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Abstract

We study the impact of the batch size 7, on the iteration time 1" of training two-layer
neural networks with one-pass stochastic gradient descent (SGD) on multi-index target func-
tions of isotropic covariates. We characterize the optimal batch size minimizing the iteration
time as a function of the hardness of the target, as characterized by the information expo-
nents. We show that performing gradient updates with large batches 7, < d*/> minimizes
the training time without changing the total sample complexity, where £ is the information
exponent of the target to be learned [ ] and d is the input dimension. However, larger
batch sizes than n, > d/? are detrimental for improving the time complexity of SGD. We
provably overcome this fundamental limitation via a different training protocol, Correlation
loss SGD, which suppresses the self-interaction term in the loss function. We show that one
can track the training progress by a system of low-dimensional ordinary differential equa-
tions (ODEs). Finally, we validate our theoretical results with numerical experiments.

1 Introduction

Descent-based algorithms, such as Stochastic Gradient Descent (SGD) and its variations, are the
backbone of contemporary machine learning. Their simplicity in implementation, efficiency in
operation, and notably effective performance in practice highlight their importance. A mathe-
matical understanding of SGD’s effectiveness remains a key focus in the field. Recent progress
has been particularly noteworthy in the realm of shallow neural networks. A sequence of works
demonstrated that optimizing large width two-layer neural networks can be mapped into a convex
optimization problem over the space of probability measures of weights, the so-called mean-field
analysis [ ; ; ; ]. Following this breakthrough, a large part of the theo-
retical effort has shifted to describing what class of functions can be efficiently learned by SGD,
ie. time and computational complexities required to learn a given class of functions. This has
been, in particular, thoroughly analyzed in a series of recent works focusing on isotropic distribu-
tions (e.g. Gaussian, spherical or in the hypercube) and targets depending only on a few relevant
directions (a.k.a. multi-index models). A key result from this literature is that the time complex-
ity of SGD scales with the covariates dimension according to the so-called information exponent
[ ] for single-index and Jeap complexity ; ] for multi-index targets, spark-
ing increasing interest from the theoretical machine learning community over the last few months
[ ; ; ; ; ; ; ; B

Our work follows this thread, focusing instead on the effect of batch size 1y, parallelization, and
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sample-splitting into the overall complexity required to learn a multi-index target. Instead of look-
ing at data one-by-one, as is common in theoretical studies, we investigate the finite 14 problem,
and characterize the time/complexity tradeoff when learning with one-pass SGD. Our central goal
is to paint a complete picture of how fast generalized linear models and two-layer neural networks
adapt to the features of training data as a function of 1, and the structure of the target function.

Our analysis sheds light on a fundamental limitation of one-pass (or online) SGD, namely that
for batch sizes larger than the input dimension, the dynamics of the training algorithm is domi-
nated by negative feedback terms that do not permit to reduce the time iterations needed to learn
the target. Therefore, we provide a rigorous solution to this fundamental limitation of SGD by
considering gradient updates on the correlation loss. Our approach, drawing inspiration from the
summary statistics method employed by [ ; ; ], concentrates on the overlaps of
neurons with the target subspace and their norms. This differs from recent studies, such as those
by [ ]and [ ], which focus on the full gradient vector.

2 Setting, contributions, and related works

Consider a two-layer neural network with activation function o and first and second layer weights
given by W € RP*?and a € RP respectively:

f(2) =+ 3 ajo((zwy)). 1)
P

We are interested in studying the capacity of f tolearn from trainingdataD = {(2",y"),¢[n] €
R9*1}. In the following, we work under the following setting.

Data model —  As hinted in the introduction, we focus on the case the (noisy) labels depend
on the covariates only through a projection over a k-dimensional subspace:

Y =W (W*2") + VAL, z¥ ~N(0,1,) (2)

where W* = {w] },¢x) € R¥* are the target weights, h* : R¥ — R is a non-linear activation
function, £V ~ N(0, 1) is the label noise with variance given by A > 0. We focus on the
case where £ = O(1) and d is large, i.c. the label only depends on a few directions of a high-
dimensional ambient space. The target function f*(z) = h*(W¥z) is often referred to in the
literature as a multi-index model.

Note that the setting above where we assume a generative model for the data and study the ca-
pacity of a model to learn is also known as teacher-student model in the literature. We adopt this
terminology and refer to f* and f as the teacher and the student functions, respectively. Similarly,
we refer to W* and W as the teacher and student weights.

Hardness of the learning task — Characterizing what class of targets are efficiently learned
by two-layer networks is arguably one of the key questions in theoretical machine learning. The
pivotal work of [ ] provably describes that for k& = 1, the hardness of the learning task is

In this chapter the input co-
variate is denoted z, playing
the role of @ in the rest of the
thesis.



{—1 A
SGD Learning

Correlation Loss SGD learning
SGD Not Learning
Expansion not defined

logd T

mmmmm Polylog regime

mmmm (One Step regime

- === Expansion validity boundary
SGD Optimal Point

—®— Corr. Loss Optimal Point

9:

o ==
-1 l

p = loggmny

o
Nl -

Figure 1: Time / Batch size tradeoff for weak recovery: Phase diagram illustrating different
SGD learning regimes as a function of the batch size exponent 1 = log, ny, and weak recovery
time exponent ! = log, T'. The analysis is dependent on the target’s information exponent £, this
particular plot is valid when £ > 3. Not correlating region: SGD is not able to achieve weak re-

covery. SGD s not able to perform weak recovery, but Correlation loss

SGD overcomes this limitation. Weak recovery region: SGD successfully achieve weak recov-
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ery. Note that it exists an at batch size n, = O(d"/?) that minimizes the number

of iterations needed by SGD, and another optimal point at ny, = O(d*~1) for Correlation Loss.
The critical line where nj, = Q(d*~!) is not addressed by our formal. See details about the other
two regions (Poly-log Regime and One-step regime [ ]) in Appendix D.



encoded by a single number, the information exponent £. More precisely, given the activation
h* in (2), £ is the lowest degree of the Hermite polynomials {He; } jciy appearing in the Hermite
expansion of h*. This notion generalizes direction-wise for multi-index models (k > 1), where ¢

is known as leap complexity [ ].
Definition 0.1 (Information Exponent [ 1)

£ = min(j € N: Eeoyio [(He; (€)] 0} o)
Training algorithm —  Given the training data D, we consider the training of (W, @) under a

sample splitting scheme: the data is partitioned D = U?:l DiintoT = LN /an disjoint batches
D; of size np, which are used, one every iteration, to train the network. We consider a common
assumption for the training algorithm that is to decouple the training of the hidden weights W/
and the second layer weights a. By keeping fixed the second layer weights at initialization a = ay,
the hidden layer weights 1 are estimated using (projected) SGD:

Wjt — Vij,th

W1 = " vt € [T],Vj € [p] (4)
Jwse =7V, e
where:
5 1 . v v
Ri= g2 = F@E))P Vel (5)
v=1

is the empirical risk over a batch of data. Two comments are in place. First, the gradient at each
step is computed using the empirical loss given by fresh, previously, unseen samples coming from
D;. Each gradient is thus an unbiased estimator of the true gradient, which means that on average
this algorithm minimizes the population risk over W:

1

R =Epey) 300~ 1)) (©

Second, the spherical projection allows us to focus just on the direction learned by the network,
putting aside the effect of the change of the norm of the weights. Note that in equation (4) we
have kept the read-out layer a fixed. Optionally, the second layer could also be trained with SGD,
as the first layer, or even with the Moore-Penrose pseudo-inverse solution; In this paper, however,
we consider it fixed and focus on the feature learning step, i.c., the recovery of the low-dimensional

space spanned by WW*.

High-dimensional regime — We focus on the high-dimensional regime where d — 0o. Of
particular interest is the case where the batch size ny, scales with the dimension d. Indeed, in mod-
ern machine learning, and in particular in the realm of distributed and federated learning, scenar-
ios with large batches, a single pass, and few iterations often become the norm [ ; ]
(as for instance when training large language models), further underlining the relevance of this
scenario.

This chapter departs from
the discrete/continuous time
convention of Section ??:
here t denotes the discrete
SGD step (called v there),
since v is reserved for in-
dexing individual samples
within a batch Dy; and, from
Section 4 onward, 7 denotes
continuous time (called ¢
there).



More precisely, we assume a scaling of the relevant parameters, i.e., learning rate and the batch
size, with d, as follows
y=9d’ and mny=ned", (7)

with ¢t > 0 and 6 could possibly be any real value. The exponents (6, 1t) characterize the Time /
Complexity tradeoft illustrated in the phase diagram (Figure 1). More precisely, the figure shows
the time complexity 7' = Tod? as a function of the batch size exponent /. The time exponent
() is linked to the learning-rate exponent (¢) and the information exponent (¢), and determining
this relation is the main object of analysis of the following sections.

Weak recovery of the target — The central object of our analysis is to characterize the time
iterations needed for the SGD dynamics defined in Equation (5) to learn the low-dimensional
features W*. More precisely, we are interested in studying the number of steps to achieve order
one correlation with the target weights W*. We refer to this condition as weak recovery of the
target subspace, formalized in the following definition.

Definition 0.2 (Weak recovery). The target subspace V* is defined as the span of the rows of the
target weights W*:

V* = span(wy, . .., wp) (8)

We define the following weak recovery stopping time for a parameter ) € (0, 1) independent from
d:
th =min{t > 0: [WW*T||p > n} (9)

Our key objective is to characterize the largest affordable batch size 14, to achieve weak recovery
of the relevant target subspace V* while minimizing the training time iterations 7". Indeed, the
updates of one-pass SGD in Equation (5) consist of sums of independent terms that can be par-
allelized efficiently with decentralized learning protocols.

Our main contributions in this paper are the following:

* We study how the batch size influences the number of steps required to learn a target func-
tion, for different information exponents of the problem. We introduce a schematic phase
diagram describing the different learning regimes, see Figure 1.

* We show that performing gradient updates with large batch sizes can reduce the training
time without changing the total sample complexity to weakly recover the teacher subspace
only up to np < d7? samples per step, with d the data dimension and £ the information
exponent of the target. Beyond this limit, larger batch sizes are detrimental for one-pass
SGD.

* We characterize that it is possible to improve over this fundamental limitation of one-pass
SGD by using gradient updates on the correlation loss, namely Correlation loss SGD. We
provably show that the number of steps needed to weakly correlate with the target with
this new training protocol can then be pushed down to T' = polylog(d) when using batch
sizes ny = O(d*~1), with £ the information exponent. Additionally, we provide sharp



prescription on how to scale the learning rate with batch size and input dimension, in order
to achieve the best time-memory tradeoff.

* We show that the asymptotic training dynamics is described by a system of Ordinary Differ-
ential Equations (ODEs) that can be solved exactly. We leverage on the ODE description
to characterize the different learning phases of two-layer networks when initialized with
non-vanishing initial correlation with the target direction to be learned (warm starts). Fur-
thermore, we also discuss finite d corrections to the asymptotic dimension-free description.

* Finally, we validate and illustrate our theoretical results with numerical experiments.

The code to reproduce representative figures is available in our GitHub repository. We refer to
Appendix E for details on the numerical implementations while the rigorous proofs of the main
results are detailed in Appendix A.

Other related works — The dynamics of Stochastic Gradient Descent (SGD) in two-layer
neural networks, particularly when trained on synthetic Gaussian data, have been a topic of inter-
est since the seminal works in the mid-1990s [ ; ; ; ]. This area has experienced
aresurgence in recent years [ ; s ; ; ; ; ; ;

; ]

Many theoretical efforts highlighted the class of functions that are efficiently learned by two layer

neural networks. In the context of single-index targets, [ ] introduces the notion of infor-
mation exponent to quantify the hardness of the learning task. Similarly, for multi-index models,
[ 5 ], building on their earlier work [ ], demonstrated how the leap com-

plexity of target functions dictates the amount of training samples needed from two-layer net-
works in the mean-field limit to learn the target. Note that | ] also considered the case of
ny S O(d). Numerous theoretical studies devoted to the understanding of the feature learn-
ing regime in two-layer networks often assume an asymptotically vanishing initialization for the
second layer weights ag in Equation (1), see e.g. [ ; ; ]. Although this
assumption is amenable for theoretical characterizations, our analysis provably shows that a care-
ful reasoning on the second layer magnitude is needed to offer a complete portrait of the learning
dynamics of SGD. More precisely, we describe a sharp divergence when the batch size nj, >> d'?
between the dynamics of SGD when optimizing the MSE loss (vanilla SGD), in contrast to the
correlation loss £ = n%, Zue[nb} 1 —y” f(2") (Correlation loss SGD). The latter training proto-
col is indeed equivalent to consider an asymptotically vanishing second layer weights ag at initial-
ization in the optimization routine, e.g. see [ ].

Closer to us, the analysis of the fz7st gradient descent step with large 2y, has been discussed in detail
in recent papers [ ; ; 1. [ ] showed that a single large learning rate gra-
dient step allows beating kernel methods when the number of training samples is proportional to
the input dimension. While their results are limited to single-index target and to a single gradient
step, [ ] further showed that with n = w(d?) samples, two-layer nets can learn multi-index
target function with zero first Hermite coefficient (/=2). [ ] extended their conditions
on the sample complexity to general £ > 1, showed this complexity is optimal for single-step
learning, and extended the results to higher information exponents. Although motivated from


https://github.com/IdePHICS/batch-size-time-complexity-tradeoffs

different objectives, [ ] heuristically sketch a phase diagram for the performance of SGD on
realistic datasets as a function of the algorithm’s relevant parameters, i.e. batch size and learning
rate.

A common assumption in theoretical studies is to consider sample-splitting schemes for the train-
ing protocol. At each iteration, the optimization algorithm is run using a fresh batch of observa-
tions of the model, drawn independently of past iterations; this routine has been used extensively
in the analysis of iterative algorithms (see e.g. [ ; ; s ; 1).

3 Time / Complexity tradeoffs

In this section, we characterize the intertwined dependence between the batch size and the hard-
ness of the learning task in determining the number of one-pass SGD iterations needed to achieve
weak recovery of the teacher subspace as in Definition 0.2. We offer a detailed picture of the trade-
offs to consider in order to minimize the training iteration time 7", compactly illustrated in the
phase diagram in Figure 1.

Network initialization — We consider random initialization for the hidden layer weights of
the network (1), while the second layer weights are kept fixed:

wjo ~ Unif(ST™Y), ajo=1  j€p (10)

We will refer to this situation as cold start, since the initial network correlation with the target
directions is vanishing when d — +-o00.

Generalized Linear Models — The seminal work of | ] studies the weak recovery prob-
lem for Generalized Linear Models (GLMs), i.e. p = 1, when learning single-index targets (k =
1). Starting from randomly initialized networks as defined in (1), the time iterations needed for
one-pass SGD (with one sample per batch) to achieve weak recovery of the target direction re-
spects:

o@d=Y) ift>2
I(0) =3 O(dlogd)  ifl =2 (11)
o) iff=1

where £ is the information exponent of the target f*.

As far as weak recovery of the target subspace is concerned, the characterization of multi-index
targets follows the same lines of thought just replacing the information exponent by the leap in-
dex of the target, e.g. see Definition 3 of [ ] or Definition 1 of [ ]. Similarly to
the information exponent definition, the leap index is the lowest rank of the tensors appearing
in the Hermite expansion of the target f*. Therefore, we choose to study in the following the
training dynamics for the p = £ = 1 scenario for general batch sizes 1. This assumption is
useful to provide rigorous guarantees as it largely reduces the complexity of the projected SGD
dynamics. However, we argue (supported by numerical simulations in Appendix E.1) that the
same phenomenology will hold for larger values of p and k.

7



3.1 Weak recovery with one-pass SGD

Consider the gradient descent dynamics defined on the hidden layer weights by Equation (4). We
focus on the description of the time evolution of the correlation between the network’s hidden
layer weight and the target direction:

my = (wy, w*) (12)

Our first main result is to characterize the time to achieve weak recovery of the target direction w*
as a function of the batch size and the information exponent of the target. We make very weak
assumptions on the activation and labeling functions, namely only assuming a sub-polynomial
growth:

Assumption 0.1 (Polynomial growth). The activation function o is differentiable everywhere,
except maybe at a finite set of points. Both o' and f* are sub-polynomial, i.e. there existsa q > 0
and a constant C such that for any x € R

lo'(z)] < C(1+ )T and |f*(z)| < C(1+2)? (13)

Assumption 0.2 (Well-posedness). Lez (cy) >0 and (cf) >0 be the Hermite coefficients of o and
h*, respectively. Then cg # 0, and if € is even, then cocj > 0.

Assumption 0.3 (Initialization). There exists a k > 0 such that mg > r//d. Further, if € is
odd, then my is such that
cecymg > 0

Assumption 0.2 ensures that the optimization problem is achievable for gradient flow on the pop-
ulation loss R. Indeed, one can show that when m ~ 0,

R = Ry — 0 cocym® + o(m®);

as a result, if £ is even and ¢y < 0, then m = 0 is a local maximum of R and weak recovery is
impossible. When £ is odd, the point m = 0 is always a strict saddle, so Assumption 0.3 ensures
that we start on the correct side of the saddle. Under the initialization scheme described by Equa-
tion 10, the first condition is satisfied with arbitrarily high probability upon decreasing x, while
the second is a 1/2-probability event.

We are now in the position to formally state the result:

Theorem 0.1 (Projected SGD weak recovery). Consider the projected SGD algorithm with square
loss (Equations (4), (5)), and suppose that Assumptions 0.1-0.3 hold. There exist absolute constants
Cv, C, such that if

(¢
v < ¢y min (1,nbd (QW) Iog(d)cw) ,

then for large enough d we have with probability 1 — ce~clog(n)?

th < - 1q(E71)V0 log(d). (14)



3.2 Ilustration of Theorem 0.1

The phase diagram in Figure 1 exemplifies Theorem 0.1. We identify three learning phases: SGD
learning, Correlation Loss SGD learning, and SGD impossible. These regions are explored by
varying the batch size and learning rate exponents 9, . Our theory characterizes the optimal
learning rate to achieve the lowest possible time iterations of SGD to weakly recover the target
direction w* when the batch size respects nj, = o(d*~!):

w):{ e (15)

0 otherwise

Weak recovery region — In the region ny, S d‘/? there is a net benefit in using larger batch sizes
in the SGD optimization. This section shows a similar phenomenology to [ ]: if we opti-
mally choose the learning rate exponent 6*(11), the number of time iterations needed to weakly
recover the teacher direction w* is simply T'(ny) = 1(£) /n,, rescaling straightforwardly the time
complexity of the n, = 1 case in Equation (11). By considering higher values for the learning
rate (0 < 0*()) SGD is not able to weakly recover the signal as the dynamics is dominated by
terms contracting the network / target correlation to zero, defining the SGD impossible region.
Vice versa, if one takes into account lower learning rates (6 > ¢*(1)), it is certainly possible to
weakly-recover the target, but at a higher time complexity cost.

Self-interaction regime — Conversely, the region 72 < np < d™*(~11) does not adhere to
the same straightforward paradigm. Indeed, standard SGD is not able to achieve weak recovery of
the teacher direction using 7'(np) = () /n, time iterations, but a simple modification of it - that
we call Correlation Loss SGD - is able to. The number of steps needed to weakly recover the target
with this new training protocol can then be pushed down to T = polylog(d) when using batch
sizes 1y, = O(d™*(=11), We refer to the next section for a detailed analysis of this regime.

One-step regime — Recent works have discussed the role of one large learning rate gradient

descent step (gzant step) when training of two-layer networks [ ; ; ]. More
precisely, [ ] sharply characterizes the section ny = Q(d’) where it is possible to learn the
teacher direction in just one step by setting the learning rate to (5giam_step( W) = 174

3.3 The self-interaction regime

Surprisingly, when the learning rate becomes extensive (y = w(1)), the usual SGD algorithm
struggles to achieve weak recovery. This can be explained by writing the gradient update as

wy — g = (1 — y(ge, wy) )wy — VQtL,

where gz, g;i- are the gradient at time ¢ and its component orthogonal to wy, respectively. As a
result, projected gradient descent can be seen as a version of spherical SGD with a random weight
decay (g, wy). When v = w(1), this weight decay also becomes of order w(1), which leads to
very unpredictable behavior of the process (w¢);>0.

In this section, we study a modified version for the training protocol, in which the self-interaction
term (g¢, wy ) is much smaller; we will refer to this new algorithm as Correlation loss SGD (see e.g.



[ 1), as it effectively amounts to gradient updates on the correlation loss:

= 3 197 (16)

vE[np)

The above-described protocol is equivalent to consider a vanishing initialization scale for the sec-
ond layer weights ag of the network 1. Such assumptions are often considered in different theo-
retical efforts (see e.g. [ ; ; ]). However, Figure 1 illustrates that a careful
analysis of the initialization scale ag is needed to paint an exhaustive description of the SGD dy-
namics. Indeed, considering Correlation loss SGD allows to overcome the limitations highlighted
by Theorem 0.1 for projected SGD. In particular, Correlation loss SGD is able to access the yellow
region depicted in Figure 1 where the time complexity can be reduced again to T'(np) = 1(0)/n,
using the optimal learning rate 6* (1) = ¢/2 — pu even for yu > /2. This is precisely stated in the
following theorem.

Theorem 0.2 (Correlation Loss SGD weak recovery). Consider the projected SGD algorithm with
correlation loss (Equations (4), (16)), and suppose that Assumptions 0.1-0.3 hold. There exists abso-
lute constants c.,, Cy such that if

4
v < ¢y log(d) ™% min (nbd_(QVI), nb)

d
Then if d is Large enough, we have with probability 1 — ce=¢'os()”

t < Cmax (1,7—%1(51)“’ 1og(d)> . (17)
The derivation of Theorems 0.1 and 0.2 generalizes [ ] which studies the 7, = 1 case.

Informally, the result is obtained by analyzing the stability of the equation for the correlation my,
along with the requirement on the step-size for the suppression of the effects of the noise across
time. However, there is a major difficulty introduced by the large step-size regime: when the
gradient updates become larger, the Taylor-inspired bounds used in [ ] become vacuous.
We work around this problem by showing that in this regime, there is a one-step improvement
which jumps directly to meaningful correlation with the target vector. All details can be found in
Appendix A. We provide in Table 1 a representative summary of the results in Theorems (0.1. 0.2)
characterizing the time/complexity tradeoffs to achieve weak recovery of general single index target
f*

The theoretical predictions of Theorem 0.2 are evaluated in Figure 2. The plot compares the
student-teacher weight correlation (m; = (w;, w*)) achieved by vanilla projected SGD and Cor-
relation Loss SGD as a function of time. The teacher activation h* is fixed to be the third Hermite
polynomial (¢ = 3), and the batch size varies, effectively changing the region of the phase diagram
considered. In agreement with Theorem 0.2, the figure shows that Correlation Loss SGD is always
able to achieve faster weak recovery with respect to SGD. Furthermore, the batch size that can be
used with Correlation Loss SGD in combination with the optimal learning rate 0* (11) = £/2 —
is larger, as presented in the phase diagram of Figure 1.
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, SGD SGD Correlation loss SGD ~ One step

with ny, < d*/? with d/? < ny < d™E=1D  withn, = o (d“‘““*l’l)) with n, = O(d")
., T= O(d/n,,) T =0(1) T = O(d/n,) T=1
N = 0(d) N = 0(d) N = 0(d) N = 0(d)
, T=0(dosdfn,) T = O(logd) T = O(dlegdfn,) T =1
N = O(dlogd) N = O(dlogd) N = O(dlogd) N = O(d?)
, T= O(d ' Jn,) T =0(dP) T=0""/) T=1
N =0(d") N = O(npd”*~1) N =0(d" ) N =0(d"

Table 1: Time / Complexity tradeoffs: Number of iterations 7" and the total number of samples
N needed to achieve weak recovery of the target for different training protocols in high dimen-
sions. Left: One-pass SGD of batch size nj, = d/, in this regime the optimal time complexity is
obtained rescaling by ny, the result of [ ] for ny, = 1, i.e. by choosing the optimal learning
ratey = O(npd~?). Center-left: One-pass SGD with batch size d7? < ny, < d™>*(=11) for
hard problems (¢ > 2) the sample complexity is significantly increased with respect to the nj, = 1
caseupto N = O(npd”>~1). The learning rate cannot be increased proportionally to 1y, in this
region, fixed to be v = O(1). Center-Right: Correlation loss SGD with nj = o(d™>(¢=1.1)),
this training protocol overcomes the limitation of SGD when n, > d"? and ¢ > 2; the total sam-
ple complexity is N = O(d’~1). The learning rate is fixed again to be proportional to the batch
size v = O(npd~"/?). Right: The target is weakly recovered with one GD step of ny, = O(d")
batch. The learning rate is chosen as y = O(d" ~ V7?) for the One Step routine [ ].
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Figure 2: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGD and the Correlation Loss SGD, in different regions of the phase diagram, and for dif-
ferent sizes d. The plot shows the test error as a function of the optimization steps. Both the
teacher and the student activation functions are fixed to 0 = h* = Hes, so the information
exponent is £ = 3. In all the three plots we vary the value of y, while § = ¢/2 — . Theorem 0.2
predicts that the Correlation Loss SGD weakly recovers the target direction while SGD fails when
0 < 0, in accordance to what is shown in the plot. Note that the numbers of steps needed for the
target recovery drastically decrease when p becomes large in accordance with Theorems 0.1,0.2.

Remark 0.1. Theorem 0.2 does not claim superiority of Correlation Loss SGD with respect to
plain SGD when trying to fully learn the target, but only for achieving weak-correlation faster (Def-
inition 0.2). As Figure 2 shows, Correlation Loss SGD escapes the initial dynamical plateau faster,
but is then limited by a loss function not designed properly to reach the global minimum. In Ap-
pendix E we investigate the possibility to combine both the algorithms sketched in Figure 2, namely
escaping the initialization plateau with Correlation loss SGD and then learn the function with SGD;
we refer to this protocol as Adaptive SGD. Moreover, as Figure 1 and Table 1 illustrate, the benefits
of using Correlation loss SGD are limited to settings in which { > 2. Indeed, the Self-interaction
regime (depicted in yellow in Figure 1) is not present for £ < 2.

4 Exact asymptotic description

We now characterize the exact asymptotic description of the dynamics of two-layer networks
trained with SGD. In Figure 3 we sketch a representative phase diagram as a function of the rel-
evant parameter of the algorithm, i.e. the learning rate and the batch size. The plot identifies
different regions of parameters defining the network’s learning efficiency.

Sufficient statistics — Our study, like many other efforts [ ; ], is based on the con-
centration of the neurons’ overlaps with the target subspace and their norms. This approach only

12
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Figure 3: Exact asymptotic description: Exact asymptotic characterization of the dynamics of
two-layer networks trained with SGD as a function of the batch size (n) and the learning rate (-y).
Left: Illustration of the different dynamical regimes in a compact phase diagram. Population
flow region: The dynamics is equivalent to population gradient flow. Noise learning region:
The high-dimensional noise terms dominate the dynamics. Saad & Solla line: The learning
dynamics attains a plateau characterized by the noise variance [ ].

The deterministic low-dimensional description of the Equation (20) is not valid. Right: The
figure shows a comparison of numerical simulations (dots) and theoretical prediction (continu-
ous lines) for three instances (0, 11) associated with different learning regimes (identified by the
corresponding colors). For both theory and simulations, the test error is plotted as a function of
SGD iterations. We consider a matching architecture problem, i.e. h* = o = erfactivation, and
hidden unitsp = 2, k = 2.

requires the knowledge for every optimization step t € [T of the above defined overlaps, often
referred to as sufficient statistics. Let the pre-activations be defined as:

>\t = WtZ and A= W*Z (18)

Thanks to the Gaussian nature of the data, the pre-activations at any time step ¢ are jointly Gaus-
sian vectors (Ag, A*) ~ N'(0,4, Q) with covariance ; € RO+HR)x(p+k),

q — [ @ M)\ _ (ww ww!
t —

MtT P - W™ WtT W™ W*T ( 1 9)

We refer to My, Q¢ as the order parameters.

4.1 Closed form equations

We are now in the position to state our proposition that provides a set of deterministic ODEs to
describe one-pass SGD in high-dimensions. This portrayal depends ultimately only on the values
of the learning rate and the batch size, as quantified by the exponents (9, 1.
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Proposition 0.1. Consider Q(t) the solution of the system of ordinary differential equations

dﬁfjr =V, () MQjT ;;(9) o0
Tt —a0) — D (@350 + (@)
where we introduced:
U, (62) —1{5>0025+u>1}7 a;j e
() =1{6zomza+uzl}; (aj i+ al¢szF) (21)

~
+ 151 >1 0204 u<1) 200 aja

and auxiliary integrals bearing expectations over N (0, Q):

%r =E [o'(A))A€]
[a' )\15]
|:0'/ a' (N 52}

£=g.(N) Zajcf(A)
j=1

Then, there exists a constant C independent from the input data dimension, such that the discrete
stochastic process for the covariance { S }en in Equation (19) induced by projected SGD dynamics
is approximated by the deterministic covariance matrix S)(t) with precision:

IEHQt Q(tAT) H VAT (22)

withT = tAT and At = d™(=0,=20+1-p),
We refer to Appendix B for the informal derivation of the above result.

In Figure 3 (left) we summarize the results of Proposition 0.1 in a compact phase diagram. The
following dynamical regimes appear:

* Population Flow: The dynamics of the sufficient statistics described by a deterministic
set of ODEs (20) is equivalent to population gradient flow.

* Noise learning: The dynamic is dominated by high-dimensional noise, and consequently
the algorithm does not learn the target; the behavior is reflected in the ODEs.

* Saad & Solla line: The ODE description in Proposition 0.1 is equivalent to the pivotal
work on 2LNNSs [ ]. In particular, the original work corresponds to the point (4, p) =
(1,0). The learning dynamics is blocked on a plateau characterized by the noise variance
in the labels.
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* Large batch interaction: The dynamics is given by population gradient flow combined
with thelarge-batch corrections terms, i.e. contributions coming from interaction between
samples z¥, 2’ in the same batch. This region corresponds in parameter space to § =
O,u>1.

* Phase coexistent point: The point & = 0,1 = 1 is the only point in parameter space
where all term in the equations are not negligible.

* Dynamics not defined: For a broad range of values of (, 1) the SGD dynamics is not
effectively described by a set of low-dimensional deterministic ODEs.

In the right panel of Figure 3 we present a numerical investigation of three particular instances
of the regimes presented above. The plot shows a comparison of numerical simulations versus
the low-dimensional exact asymptotic characterization given in Equations (20). The values of the
learning rate and the batch size used for SGD training are varied to probe different regions of phase
diagram 3.

Remark 0.2. When the target’s leap index is £ > 1, the dynamic of SGD is dominated by a first
extensive search phase to achieve weak recovery of the teacher direction (Theorem 0.1). Therefore,
in order to probe interesting dynamical regimes for general single index teachers, we assume non-
vanishing initial correlations of the network’s hidden layer weights with the teacher’s ones when d —
+-00.

In Appendix E we study the tightness of the exponential bound Equation (22); we argue supported
by numerical illustrations that (on the practical side) the low dimensional ODE description is valid

well beyond. the extents of Proposition 0.1, as already observed by other works [ s ] in
different context.
Non-asymptotic corrections —  Proposition 0.1 unveils a surprising result for the exact asymp-

totic description of two-layer networks. Indeed, the ODEs written in Equation (20) coincide with
the analogous ones for the single sample per batch case (n, = 1), modulo trivial rescaling of the
parameters [ ]. However, a careful consideration of the self-interaction term in the gradient
is needed for correctly describing the low-dimensional process of the order parameters:
np
Yo )N )EE (2, 2) (23)
v'=1v'#v

The asymptotic form of this term can be exactly computed to be (using Proposition 0.1 nota-
tions):

B —F [a’(Aj)g (A*)T} PR [0/ (M)EN] + (24)
E [a’(Aj)g(AL)T} (QL)_l E [a’(xl)gﬂ (25)

with At = A= MP "\ and Q+ = Q—-MP'MT. Although the contribution of the above
term is asymptotically vanishing in the ODE description (20) when d — 00, any theoretical de-
scription at finite d will effectively depend on d)?lc In Appendix E we provide additional numer-
ical investigation on the importance of (24) and the role of large batch sizes for non-asymptotic
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corrections to the characterization in Proposition 0.1. Moreover, we note that taking into ac-
count the presence of large batch size is pivotal to illustrate the time / complexity tradeoffs for
weak recovery of the target subspace, as thoroughly discussed in Section 3.

S Conclusions

In this manuscript, we have explored the intricate relationship between batch size and the effi-
ciency of learning multi-index targets using one-pass SGD on high-dimensional input data. Our
findings defy the conventional belief that larger batch sizes invariably lead to better results and re-
veal a critical batch size threshold, beyond which the advantages of larger batches wane in terms of
computational complexity. Applying gradient updates on the correlation loss one may, however,
navigate this limitation. Finally, we also provide a system of low-dimensional ODE to describe the
exact asymptotic of the SGD dynamics with arbitrary batch-sizes. Moving forward, we hope this
research paves the way for deeper inquiries into the optimization behaviors of learning algorithms,
prompting further examination of deeper networks and alternative loss functions.
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A Proof of Theorems 0.1 and 0.2

A.1 Preliminaries

Notations and definitions We denote by polylog x any polynomial in log x with degree > 1.
Since the case where nj, = O(1) is already covered by the results in [ ], we shall always as-
sume that ;¢ > 0. The Hermite coefficients of o and f* will be denoted by (¢x ) x>0 and (¢} ) k>0,
respectively. To break the symmetry between m and —m inherent to the problem, we assume
without loss of generality that

mo >0 and c¢pc; > 0.

Throughout this section, the update process on w; will be written as

w J—
th:’ t — VGt (26)

’wt - ’YgtH’

where gy is the gradient at time ¢: g = V,, ﬁt, and 7A€t is the empirical loss at time ¢, that can be
either the correlation or the square loss. When considering the update of the process (w; )0, it
will be useful to distinguish between the randomness in w; and the one introduced by the batch
drawn at time ¢. To this end, we introduce the filtration (F3);>0 adapted to the process w;, and
we shall denote by IP; (resp. [E) the probability (resp. expectation) conditioned on F;.
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Concentration in Orlicz spaces  We first recall some fact about Orlicz spaces that will be useful
for our concentration bounds.

Definition 0.3. Forany o € R, let o (z) = e*™ — 1. Let X be a real random variable; the

Orlicz norm | X ||, 75 defined as
X
Ya (|t>] <1 (27)

It can be checked that||-||,,  is a well-defined norm on random variables for v > 1, and can be
slightly modified into a norm when o < 1; see [ ; ] for more information. We say that
a random variable is sub-gaussian (resp. sub-exponential) if its 12 (resp. 1) norm is finite. The

Xy, =infqt>0:E

main use of this definition is the following concentration inequality:

Lemma 0.1. Let X be a random variable with finite | o-norm for some oo > 0. Then

P(|X - EX|> tHXHwJ < 2e" (28)

As a result, any 1), -norm bound yields exponential convergence tails. Orlicz norms are also well-
behaved with respect to products:

Lemma 0.2. Let X and Y be two random variables such that|| X ||, and HYHW are finite for
some o, 3 > 0. Then
[ XYy, <HXTy, YNy,

where X is the number satisfying é + % = %
Proof. Assume without loss of generality that | X ||, = [[Y]] py = 1. We use the following
Young inequality: for any a, b > 0, and p, g such that I% + % =1,
P a
ab < Z 4 v
p q
Applying this inequality top = a/\, ¢ = S/, a = XMNb=Y"? we get

o B

o B
exp((XY)Y) < exp (Ag > + exp (Mﬁf>

A A
< 2 exp(X?) + S exp(t”),

where at the last line we used Young’s inequality again with the same p and ¢. The result ensues
from taking expectations on both sides, and noticing that A\/a + A/ = 1 by definition. O

a B
(XY)* < AT AV

Then
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Finally, we shall use the following theorem:

Theorem 0.3 (Theorem 6.2.3 in | ). Let X1, ..., X, ben independent random variables
with zero mean and second moment EX Z2 = 02-2. Then,

n
> o2 + max]| X, (29)
i=1

ZXi < K, log(n)l/a
i=1 ¥

A.2 Computing the gradient at time ¢
A direct computation of both gradients implies the following lemma:

Lemma 0.3. Define
1 &
gt = — Y [ ((w*, 2))o’ ((wy, 2°)) 2",
W v=1
A 1 o v / v v
gt = ;bza(<wt,z o' ((wy, 27)) 2",
v=1

Then the gradient of the correlation loss (°°™ is — g, while the gradient of the square loss (*1is g, — g

Hence, the main difference between the gradients of the correlation and square loss is a so-called
self-interaction term g, that only depends on the learned vector w;. Notice that g} is an average
of np independent variables of the form

gi¥ = [ ((w*, 2"))o’ ((wy, 2¥))2", (31)

and we define g; and gy in the same way. By Assumption 0.1 and Lemma 0.2, each variable g
(resp. g¢, g¢) has finite ¥-norm for some o > 0, and hence Proposition 2 of | ] holds
up to polylog(n) factors.

We can also compute the conditional expectation of the gradient g;:

Lemma 0.4. Foranyt > 0,
E; [g7] = o(me)wf 4 ¢ (my)wy (32)

where p(my) and V" are two functions with Taylor expansion

¢(m) = crpaciamb and P (m) = cppacim”. (33)
k=0 k=0
Further, we have
Et [gi] = wy  with = E.A0,1) [za(z)a’(z)} . (34)
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Proof. The expectation of g; is a specialization of Lemma 4 from [ ] tor = 1. By the
independence properties of Gaussians, E; [o((wy, 2))o’((wy, 2))(z, w’)| = 0 assoonas w' is
orthogonal to wy, hence the expectation of g lies along wy, and the second result follows. [

In the following, we will denote ¢*9(x) = ¢*°"(z) — ™. A generic ¢ will be used when no
specialization is necessary, so that

E; [gi] = —d(my)w™ — (my)wy. (35)

A.3 A differential inequality for m,

The structure of the proof is similar to the one of [ ]. We define the following stopping
times for > 0:

t& =min{t > 0:my > (}, te =min{t > 0:my < (}, (36)

and the following y-dependent time:
E'JYF,C = min{t > 0: 'ymffl > (} (37)

Our first goal is to show the following high-probability inequality:

Proposition 0.2. Define
Ny

Tmax = )
Chnaxd log(d)Cmaxry?
for some sufficiently large Cinax > 0. Then, for a sufficiently small choice of c:

(z) If we are using the square loss, and v < c, (nbd_g/ 2N 1), there exists ¢, > O such that

t—1

3
Pl ms> 1o + chmﬁ_l vVt < t:{ ANtmax | > 11— ceclog(n)?, (39)
s=0
77) If we are using the correlation loss, and v < ¢ nbd_ﬁ/ 2 there exist c, & > 0such that
g 7y
3 t—1 ,
P | me > Jmo + ey miTh VES AT Aty | > 1= ce ) (40)
s=0

The rest of this section is devoted to show Proposition 0.2. We define the following “good” event

o= {ltgnwol < - |

at time ¢:
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A (almost) deterministic update inequality ~We first expand the projection step to obtain a
difference inequality for the process m;. We write

g = (ge, w)w; + gi T, (41)

where gj- is orthogonal to w;. Similarly to Equation 35, we can compute the expectation of g;-:

Bt [ge] = —p(me)(wi — mewy) (42)
Lemma 0.5. Foranyt > 0, there exists a (random,) constant c; such that the following inequality
holds:
2.2 12
sl

5 — 57w aQL>\H9fH2. (43)

M1 > Myt — WCt<UJ*>QtL> -

Further, under the event &y, we have 1/2 < ¢, < 2.

Proof. We use the decomposition of eq. (41) and write

— gt = (1 — v(gt, we))wi — Vg

As aresult, if we define

1
Ct ' = ——F—~
1 —v(ge, wy)’
we have N
—Ycg
Wi1 = Mk A -2 i
Jior = eiar

since the update equation (26) is invariant w.r.t scaling. Taking the scalar product of the above
with w*, we have

— yer(w*, gi-)

mi+1 = 1 (44)
o =reiat |
Expanding the norm in the denominator, and using that||w;|| = 1 and (w;, gi) = 0:
2| 4L 2
lw: —vg:]| = 1+720tHgt H

By the convexity inequality (1 + :L’)_l/ 2>1—2/2,validforallz > 0, Equation (44) becomes

C
e (et a) (1- 25 e )

The lemma ensues upon expanding and rearranging the terms. O
The expansion in Lemma 0.5 can be decomposed in two terms: the term linear in y is a noisy drzft

term, that will drive the dynamics, and that we will decompose as a sum of a deterministic process
and a martingale. All other terms in 2 or 72 are corrections that we bound with high probability.

20



The linear term  We first control the term linear in . We can write
(w*, gt = (w* B [g7]) + 2, (45)

where (Z;);>0 is by definition a martingale difference sequence for the filtration (F¢)¢>0. The
expectation term is straightforward to compute using (42):

(w*, B¢ [g7]) = =(1 = mP)o(m). (46)

The contribution of the terms Z; is bounded by the following lemma:
Lemma 0.6. There exists constants c, C' > 0 such that with probability 1 — ceclog(n)?,

t

log(d)¢ /T
sup ZZS<M

< (47)
1<I<T s AL

Proof. The martingaleincrement Z; isan average of oy, independent terms Zy, thatsatisty|| Z} ||, <
C for some o, C' > 0 by Assumption 0.1. As a result, if we define

Ba = sup||Zill, »
t>0

Theorem 0.3 implies that
B — polylog(d)
EERVE

We now apply Theorem F.1 in [[]21] with 2z = log(d) e VT B, which yields the exact
bound needed. O

Bounding the corrections Our next step is to handle the higher-order corrections. We show
the following lemma:

Lemma 0.7. Let T > 0, and 1 < 1. There exists a constant C > 0 such that for anyt < T

2 dlog(d)C
P HgtlH <C <¢(mt)2(1 —m2)? 4 Ogn(b)> VE< AT | > 1 — cTeehed)
(48)

Proof. Fixsomet € [T']. We can write

gi- = a(w* — mw) + % Z A ((w*, 2")) o’ ((wy, 2¥)) 2"+
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where each 2+ is orthogonal to both w and w*. From Lemmas 9 and 11 in [ ], with
probability 1 — ce_CIOg(d)Q’

1< dlog(d)®
*Zf*(<w*,ZV>)O'/(<wt7ZV>>ZVJ_ < C Og( ) )
n v=1 ny
Now, we have

(gF wi)? = a*(1—m})? and [la(w* — mw)||* = a®(1 — m}),

hence

2 1 dlog(d)®
1 1 2 g
Jot [ < st + B

It remains to notice that
(g wi)? = ((w", By gt ]) + Z1)°
< 2((w*, B [g])? + 2)
< olm(—df 40 ().

O]

Putting it all together We now combine all the previous bounds into a unique proposition.

Proposition 0.3. LetT' > 0. There exists constants c, C' > 0 such that

t—1
P | me>mo+ Y Paee(ms) — Clnoie(ms) — CK(T) VE<T | (&
s=0 t<T (49)

>1-— Te—clog(n)2

where @ gy, and Proise are given by

Paiee(m) = (1 = m*)$(m), (50)
1 ()
Buagelm) = 7?m (1~ m2)s(m)? +7'm DB o1 w22 (m)?, 1
b
log(d)“v/'T log(d)®
NS ng
Proof. By summing the inequality of Lemma 0.5 for 0 < s < ¢ — 1, we get
2.2 1|7
i1 . 1 Y CsMs||Gs 1 33l L 3
mi+1 2m0_20765<w vgs>_f_§7 Cs||9s (53)
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The linear term is handled using the martingale decomposition (45) combined with the expec-
tation computation of (46) and the bound of Lemma 0.6 on the martingale contribution. The
terms in 2 and 3 follow from Lemma 0.7, as well as Lemma 0.6 with T' = 1, which implies that

[(w”, gi*) < Clog(n)®

for some C' > 0. Finally, under the events & for s < ¢, we can replace every occurence of ¢s by
either 1/2 or 2 depending on the sign of the corresponding term. O

Proof of Proposition 0.2  The expressions of Lemma 0.4 imply the following expansions near
0:

¢(m) = cecm™" +0(m") ¢ (m) = O(m")  ¢(m) = =1+ 0(m")  (54)
As aresult, there exists an 7 > 0 and constants C, ¢ > 0 such that for any m < 7,
em'™! < ¢(m) < Cm'! [ (m)| < Cm* [p*(m)] < C.

We first lower bound the drift inequality of Proposition 0.3. Whenever m; > 7, we have
(Pdrift(mt) > p(’ymfil) - 0’7 )

where p(z) = x — C(2? + 23). Define ¢ > 0 such that p(z) > 2/2 on [0, €], so when
+ A Ft
t<th AT, ]
Dyife(my) > cymy ' — C’Yanbm-

When v < ¢ynpd /% log(d) =,

dl d C /—1
JAog) (a2 < o
p

when t < t;/%/g, Cy,>Candc, < c/2(/@/2)€f2'
Having shown ® g, (1m24) > cmffl, it remains to handle the constant terms in Proposition 0.3.
We can compute directly K (#max ), which yields

log(d)C—Cmax/2 d
K (tag) = BD" " 0 tog ()OO L

C(matx\/g ny
< log(d)c_c'“’”‘/2 Cec, ¢

T CnaVd log(d)Cm=s
mo

< BVEE

!

by choosing ¢, small enough and C,, large enough.

Finally, we need to show that the events & occur with high probability. This is covered by the
following lemma:
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Lemma 0.8. Let T' > 0. The following bounds hold:

e forthe square loss, if v < ¢, for small enough c.,

P (a bolds forall t < t; A T) > 1 Te-clog(@?,

* forthe correlation loss, for small enough e,

P (& bolds forall t <t AT AT) 21— Temelosld”,

Proof. We begin with the case of the square loss. From the expression of the gradient expectation
in (35), and the estimates (54),

Eq [(we, ge)] = ¢*3(my) — ¢(me)me = O(1),
whenever t < t,‘;‘ . Lemma 0.1 applied to (w, g¢) implies that with probability 1 — ce—clog(n)?
C'log(d)® B
N
whenever ;1 > 0. As aresult, if v < ¢ for ¢, small enough, & holds. The proof for the correla-
tion loss proceeds identically, noting this time that

E; [(wy, gi)] = ¢ (my) — dp(me)me = O(1)

whenever t < £, A ffyr’a. O

(wi, ge)| < [Ee [(we, ge)] | + O(1)

A.4 From the linear regime to one-step recovery

We now prove Theorems 0.1 and 0.2. We focus on the case of the correlation loss; the square loss
is identical apart from the additional v < ¢, requirement of Proposition 0.2.

We first assume that n, = O(d*~!) and

14
¥ < ¢y log(d) =% min (nbd@“), 75’) (55)

for constants ¢, C to be chosen later. In particular, the condition y < cvnbd_é/ 2of Proposi-
tion 0.2 is satisfied.

The linear regime The first part of the proof proceeds as in [ ]. Define the function
1 ift =1
te(d) = q log(d) ift=2, (56)
dzl if0>2
and teony = max(1, v 1t,(d)). Proposition 0.2 as well as Section S from [ ] implies the

following lemma:
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Lemma 0.9. There exists a constant C > 0 such that if ta > Cleony, then with probability at
least 1 — 06_01"‘5(”)2,
tye Nt < Cleony- (57)

We therefore only need to check the condition ty,x > Ctcony. Plugging the expression for y and

tmax, We get

’Vtmax > Np > 1
te(d) = YCpmay log(d)Cratlnd+(E/2=1V0 = ¢ C

Ny 20— Chax—1
max 2 2 I d v max
Cooax log(d)Trndy® = ¢, Chnas og(d)

log(d) Cy=Cma—1

t

Whenever nj, = O(d*~!), by decreasing ¢, and increasing C.,, for large enough d and any con-
stant C' we have

T max
Pomax <C and tp > C,

te(d)
as requested in Lemma 0.9.
Whenever 7~ < ¢, we have £, . > t,+ and hence the proof of Theorem 0.2 is complete. It
thus remains to treat the converse case. Note that the latter only happens in the correlation loss

case, since we can always choose ¢, such that cvnéfl < &; the dynamics of square loss SGD are
therefore only in the linearized regime.

One-step recovery above LZ%S We now treat the case where yn/~! > . For simplicity, let

t = t, ., then Lemmas 0.7 and 0.6 imply that with probability 1 — ce~clog(n)?
d _ d
lo? < € ((otm)l+ rtm? + 2 ) <€ (m 24 2)

lylog(d lylog(d
<gt,w*> — Cb(mt) _‘_mtd}corr(mt) +0 (Poi’/‘%( )) > Cmffl +0 <poi’/:Ti( ))

By definition of ¢, we have 1 < 5_17mf71, and whenever v < ¢4/ 1y /d one has

< cq/dfl/2 and v*— < cg.

VAL Ny

Therefore, for large enough d,

my + (g, w*) > y{(gs, w*) > cym} !

d
lwe + gl <L +Allgell S1+Cry (mi ™t + — ) < (C+e ' +c2e Hymi ™
ny v

But by taking the scalar product of Equation (4) with w*,

me + 7<gt7w*> > c _. ,,7/
|wi +vgel| — CHet4c2et

mi+1 =
Theorem 0.2 ensues by redefining 7 = min(n, 7).
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B Informal derivation of Proposition 0.1

In this appendix we provide an informal derivation of the low-dimensional deterministic expres-
sions describing the dynamics of the sufficient statistics (Proposition 0.1). While the formal rig-
orous characterization should in principle follow directly from [ ], it requires a significant
amount of work for full mathematical rigor.

Let D be the set of labeled data { 2", 4"}, ¢[], with label generated by:
= OV 4 VEE

where W* € R¥*? where we assume k& = O(1). We are implying that 4 depends on 2¥ ~
N (0, 1) just through a low-dimensional representation (linear latent variable). £&¥ ~ A/(0, 1) is
the artificial noise.

We can track the overlap matrix using standard manipulation. We introduce the local fields as:
AN =Wz"eRP, X =W"2"cR vveln

We fit these data using a two-layer neural network. Let the first layer weights be W € R? xd the
second layer weights @ € RP; the full expression of the network is given by

P
f(2) = =3 ajow] 2),
P =

where w; are the rows of W and o is the activation function.

Since 2" is Gaussian and independent from (W, W*), the pre-activations are jointly Gaussian
vectors (AY, A*) ~ N (0p 1, ) with covariance:

* T
Q= (z\% p > — (W‘i’”‘; gg‘gﬂ) € ROHR)X (o)

This is the low-dimensional matrix (its dimensions stay finite even when d — +00) that contains
all the information needed for the dynamics.

We are going to train the network with layer-wise SGD without replacement, using at each time
step t a fresh new batch of size ny:

A 1 o v v\\2
Ri = m;(yt - f(2{))

A stated in the main text, we are interested in the representation learning phase. The gradient of
the first layer weights

. 1 & _
Vo, Rt = o Zajgl(/\?,t)gfzf Vj € [p]
v=1
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where we defined for convenience the displacement vector

& =y — (2

Initially, we focus on plain SGD, without normalizing the weights at every step. Let us take now
one gradient step with learning rate v:

w]',t_;_l = ’wj¢ — 'Yijﬁt (58)

By combining the gradient update equation with the definitions of the matrices (W, W*) we
obtain the following dynamics:

Mips41 — Mjr s = DAEY
Jrit+1 It g aJ Z
ke
Qitan = Qe =13 (a0 (NN + o’ (NN, ) € (59)
v=1
ny Ny
22 gagalz Z /\lt)gt'jgt VT V
v=1v'=1

These equations introduce a discrete stochastic process {€2; }+c that describes the dynamics in a
low-dimensional way. We also introduce the population loss as

1
R: = Eq, [52} ,
since it is the quantity telling us the performance of our trained network.
Handling the intra-batch correlations Up to now, we have followed the same derivation as
the original Saad&Solla equations [ ], apart from the effective learning rate scaling. Using

larger batches introduces some extra correlations terms that have to be taken into account. Let’s
split the second term of equation (59) for Q in 2:

ny Ny ny
Z Z )gl/gu vT 1/ :ZUI()‘?,t)UI( Zt)gig/Qz;/TzV_’_
v=1v'=1 v=1

+Z Z o NEVES 2 T2

v=1v'=1v'#v

The first term is the standard gradient noise term that appears in Saad&Solla equations, while
the second emerges from the large-batch, and has to be treated with new considerations. Let’s
introduce now the component of the student vectors orthogonal to the teacher space

1 T 1 1asT
W =W, — M;P~'W* and consequently Qt = (Wt ) Wi =Q¢— MP "M, .
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We can also define the local fields of this subspace, with the interesting property of being inde-
pendent with the teacher ones

A=Wtz AP~ N(0,Q)) Cov[A, At =0

1
It is possible to choose a setvg ; € (Span (Wit) U Span (W*)) of orthonormal vectors, such

that {w L, Vg ¢ } is a basis of RY. Using the properties of the basis, we
o OB relk],j€pl.BE[d—p—Fk]
can write the identity matrix I as
d—k—p
Lo = (WHTPTIW*+ (WH QD) Wi+ Y vaewg,
=1

We insert the identity matrix z | z with z " I;z. By recalling that \* = W*z, At = Wiz, we
arrive to:

Z Z VOELEY ((AV*)TplA”’*Jr

v=1v'=1v'#v

d—k—p
T / /
+(A) @HTN+ Y <v5,t,z"><vﬁ,t,z;>)
B=1

Now, exploiting the relation:

AL =X — MPIX*,
and noting that the indices v and 1/ are 1ndependent, all the sum we need to compute are just
ny d—k—p
Za LONEY Za DM and )N (vgy2t)
v=1 p=1

High dimensional limit In our analysis we consider the high-dimensional limit d — +o00
with the batch size going to infinite as well, with the scaling n;, = nod". Note that when ;1 = 0
the intra-batch correlation disappear and we fall back to standard Saad&Solla setting, given that
the learning rate 7 = ypd % is small enough. Indeed, we can informally say that all the sums
above converge to their expected value

;bef DAEL —Ea, [0 (A)ALE] = e (60)
n—bza DA —Ea, [0/ (A)NE] = 65, (61)
1 . v v l/
0 N )EL = T2 B, |0 ()0 (MEY] = e} (@)
v=1
ny d—k—p
2{: Uﬁt7zt
v=1 ﬁ:l
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Morcover, using A~ = A — M P~ A* we have

Eq, |0'(0)EA| = 655 - MP 1y,
Plugging back in (59), we finally obtain
Mjr 41 — Mjry %%ajEQt [0/ (A)ArE]

Qﬂin—Q%t%%EQtU%U%Aﬂkr+mU%MlM)é
2
y°d
+ anbajalEQt [Ul()\j)J/()\l)gﬂ
72 / *\ T —1 / *
+ Ly 5aja (EQt [7/(09)E (\) 7] P, [0 (M)EA ])
2

+ 1{#0};7@]@ (Egt [a'(ij)g(iiﬂ (Qg)*lizgt [a'(Al)f:ALD .

where the indicator function 1y} indicates that the last term is only present if the batch is
large. If we want to make explicit all the dependenciesin d (7 = yod 0, np = ngdH):

Mjr,tJrl - M]rt Nd_ » a]wﬂ”t - \Ijjﬁt

0
Qi1 — Qjip ~d™° ( J¢]lt+al ¢lgt>

+ d_%;—oa]aﬂlij (d’l)—r

.
+d 25p—aj ar (@55 = MP "0 (Qi = MP™' M) (6FF — M P

=Py
(63)

These equations are the starting point for all our considerations, both when investigating weakly
correlation and when characterizing the exact dynamics.

HD
gl
go to 0 when d — +400. A careful analysis for the leading terms of these equations around

Indeed, when we have a cold start we have to take into account that ;. , JGlFtv @5~ can also
initializations will also give us information on the behaviour of the system, and ultimately it will
allow to have rules on how to scale 0 and j to have the best performance. An example for these
analysis for generalized linear model is provided in Appendix D.

On the other hand, when can also assume ;. 1, ¢GF

it = O4(1) for all the dynamics® and

use the equations for an asymptotic description. Clearly, depending on the values of  and p,

"This happens if £ < 1 or when we provide an informed initialization.
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not all terms are present in the limiting equations. A detailed discussion about this is provided in
Section 4.

Spherical projection When we consider the spherical gradient descent, i.e., the modification

of eq. (58)

Wit — 'Yij 7A3t

Wjty1 = =
! wjs — Vo, Re|

the overlap dynamics for the spherical large batch SGD can be then approximated as

M.
Mjrp1 — Mg 2054(Q) — =220

®;,4(Q)
1
Qjri+1 — Qiit =Pj1+(Q) — inl,t (@j54(Q2) + Dy (Q))

This derivation follows from a Taylor expansion of the denominator needed to project the update
equations on the sphere. As final note, this approximation only holds when + is vanishing when
d — +oo: that’s why we need v = o0g4(1) in Proposition 0.1. When  is too large, all the
other orders of Taylor expansion play a role, and we can’t have a simple expression for the exact
evolution, even near initialization. Nevertheless, the first order expansion is a lower bound of the
true dynamic that can provided guarantee of learning in some cases:

Mjr,t
2
1
Qjtt+1 — Qi >Pji () — inl,t (@j56(Q) + D4,4(Q))

Mjr 41 — Mjry >W 50 (2) —

D;;4(€2) (60

C Special case: committee machine with matching architecture

We consider a separable teacher, more precisely it is a committee machine with k& hidden units,
ie.,

1 k
fo(2) =3 3o ()
r=1

where we additionally consider a matched architecture in which the student and teacher share the
same activation function o.

As we discussed in Section B, the activation and the target appear just in the expected values of
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Equations (60),(61) and (62), that can be further simplified for matching architectures

Vit = Eq, [0/ (\)NE] = Zat/EQt DAie(A)]

t’l

_ Z asEq, [0/ ()Xo (As)]

F =Eq, [0/ (\)NE] = - tzlat,EQt AN ()]
= ;Zp:asEQt Ao (As)]
O = Ea, |0/ (\)0 (WE?] = tfjl araiBa, [0 () o' () o (A7) o (A7)
+ 3;1 asauEq, |0 [ (\;) o (/\l)a()\s)a()\u)]
_ Z;Z;a faso, [0 () o' (0o (A7) o (As)]

+ AR, [0 (A) o’ (A)]
In addition, we can also express the population risk as

1 A1
Re= 9B 8] =5 + 5 D esuuBa [P Ao ] +

k
1 * % * *
+ = E a,a;Eq, [U(Ar)g()‘t )] -

r,t

- Z asatEo, [o(A)o(AD)] .

srl

We introduce auxiliary functions to simplify the mathematical notations:

I (waa, wap, wps) = E [0(Xa)o(Ag)]
I3(Waa, Waps Wary, WEBs Whys Wyy) = E [C’ (AQ)ABJ )"Y)]
I (Waas WaB, Wary, Was, WBBs Wy, WS, Wryrys Wrys, Wss) = I [Jl(Aa)J 3)o(A )0()\5)}
I“°‘se(waa,wa5,w55) E [O’l()\a)O'/ ]

where we introduced the correlation w3 = E[Aq Ag], where (o, () are indices running on either
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the teacher or the student components. Dropping the time index for clarity, we finally obtain:

T =
]~
Q
Sl

Vi = I3(Qjj, Mjr, Mjs, Prr, Pry, Pyy)—

t

1 p
- Z;ZCLSIB(Q-”’ jransaPrraMsrsts)
s=1

1

]l k Zatl3 Qj]?Q]l? jtJQllaMlta-Ptt)

- Z asI?’ Q]J7 Q]lv Q]S) Qlla lea st)

s=1

k%
]l kZ E a atI4 Q]j;le? grs jthllvMlTuMltapT’l‘7P’rt7Ptt)
rt=1

‘|‘ - Z asauI4 Qj])le?Q]S’Qj’lhQll»QlS?Qlanss7qu7Quu)

s,u=1

- Zza asI4 Q]j?Q]va]S) jT7QlvalSyMlT7styMSTaPT‘T)

slrl

nmsc(Q]]a Q]la Qll)

A
R=— + 2 ZasauIQ Qs&ququu k‘2 Za*afb PTT’7PTt7Ptt)
Tt
2 e
pk STZI asQ, I2 staMST)PTT)

When analyzing a matching architecture setting, we just need to specify I, I3, Iy and I. 2“0155. Inthe
following sections we provide the explicit expression for all the cases used in numerical simulation
inside this paper.

C.1 Analytic case o = erf (/v2)

The expressions can be found in the appendix of [ ].
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C.2 Analytic case 0 = He;

We report here the auxiliary functions:

I (waa, wap,wgg) = E [(/\i — 1)()\% — 1)} = WaaWwps + 2w35 — Waa —wpg + 1
Ig(waa,wag,wawag,wgv,w,w) =2E [)‘a)‘ﬂ()‘?y — 1)} = QWQBW,W + 4wa7w57 - 20.)&5

It (Waa, WaB, Warys Wads WBBs Wy s WESs Wy, Wy, Was) = 4E [Aakﬁ(ki — 1A -1)
I5°%(wag) = 4E [AaAg] = dwags

We now work on the different terms:

2
AE [)\0‘)\5 () (A7) ] 403 iy W5 + B gs + By was+

16(.«)&7(4)/35&)75 + 16(,00‘5(4)/37(4)75 + 8wa5w55ww
AEAaABAY] = dwapwyy + Bwaywsy
4]E[)\a)\5)\§] = 4wapwss + 8waswss
AEAoAg] = 4wag

And then we arrive to:

Iy = 4wapwywss + 8wa5w35 + Bway W Wss
16warwgswys + 16Waswsywys + 8waswgswyy

— 4WapWry — BWarwgy — dwagwss — Bwaswgs + dwag

C.3 Analytic case 0 = He;

We report the auxiliary function for this case below.

I5°%(Waa, Wag, wap) =E [(3)\3 —3)(3\5 — 3)}
=9 — waq + 18w — Iwss + Iwaatsp
Iy (Waas wag» wgs) =E [(X = 33) () — 3A)]
=Ywapg — Waawas + 6wgﬁ — Ywapwss + waawaswss
I3(Waa, Wa s, Wary, WBE, Wiy, Way) = [(3)\34 - 3))‘6()‘5 - 3)‘7)}

= — 18wapway + Iwgy — IWaawgy + 18w§ﬁ/w5ﬂ,—l—

18wapWanwWyy — IWgyWryy + IWaawgyWryy
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L(--)=E [(:ug —3)(303 — 3)(A% — 3),) (A2 — 3))

— 162waywas + 162waywaswpg + 324wapwaswsy

— 324(,%47(,‘)0“5w%7 + 324w, pwanwgs — 162ws,wss

+ 162waawsgywas — 324w§7w37w55 - 324w35wﬂwwﬂ5

— 324wa7wa5w§5 + 162wanwaswyy — 162Wanwaswagwyy

— 324w WasWayWyy — 324WapWarywWEswyy + 162waywaswayy

— 162waawsywaswyy + 324w25w/37w/35ww + 324wm(,uoé(w/%(;wW
+ 8lwys — 8lwaawss + 162w swns

+ 162w§7w75 + 162w25w75 — 8lwgpwns

+ Blwaawpswys — 162w(2mw55w75 — 162w35w55w75

— 648w, gWaywWaywWys + 162w§7w75 — 162waaw%7w75

+ 324w35w%,yw75 — 648w aWaswpsw~s + 1296WayWaswWsywWEswWys
+ 162w%5w75 — 162waaw%5wwg + 324w§7w%5w75

— Blwyywys + BlwaaWyywas — 162w§6wwww

— 162w§5w,ww75 + 8lwgpwyywys — 8lwaawggw~ywys

+ 162w35w55wwww + 648w, aWasWEsWAyWAs — 162w%5www75
+ 162waaw[235w77w75 — 324wa7wa5w,2y§ + 324wmwa5w5/3w35

+ 648wa/3wa5w/37w,2y5 + 648wagwa7wg5w35 — 324w57w55w,2y§

+ 324waaw57w55w,2y5 + 54w,?;5 — 54waaw§/5

+ 108w35w§5 — 54w55w§5 + 54waaw55w§/6

+ 162warwaswss — 162warwaswgswss — 324WapWaswsWss

+ 324wa7wa5w§7w55 — 324wapwaywaswss + 162w wgswss

— 162wqawswgswss + 324w37w57wg5w55 — 162wy wWaswryWss
+ 162WanWasWaaWyAWss + 324WaBWasWy WAy Wss + 324WaaWanWEsWAy WSS
— 162wgywaswyywss + 162Waawsywaswyywss — 8lwyswss

+ 8lwaaw,swss — 162wi5w75w55 — 162w§7w75w55

+ 8lwggwyswss — Blwaawsswyswss + 162w§7w55w75w55

+ 648waWanWayWAsWss — 162w%ww75w55 + 162waaw§7wv(5w55
+ Blwyywryswss — BlwaawyywWrswss + 162w§5wwwww55

— BlwgawryywyswWss + BlWaaWgawyyWysWss
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D Weak recovery with Generalized Linear Models

In this section, we restrict our analysis to matching architectures withp = k = 1,i.e. Generalized
Linear Models (GLMs). Moreover, we consider as activation function the Hermite polynomials
o = Hey, so that we can have control on the information exponent of the problem. Finally, the
training algorithm is projected SGD, given by Equation (5). We will also assume thata = a, =1
throughout all the dynamics.

Let us start by noticing that the set of sufficient statistics reduces to just one single parameter
m = (w,w,). Retracing backward all the steps of the Sections C and B up to (64), we can
obtain the lower bound for the update of m. As examples the explicit equation for o = Hey is

Myl — My Z'yocl*‘S [4mt — 4m§§3 — d*‘sfyol{wéo} <8mt — Sm?) +

4 g0 (24mt — 24m3 + 2m§A)
no

)

while for o = Heg is

Myg1 —my >yod 0 [18m§ — 18m} — d~*Yo1{,z0) <162mt + 324m;} — 162mt5> -

4 goi-n 0 (—1728mt — 648m? + 3348m* — 972m? — 9Am§>
no

In general, for an Hermite polynomial activation Hey, the equation of the evolution of m around
m = 0 is given by

M1 — my > d—0Bmt= — 4 (d*“l*“ag +d 1{#;&0}@) m (65)

where we fixed 79 = ng = 1 for simplicity; o, B¢, ¢¢ are constants. For computing the full
equations for any generic ¢, with the constants values, we refer to the Mathematica notebook

published in the repository of this work.

At initialization, mg = 1/v/d. The crucial observation is that a sufficient condition to escape ini-
tialization is to have equation (65) being expansive, namely Am > 0 for m close to zero. This can
be true if and only if (d_‘s"'l_“ozg +d° I{W,go}gbg) m is negligible when compared to Bymt1,

so that the equation for m is lower-bounded by

A
T’? > Bym’ + hot with At=d (66)

Assuming that 7 = 04(1), the bound becomes tight and we can also derive some sharp charac-
terization of the escaping time. By simple arguments on differential equations, we can claim that
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Figure 4: Phase diagram for the learning rate: The plot identifies different learning behaviors
of standard SGD and Correlation Loss SGD for difterent values of learning rate and batch size

when considering randomly initialized networks, i.e. mo = O(1/Va).

the order of magnitude of steps needed to escape the initial mediocrity is given by

Oy é) /=1

1
Od (mﬁ2At> ¢ =3

remembering that mg = 1/vdand At = d~9, these lead to

max(d, 0) =1

log, T ~ ¢ loglogd+d (=2.

0—1+¢2 (>3

(67)

It’s clear that to escape as fast as possible, we want d to be the smallest possible, or in other words,

having the learning rate as large as possible. Obviously, ¢ is constrained by the values that make
equation (66) true (or equivalently by the assumptions of the formal proof in Appendix A). The
phase diagram of the allowed value of 6 and 1 is summarized in Figure 4: the green region is where

the equations for m is expansive, the red and the yellow region is where the equations in attractive,

so there is no escaping, the purple region is where we can’t do expansion because the learning rate

is too large and the process diverge. Figure 1 in the main text shows the same result in terms of T

and 1y, when £ > 3.
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D.1 Correlations loss SGD
When using Correlation Loss SGD, Equation (65) rewrite as

Tt > ﬁemé—l _ d_‘SH_“agm
effectively removing a constraint on the possible values of §. The modified version of SGD can use
smaller values of 0 for escaping the initial condition, reaching regions in the phase diagram that
are not allowed for SGD: this is colored in yellow in Figures 4 and 1. Of course, if the learning
rate becomes too large, all the theory does not work anymore (purple region in the diagram). In
Figure 1 we show that the number of steps needed to weakly recover can be pushed down to be
smaller than any power scaling with d (black and blue line on the x-axis). The picture becomes
clearer if we look at the same diagram in terms of (p, 0): Correlation Loss SGD can be used with
learning very large learning rates (1 — ¢/2 > 6 > —(¢—1)/2) such that the escaping times is
T = O(polylog(d)), as proved in Theorem 0.2. We believe that the true number of steps is
actually T" = O(log(d)), but we could not find any formal proof; in Section E.4, we were able to
show that for £ = 2 we have ' = O(log(d)), relying the result on numerical integration of our
asymptotic theory. Lastly, if the learning rate is of order v = O(d™%) = O(d" ~ '/?) we recover

the result of [ ]: the target can be weakly recovered in just one step, when the batch size is
ny > O(dé).

D.2 Simple example: retrieving [ ]

In this section, we want to show how to find the same result presented in [ ] starting from

our formalism. There, online one-pass SGD is considered, meaningn, = 1 = u = 0inour
context. Moreover, a vanishing learning rate is assumed, which implies 6 > 0, and all the bounds
for the evolutions of m are tight. The condition for expansiveness of equation (65) becomes

l

mbl > g=0+

my —> (5—1) logd mg > _5+1+10gd my — 6 > 1+(2—£) logd mo
Plugging in mo = 1/v/d we finally get § > ¢/2, where the equality is the best possible value of the
learning rate in order to make the escaping faster. Note that for £ = 1 we are also bounded from
Lemma 0.9,50 0 > 1. Combining with (67), finally gives us the minimal number of steps needed

d L=1
T~ (dlogd (=2. (68)
a=t >3

This result matches [ ].

D.3 Extensiontop > 1

The extension to general two-layer network student functions (p > 1), while keeping always the
target fixed to be a single-index one, can be readily done by performing an analysis similar to the
above. The considerations on the weak recovery trade-offs done in the previous sections are not
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Figure S: learning single-index teacher with a wide student, when information exponent is £ =
3: f*(x) = Hez(w* - @), f(x) = 1/13+_, Hez(w; - x). Our theory extends to this case,
showing that when 1t > /2 only correlation loss can weakly recover the target. (d = 256,v =
Y0 - prpd=7?)

changed upon re-scaling the learning rate with the hidden layer size p = O(1), i.e. 72n/p =
7M. Therefore, the scaling laws detailed in the phase diagram (Figure 1) are not modified, and
only prefactors, i.e. quantity not scaling with the input dimension, change with respect to the p =
1 case. We illustrate this phenomenon numerically in Figure 5. We leave the detailed theoretical
analysis of the p > 1 case for future work, with particular attention to the limit p — oo which
we believe is an interesting avenue of future research.

E Additional numerical investigation

In this appendix, we provide additional details on the numerical implementations presented in
the main text, along with further explorations. The code to reproduce representative figures is
available in our GitHub repository.

E.1 Cold start for multi-index models

The theoretical considerations for weak recovery under cold starts presented in Theorems 0.1&0.2
are proven rigorously just for one-hidden neuron network learning single-index targets (p = k =
1); this section aims to provide arguments to generalize this to the multi-index case.

Note that for single-index models the initial saddle is the only critical point where the algorithm
can get stuck during the dynamics, while this is not true in general for multi-index settings. In-
deed, after having weakly recovered a subspace of the span of the target weights, the learning dy-
namics can encounter another saddle of the loss function; this behavior is known as saddle-to-
saddle dynamics [ ]. In this manuscript, we focus on escaping from the saddle at initializa-
tion, leaving further explorations of the dynamics to future work. We follow [ ; ]

where the authors generalize the concept of Information Exponent (defined in Definition 0.1)
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Figure 6: Multi-index large-batch benefits: Comparison between the performance of plain
SGD learning multi-index model, for different values of f. The target is h*(21, 22, 23) =
tanh (21 2223), while the student is a wide 2-layer network f(x) = % P_, tanh(w; - ) (hence
{=3,p=30,k = 3,d = 512). Using a larger batch speeds up the weak-correlation time even

when the target is multi-index, and it is learned with a non-matching architecture.

to the multi-index setting (See Definition 1 of [ ] and Definition 3 of [ 1), let us
call this quantity the Leap Index of the target. We expect that, as long as the dynamics around the
saddle at initialization is analyzed, one can substitute the Information Exponent (¢) of the teacher
in the single-index phase diagram in Figure 1 with the Leap Index of the target. We explore the
Time / Complexity tradeofts in Figure 6 for a fixed teacher function with Leap Index equal to 3:
we observe a relevant decrease in the iterations needed to weakly recover the target subspace as the
batch size is increased.

E.2 Behavior of Spherical SGD

In many theoretical work [ ; ], the algorithm used during training uses the spherical
gradient instead of the simple one. The update rule used instead of Equation (58) is

- .
wj — Y (Id — wj’twji) ijtht

T .
wjp — Y (Id — wjytwj’t) Va,; Rt

In practice, only the gradient component orthogonal to the weights is taken into account. This al-
gorithm is particularly convenient for theoretical analysis because it is easier to find a lower bound
for the evolution of my, since it is always true that

while its analogous for Projected SGD does not hold.

> 1,

- R
Wit — Y (Id - ’wj,twj,t) Vuw, R
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Figure 7: Correlation Loss SGD weak recovery: Comparison between the performance of
plain SGD, the Correlation Loss SGD and Spherical SGD, in different regions of the phase di-
agram, and for different sizes d. The plot shows the test error as a function of the optimization
steps. Both the teacher and the student activation functions are fixed to 0 = h* = Hes, so thein-
formation exponentis ¢ = 3. Inall the three plots we vary the value of 11, while § = ¢/2—p1. Spher-
ical SGD learns even in regions forbidden for plain SGD, as the Correlation Loss does. Note that
the Spherical Correlation Loss is equivalent to the Projected Correlation Loss in all the regimes.

In this section, we want to show that Spherical SGD is behaving like Correlation Loss SGD when
7y is not vanishing, namely that is possible to escape mediocrity when the batch size is sufhiciently
large. For small batch size, Projected SGD and Spherical SGD coincide, while when 6 < 0 their
behaviors are drastically different, and only the latter is able to escape mediocrity taking advantage
of the large learning rate; a gap between the two is already noticeable at the Optimal Point, where
they both escape but the spherical is slightly faster. Finally, note that it is possible to introduce a
Correlation Loss Spherical SGD, by changing the loss in the same way as the usual Correlation Loss
SGD. There is no practical difference between the two algorithms when working with correlation
loss.

E.3 Adaptive SGD: combining Correlation Loss SGD with plain SGD

Despite these benefits, the correlation loss is not a good choice to fully learn the target. In this
subsection, we explore the idea of combining the two algorithms to escape fast with correlation
loss, and then reach the global minimum with the MSE loss. We will call the combination of these
two algorithms Adaptive SGD.

We are going to test in the simplest case possible: GLM with Hes as activation function (we re-
mark that there is no benefit in using Correlation Loss SGD over plain SGD when ¢ < 2). If
we run the algorithm for multi-index models, it would help to escape the initial saddle, but the
algorithm may get stuck in another critical point that is not the global minimum. The study on
how to escape fast from a critical point other than the initial one goes beyond the scope of this
paper. Our Adaptive SGD procedure works as follows:

(i) Make a Correlation Loss SGD step;

(ii) Ifthe Loss is smaller than 60% of the initial loss, jump to Step 3, otherwise go back to Step 1;
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Figure 8: Adaptive SGD: The plot compares the performance of SGD and Correlation loss SGD,
algorithms with Adaptive SGD; this protocol consists of first using correlation loss SGD to achieve
weak recovery, and then switch to adaptive SGD for learning the target. (¢ = 3,1 = 1.85,0 =
m— %, A =107%).

(iii) Reduce the learning rate of a factor 0.995 and do a Standard SGD step;
(iv) If converged stop, otherwise go back to Step 3.

The learning rate is progressively reduced because the plain SGD requires a lower learning rate
compared to the one used by correlation loss to escape fast. Certainly, one can design a much more
powerful algorithm than the one we present, but the goal here is just to show that the combination
of the two is beneficial, and not to find the best possible one. Figure 8 shows how the Adaptive
SGD Algorithm is the best one when fully learning the target.

E.4 Polylog regime example

We showed in Section 3 that it is possible to push down the number of steps needed to weakly
recover the target until it is growing less than any power law. In order to achieve this, we need to
run Correlation Loss SGD with ny, > d~'andy > O(d'~"?), as pictured by Figure 4. Proposi-
tion 0.1 shows that our theory for cold start, based on expansion of the process (63), is not valid,
among other conditions, when 6 < 0. Therefore, the only case where we can simultaneously
observe the polylog regime and have an exact asymptotic description for the full dynamics is when
¢ = 2,7 = O(1) and np, = O(d). Let’s stick for simplicity with a GLM whose activation is
Hes. Note that the total sample complexity is always N = n,T' = O(dlog d).

Figure 9 shows a numerical test of our theory in this particular case. We see that as d grows, also
the time needed to escape initial conditions grows. In the right part of the Figure we show that

the exact dependence is 7' = O(log d), that is indeed a polylog law.
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Figure 9: Phase retrieval with large batch size: Numerical integration of the process (63), for
f = f*=He,v = O(1) and n, = O(d). The escaping time dependence on the number of
time stepsisa 7" = O(log d): we claim this to be valid for all the polylog regime.

E.5 Large-batch corrections to asymptotic dynamics

Although disappearing when taking the limit, the terms of evolution process (63) coming from
intra-batch correlation are useful for providing a better description at large but finite d. Effectively,
they are behaving as a first correction to the asymptotic limit.

In this section, we aim to provide numerical arguments about the importance of intra-batch cor-
relations at finite d. We stick with the GLM setting, with erf as activation function. Note that
since the information exponent of this target is 1, there is no mediocrity at initialization, we can
setm = w'w* = 0 without falling in the cold start regime. Figure 10 shows simulations for
different values of d (dots), accompanied by the full process dynamic that includes the intra-batch
correlation terms (dashed lines); the asymptotic solution of the differential equations (20) is the
continuous black line. To enlighten the process even more, we also shows the difference between
the asymptotic solution, at the actual finite d one on the right part of the figure. We see that the
tull process solution always match with the actual project SGD simulation; most importantly,
when d grows the simulations are getting closer and closer to the asymptotic solution, confirming
that the large batch plays no effect in high-dimension.
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Figure 10: Non asymptotic corrections: Comparison between simulations (dots), exact asymp-
totic solution of ODE (continuous black line), and exact solution including the subleading large-
batch corrections (dashed line). As expected, as d — +o0 the simulations are getting closer and
closer to the asymptotic solution; on the other hand, taking into account the batch correlations
allows to have a better description of the dynamic even for small d.
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