy is never materialised, requiring only O(np,) memory and two passes

per Lanczos iteration. A deterministic starting vector vo = 1/,/py ensures reproducibility, and
when Z; does not fit in GPU memory, features are streamed in batches and Cy is accumulated via
outer products before calling eigsh.

The final representation Hy, is passed to sklearn.linear_model.RidgeCV; classification ac-
curacy is obtained by thresholding at zero (targets £1).

H.1 Figure Reproducibility

We list below the hyperparameters used for each figure (panel by panel). Unless stated otherwise,
random-feature weights are Gaussian, biases are zero, the final readout is ridge regression, and
curves are averaged over multiple seeds.

Figure 3, left. Binary CIFAR-10 (animals vs. vehicles), L = 3 ReLU LokFi layers. Test error
vs. n for ridge, 3-layer random features, and LoFi with p € {5000, 10000}; LoFi ranks
(K1, k2) optimally found after a logarithmic grid search in [2, p — 1]. Ridge A optimally
tuned with RidgeCV from [ ]in [1076,10] with 500 points; 10 seeds.

Figure 3, right. Same setup. Test error grid over (k1, k2) at fixed p = 5000, k3 = p, forn €
{5000, 10000, 20000, 50000}. Stars mark the best (k1, k2) in each grid. 10 seeds.

Figure 4. Four-layer FC ReLU net on binary CIFAR-10; width p = 1000, LoFi ranks k£ = 25,
n = 50000. SGD: batch size 512, Ir 0.06 with cosine + warmup, 98 steps.

Figure 6, left. Binary CIFAR-10 animal-vehicle. Convolutional LoFi: 4 conv layers (3x3, 2x 2
pool, Ly norm) + 1 FC layer; channels p = 4096 , ranks 32,64,128,256, ReLU; n =
50000. Top first-layer filters from the three RGB channels.

Figure 6, right. Same architecture. Activation maps of the 6th LoFi feature on test images at
successive depths.
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Figure 2, left, center. Hierarchical teacher of App. D with k = 2, ¢ = 3 and g* = tanh; d €
{80, 100, 120, 140}. RFwidths (p1, p2) € {(20000, 512), (30000, 768), (40000, 1024), (50000, 1280)},
spherical weights, and activations as in App. D.2. The top eigenvectors are computed with
a power iteration using at most 15 iterations and oversampling parameter 10. Readout:
polynomial kernel of maximal degree 5, ridge regularization 1079, kernel regularization
104, Left: test MSE vs. v = log(n)/ log(d). Center: overlap between 2D and B vs.
a. 10 seeds.

Figure 2, right. Same hierarchical teacher with ¢ = 2,d = 100, ¢ = %, « = 3,and g* = tanh,
using a first-layer random-feature width p; = 10000 and the activations of App. D.2. The
displayed spectrum is computed with a randomized eigensolver. One seed.

Figure 7 Same hierarchical teacher as in Figure 2, right, with ¢ = 2, d = 100, € = %, and
g* = tanh, using a first-layer random-feature width p; = 10000 and the activations of
App. D.2. The figure shows the spectrum of the first-layer spectral operator for several
values of & € {1.5,2.0,2.5,3.0,3.5}, each computed with a randomized eigensolver.
One seed per value of a.

Figure 8 Kernel LoFi (App. E) on binary CIFAR-10 (animals vs. vehicles), L = 3 layers, ReLU
activation. Test error grid over (k1, k2) € [10,n — 1]* for n € {1000, 5000}; stars mark
the best (k1, k2). 10 seeds. The final optimization for the ridge parameter of Kernel Ridge
Regression is done for A € [107°, 1] with 20 log-spaced points.

Figure 1. Binary CIFAR-10 animal vehicle, n € [102,5 x 10%]. Matched architectures with
p = 4096 , The LoFi ranks are kept fixed between architectures 32, 64, 128, 256. SGD:
batch B = 512, o< \/B/n (peak 0.01), cosine + warmup, total steps fixed across n. 10
seeds.

Figure 9. Binary CIFAR-10, single LoFi hidden layer (ReLU), only the hidden representation
reduced to rank k. p € {100,500, 1000, 5000}, n € {10000, 25000}, A optimally
tuned with RidgeCV from [ ] in [1075,105] with 500 points. Shading: +1 std
over 5 seeds.

Figure 10. Binary CIFAR-10 (animals vs. vehicles), 3-layer ReLU LoFi with last layer before
Ridge not reduced. Test MSE vs. width p for n € {200, 500, 1000, 2000, 5000}. All

shaded areas are average over 10 seeds.

Figure 5 Binary CIFAR-10 (animals vs. vehicles); a 2-layer ReLU LoFi with a population proxy
obtained from the full dataset (N = 60,000). For each sample size n, the LoFi pipeline s fit
onafresh permutation of  training points (with W7, W5 held fixed across permutations);
we plot the index-aligned overlap ](f)gn), {JZ(N)>

of the layer-¢ signed covariance. Mean £ SEM over 100 dataset permutations. Dashed

verticals: predicted thresholds nf from Equation (116).

|? for the topi = 1,...,6 eigenvectors

Figure 11 Binary CIFAR-10 (animals vs. vehicles); a 2-layer convolutional ReLU LoFi (random
convolutions with P = 5,000 channels, 5x 5 kernels, padding 2, stride 1; layer-1 eigenre-
duction K1 = 100) with a population proxy obtained from N = 30,000 samples. For
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each sample size n, the LoFi pipeline is fit on a fresh permutation of 7 training points
(with W71, W5 held fixed across permutations); we plot the per-layer diagonal overlaps
|<ﬁ§n), 'fJZ(N)> 2 fori = 1,...,8, sorted descending within each draw so thati = 1is
best-aligned axis at that n. Mean 4= SEM over 100 dataset permutations. Dashed verticals:
predicted thresholds nlg from Equation (116).

Figure 12. Binary CIFAR-10. Two conv layers (kernel 3 x 3, p = 512, 2x2 pool, L2 norm)
+ FC layer (p = 512); n € {200, 500, 2000, 50000}, ranks k, = 32,64, 128. Symlog

x-axis; top-5 eigenvalues marked.

Figure 13, top. CelebA at 64x64, attribute High Cheekbones from CelebA. L = 3 FC LoFi
layers (ReLU), P = 50000, (k1, k2, k3) = (100, 50, 20), n = 200,000, seed 0. Impor-
tance via Eq. (121); Fourier low-pass parameters fo = 0.15, o = 3.0.

Figure 13, bottom. Same setup, attribute Smiling from CelebA.

Figure 14, left. CelebA Gender. Six conv LoFi layers (5x5, 2x2 pool, Ly norm) + FC layer;
channels p = 512, ranks 16, 32,64,128,256,512 , ReLU; n = 500000. First-layer 5x5
filters as RGB images.

Figure 14, right. Same architecture. Activations of the 1st-ranked (top) and 7th-ranked (bot-
tom) eigenvectors at each conv layer (shallow—deep), on six test images.
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