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Abstract

Neural networks can identify low-dimensional relevant structures within high-dimensional
noisy data, yet our mathematical understanding of how they do so remains scarce. Here, we
investigate the training dynamics of two-layer shallow neural networks trained with gradient-
based algorithms, and discuss how they learn pertinent features in multi-index models, thatis
target functions with low-dimensional relevant directions. In the high-dimensional regime,
where the input dimension d diverges, we show that a simple modification of the idealized
single-pass gradient descent training scenario, where data can now be repeated or iterated
upon twice, drastically improves its computational efficiency. In particular, it surpasses the
limitations previously believed to be dictated by the Information and Leap exponents asso-
ciated with the target function to be learned. Our results highlight the ability of networks
to learn relevant structures from data alone without any pre-processing. More precisely, we
show that (almost) all directions are learned with at most O(d log d) steps. Among the ex-
ceptions is a set of hard functions that includes sparse parities. In the presence of coupling
between directions, however, these can be learned sequentially through a hierarchical mech-
anism that generalizes the notion of staircase functions. Our results are proven by a rigorous
study of the evolution of the relevant statistics for high-dimensional dynamics.

1 Introduction

Gradient Descent-based algorithms such as Stochastic Gradient Descent (SGD) and its variations,
are a fundamental tool in training neural networks, and are therefore the subject of intense the-
oretical scrutiny. Recent years have witnessed significant advancements in understanding their
dynamics and the learning mechanisms of neural nets. Significant progress has been made, in
particular, in the case of two-layer networks thanks, in part, to the so-called mean-field analy-
sis [ ; ; ; ]. A large part of the theoretical approach focused on one-
pass optimization algorithms, where each iteration involves a new fresh batch of data. In partic-
ular, in the mathematically solvable case of high-dimensional synthetic Gaussian data, and a low-
dimensional multi-index target function model, the class of functions efficiently learned by these
one-pass methods has been thoroughly analyzed in a series of recent works, and has been shown to

be limited by the so-called information exponent [ ] and leap exponent [ ; I
These analyses have sparked many follow-up theoretical works over the last few months, see, e.g.
[ ; ; ; ; ; ; ; ], leading to a picture

where SGD dynamics is governed by the information exponent, that is, the order of the first non-
zero Hermite coefficient of the target.



A common point between all these works, however, is that they considered the idealized situation
where one processes data one sample at a time, all of them independently identically distributed,
withoutany repetition. This is, however, nota realistic situation in practice. Indeed, most datasets
contain similar data-points, so that repetition occurs (see e.g. for repetition and duplicate in CI-
FAR [ ]). Additionally, it is common in machine learning to repeatedly go through the same
mini-batch of data multiple times over epochs. Finally, many gradient algorithms, often used in
machine learning in Lookahead optimizers [ ], Extragradient methods [ ], or Sharp-
ness Aware Minimization (SAM) [ |, explicitly take a few gradient steps over the exact same
data-point. It is thus natural to wonder if using such extra-gradient algorithms, or simply reusing
many times some data, would change the picture with respect to the current consensus.

There are good reasons to believe this to be the case. Indeed, it has been observed very recently
[ ] that iterating twice over large (O(d)) datasets was enough to alter the picture reached
in [ ; ; ]. Importantly, [ ] showed that there exist functions that
can be learned over few (just two) batch repetitions, while they require a much larger (i.c. poly-
nomial in d) number of steps otherwise. While the set of function considered in this work was
limited, the conclusion is indeed surprising, thus motivating the following question:

Can data repetition increase the efficiency of SGD when learning any multi-index functions?

We establish a positive answer to the above question by the analysis of more realistic optimization
schemes with respect to the standard One-Pass SGD. Indeed, the hardness exponents developed
in the seminal works [ ; ] are substantially bound to the idealized training scenario
that considers i.i.d data. Slight modifications to this training scenario toward a more realistic set-
ting starkly change the global picture. Such slight modifications include:

(i) non-vanishing correlations between different data points, that is a natural requirement for
real datasets;

(ii) processing the same data point multiple times in the optimization routine, i.e., a standard
step in any algorithmic procedure when looping over different epochs.

We consider a simple yet analytically tractable single-pass training scheme: processing one Gaus-
sian sample at a time, but repeating the gradient step twice. This minor adjustment, common in
Lookahead optimizers [ ], Extragradient methods [ ], and Sharpness-Aware Mini-
mization (SAM) [ ], significantly boosts efficiency. In fact, we will see that this approach
matches the performance of our best algorithms in most cases.

We show in particular that most multi-index functions are learned with total sample complexity
either O(d) or O(dlogd) if they are related to the presence of a symmetry, without any need for
preprocessing of the data that is performed in various works (See e.g., [ ; ; ;

1). Our results thus demonstrate that shallow neural networks turn out to be significantly
more powerful than previously believed [ ; ; ; ] in identifying rele-
vant features in the data. In fact, they are shown in many (but not all) cases to saturate the bounds
predicted by statistical queries (SQ) [ ] (rather than the more limited correlation statis-
tical queries (CSQ) bounds that were characteristic of the former consensus [ ; 1.
Equivalently, it roughly mirrors the prediction of the approximate message passing analysis in



[ ]. Our conclusions follow from the rigorous analysis of the overlaps between the trained
weight vectors with the low-dimensional relevant subspace that draws inspiration from the pivotal
works of [ ; ; ; ].

Concurrently with the present work, [ ] also studies the properties of SGD under data

repetition in neural networks. We discuss the differences between our works in Section 3.2.

2 Setting and Main Contributions

Given a dataset of N labeled examples {2”, 4" },¢[n] in d dimensions, we analyze the learning
properties of fully connected two-layer networks with first layer weights W' = {w; } j¢[), second
layer @ € RP, and activation functiono : R — R

p
F(zW,a) = ;Zaja ((z,w,)) W
=

We consider target functions that are dependent only on few orthogonal relevant directions k =
Oa(1) encoded in the target’s weight matrix W* = {w}},¢py € R¥*%:

y' = f1(z") = hr(Wr2Y) (2)

This model for structured data is usually referred to as a multi-index model. Our main objective
will be to analyze how efficiently two-layer nets adapt to this low-dimensional structure during
training. To ensure that all necessary Gaussian expectations exist, we make the following non-
restrictive assumption on o, h*:

Assumption 0.1. The functions o and h* have at most polynomial growth, in the sense that there
exists a constant C' > 0 such that forall v € R, x € RF,

jo(2)] < CA+ |2 and  |h*(@)] < C(1+ |l])°. (3)

Training algorithm —  Our goal is to minimize the following objective:

R(W,a) =E;, [L(f(z,W.a),y)] (4)

where £ : R X R — Ris aloss function, and the expectation is over the data distribution.

This objective is non-convex, and we do not have direct access to the expectation over the data.
A central question in Machine Learning is therefore to quantify the properties of the weights
attained at convergence by different algorithms. In this manuscript we consider a specific class
of one-pass training routines to minimize the empirical risk. First, we partition the dataset in
disjoint mini-batches of size np, ie. D = Useir1{2", ¥” uefiny+1,....(t+1)n, } Where T'is the total
number of iterations considered. For each algorithmic step, we update the hidden layer neurons
W = {w}jc|p with the program A : (wj 1,7, p,m) € RH3 — w, g ; € RY

In this chapter the input co-
variate is denoted 2, playing
the role of @ in the rest of the
thesis.

The target f* plays the

role of the teacher and the
network f that of the student
from Section ??; we switch to
target/network here because
f* and f no longer share the
same architecture.

This chapter departs from
the discrete/continuous time
convention of Section ??:
here t denotes the discrete
SGD step (called v there),
since v is reserved for index-
ing the individual samples
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Algorithm 0.1 (Optimizer Main Step).

wiy1,; = Alwe, v, p,np) = wyj — X Z Vw, ;L (f(ZV; Wt(ﬂ)ﬂ()%@/”)
" e (5)

wt7j(p) = Wi,j — pv’wt,jﬁ (f(zl/; Wi, aO)u yl/)

This class of algorithms defined by the optimizer step A(+, v, p, 14 ), in which we consider the final
gradient update after taking a linear combination of the current iterate and its current gradient
(noted as W;(p) in the above), is broadly used in different contexts. Indeed, routines with positive
p parameters correspond to Extragradient methods (EgD) [ ], while with negative p have
been recently used in the context of Sharpness Aware Minimization (SAM) [ ]. For clarity,
we present our theoretical results with the above, easily interpretable, Algorithm 0.1. However,
our theoretical claims are valid in a more general setting; we refer to Appendices B and D for
additional results on more general optimizer steps.

As previously stated, the central object of our analysis is the efficiency of the network to adapt to
the low-dimensional structure identified by W*. Therefore, we focus on the learned representa-
tions by the first layer weights W; while keeping the second layer weights a; = ag fixed during
training. This assumption is favorable to performing the theoretical analysis and is largely used in
the theoretical community (e.g., [ ; ; 1).

Numerous theoretical efforts have been devoted to understanding the sample complexity needed
to learn multi-index targets. However, an important aspect of many algorithmic routines consid-
ered is to exploit a clever warm start to initialize the iterates [ ; s s ].
We show in this work that such preprocessing of the data is not needed to learn all polynomial
multi-index functions in 7' = O(dlogd) with the routine in Algorithm 0.1. Instead, we con-
sider a fully agnostic initialization of the network:

Assumption 0.2. Forcach j € [p|, the initial first-layer weight wy j is initialized according ro
the uniform measure on the sphere:

wo,; Z'Ld Unif(Sd_l ) .
The second-layer weights are drawn i.4.d in {—1,1}:

ao; "= Unif({—1,1}).

Weak recovery in high dimensions — The essential object in our analysis is the evolution
of the correlation between the hidden neurons W' = {wj} ¢, and the target’s weights W,
as a function of the algorithmic time steps. More precisely, we are interested in the number of
algorithmic steps needed to achieve an order one correlation with the target’s weights W*, known
as weak recovery.

Definition 0.1 (Weak recovery). The target subspace V™ is defined as the span of the rows of the
target weights W*:

V* = span(wy, ..., wg) (6)



We define the weak recovery stopping time for a parametern € (0, 1) independent from d as:

= min{t > 0 [[WW*T 5> n) (7)

From Information Exponents to Generative Exponents — Recent works have sharply theo-
retically characterized the weak recovery stopping time for a variety of multi-index targets learned
with one-pass SGD. [ ] for the single-index case, then [ ] for the multi-index one
have unveiled the presence of an Information Exponent ¢ characterizing the time complexity
needed to weakly recover the target subspace V*, defined in the single-index case as

¢ =min{k € N: E, n01) [ (z)Hp(x)] # 0}, (8)

where Hj, is the k-th Hermite polynomial [ ]. Under this framework, the sample com-
plexity required to achieve weak recovery when the link function has Information Exponent £ is

[ ]

oY) ifl>2

T()=< O(dlogd)  ift=2 )
O(d) if¢ = 1.
These bounds have been improved by [ ] up to order d"/2; the latter matches the so-called

Correlated Statistical Query lower bound, which considers queries of the form E [y¢(2)].

However, this Information Exponent is not the right measure of complexity for low-dimensional
weak recovery. Some iterative algorithms, for instance, are known to perform drastically bet-
ter[ s ; ; s ; ]. Recently [ ] introduced a new
Generative Exponent £* (generative exponent) governing the weak recovery time scaling for algo-
rithms in the Statistical Query (SQ) or Low Degree Polynomial (LDP) family. This exponent is
defined as

0* = min{k € N: E, 01y [f(h*(2))Hi(z)] # Oforsome f : R — R},  (10)

which allows for the application of arbitrary transformations of the labels before performing the
queries. Under this definition, the “hard” problems with £* > 2 are also impossible to learn for
the best first-order algorithm, Approximate Message Passing | ].

We discuss in this work the extension of the generative exponent to the multi-index setting and
investigate the dynamics of specific gradient-based programs (Algorithm 0.1) as a function of
the freshly defined hardness exponent £*. These theoretical findings match the recent one of
[ ] on the computational efficiency of SGD in learning sparse k—parity (associated with

= k).

When the optimal transformation f is known, a simple SGD algorithm on (2, f(y)) achieves
the Generative Exponent lower bound. However, one problem remains: does there exist a class
of SGD-like algorithms that can achieve this lower bound agnostically?



Achieving lower bounds with data repetition — Although the performance of single-pass
SGDislimited by the Information Exponent of h*, the situation drastically changes when multiple-
pass algorithms are considered. Recently, [ ] proved that non-even single-index targets
are weakly recovered in 7' = O(d) when considering extensive batch sizes with multiple pass.
This begs the question of how good can a “reusing” algorithm be. We answer this question for
the class of polynomial link functions:

Theorem 0.1 (Informal). There is a choice of hyperparameters such that if h* is a polynomial
function, Algorithm 0.1 achieves weak recovery in O(d log d) samples.

This shows in particular that a simple gradient-based algorithm, which only requires seeing the
data twice, is optimal—in terms of SGD performance—for weak recovery of any polynomial tar-

get.

Learning representations — Learning relevant features from data is a fundamental property
of neural networks. However, much theoretical work has focused on lazy training in two-layer
networks [ ], where features are not effectively learned. In this regime, shallow networks be-
have as kernel machines, which struggle to adapt to low-dimensional structures in data [ ].
Understanding representation learning and corrections to the kernel regime is thus a key challenge
in machine learning theory [ ; ; ; ; ]. In this manuscript we
provably characterize the number of iterations needed from Algorithm 0.1 to learn the relevant
features of the data, i.e., attain weak recovery of the target subspace. Our results provide the scal-
ing of the relevant hyperparameters (v, p) with the diverging input dimension d. The minibatch
size will be fixed to 3, = 1 in the main body, and we refer to Appendix D for the extension to
larger batch sizes.

Summary of Main Results

* We prove for single-index targets that one-pass gradient-based algorithms surpass the Cor-
relation Statistical Query (CSQ) limits established by the Information Exponent [ ].

* We unveil that the dynamics of the family of Algorithm 0.1 are governed by the generative
exponent [ ], with an additional polynomial restriction on the transformation of
the output.

* We generalize the notion of generative exponent to multi-index targets. As in the single-
index case, one-pass gradient-based algorithms can overcome CSQ performance dictated
by the Leap Coefhicient [ ]. Our definition is consistent with the one of | ].

* We prove that all polynomial multi-index functions are learned by Algorithm 0.1 either
with total sample complexity O(d) or O(dlog(d)?) if associated with the presence of a
symmetry.

* Theimplementation of Algorithm 0.1 does not require pre-processing to initially correlate
the estimation with the ground truth, and learns the meaningful representations from data
alone. This is in contrast numerous findings (e.g., [ ; s ] for single
index targets or [ ] for multi-index ones).

We quote the sharp bound;
the additional, not-provably-
optimal polylogarithmic
factor at generative exponent
> 2is suppressed here and
carried in full (d log(d)?) by

the formal Theorem 0.2.



* We characterize the class of hard functions not learned in (almost) linear sample complex-
ity. We show, however, that such functions can be learned through a hierarchical mecha-
nism that extends the CSQ staircase first developed in [ ] to a different, larger set,
of functions.

e We validate the formal theoretical claims with detailed numerical illustrations. The code to
reproduce representative figures is available in the project GitHub repository.

3 Single-Index Model

3.1 Main results

We first consider, for simplicity, the class of single-index models, in which & = p = 1. This
corresponds to a mismatched setting of Generalized Linear Models, in which we want to learn

y=h"((w*, 2z)), with f(z,w,a)=ac((w,z)).

In this section we rigorously characterize the number of iterations needed for the class of Algo-
rithms 0.1 to perform weak recovery (as in Definition 0.1) in the context of single-index targets.
We establish a clear separation between the learning efficiency of the algorithmic family 0.1 and

One-Pass SGD, limited by the Information Exponent of the target to be learned [ ].
We start by introducing a restriction of the generative exponentin [ ] to polynomial trans-
formations.

Definition 0.2 (Polynomial Generative Exponent). We define €}, as the smallest integer k such
that there exists a polynomial p : R — R with:

IE:a:fv/\/'(O,l) [p(h*(l‘))Hk(il?)] 7é Oa (11)

Our assumptions on the SGD implementation and the target function are as follows:

Assumption 0.3. Algorithm 0.1 is run with single-sample steps (ny, = 1), and uses the correlation
loss

L(y,9) =1-yg.

We also consider a spherical version of Algorithm 0.1, with
we — ﬁ)/vi_vﬁ (f(zy; ’th(p), aO)v yy)
Hwt —YVHL (f(zV;we(p), a0),y")

Wiy = (12)

|

where V- f =V f — (V f, w)w is the spherical gradient.

Assumption 0.4. The activation o is analytic almost everywhere, and o™ satisfies the polynomial
growth assumption (3) forn € N (possibly for different constants Cy,). Further, for alln > 1, we
have

EINN(O,]_) o'(”) (m)o'/(x)n—l 7& 0 and EINN(O,l) |:.%'O'(n) (x)al(x)”_l] 7& 0
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We are now ready to state our main result.

Theorem 0.2. Suppose that Assumptions 0.1-0.4 hold, and let p = pod~". Then, under an event
of probability 1/2 on the initialization (ag, wy), for each § > 0, there exist constants vo(9) and
C(6) such that the following bolds:

* Ifly =1, choosing y = Y0(8)d ™, then P(t,‘;' <C(6)-d)>1-4,
* If 05 = 2, choosing y = ~0(6)[d log(d)] ", then P(t; < C(9) - dlog(d)?) > 1-6.

The above holds for almost every choice of po under the Lebesgue measure. In particular, in a network
with p = O(log %) neurons, at least one of them achieves weak recovery with probability 1 — 6.

Proof Sketch — We provide here the proof sketch for Theorem 0.2. For any vector w, under
the correlation loss, we have

vwﬁ(f(z; w, a0)7 y) = _aﬂyoj«w» Z)) "z, (13)

so the gradient is aligned with z. As a result, we have

vw[’ (f(z;’lb(p)aa())?y) = —Goyal(<waz> + aOpyal«w?z)) HZ||2) = (14)
X

This expression for the gradient exhibits two important properties:

* Even though p =< d—1, since the gradient lies along 2, the additional dot product with 2z
amplifies the signal by a factor of d,

* The resulting gradient (14) is a zon-linear function of y, as opposed to the linear one of
(13).

The latter property enables us to show that the dynamics driven by equation (14) can imple-
ment all polynomial transformations of the output ¥, for almost all choices of pg. Subsequently,
the SGD algorithm on the transformed input p(y) can be studied with the same techniques as
[ ], but with an information exponent equal to £,.

3.2 Discussion

Significance and necessity of the assumptions — Assumption 0.3 simplifies Algorithm 0.1
to a more tractable version. In particular, the normalization step allows us to keep track of only
one parameter, the overlap between w; and w*. We expect however Theorem 0.2 to hold in the
general setting of Algorithm 0.1.

Assumption 0.4 is a regularity Assumption, ensuring that some quantities of interest in the proof
are non-zero. The first part is satisfied by virtually every activation function; the second is more
restrictive, but we show that it is satisfied for biased activations:

Lemma 0.1. Let 0 be a non-polynomial analytic function. Then the second part of Assumption 0.4
is true for the function © — o (x-+Db) for almost every choice of b (according ro the Lebesgue measure).

Finally, although we state our result as an almost sure event over py, it can be reformulated into an
event on the second layer weight ag, in which the randomness comes from the initialization step.



Learning polynomial functions —  Although our definition of the Polynomial Generative Ex-
ponent is more restrictive than the one in [ ], we show that it is enough to allow learning
of a large class of functions, namely polynomials:

Theorem 0.3. Assume that h* is a polynomial function. Then the Polynomial Generative Expo-
nent of W is always at most 2, and is equal to 1 whenever W* is not even.

This theorem implies that the Extragradient algorithm class allows us to match the sample com-
plexity of the algorithm of [ ], without the need for ad hoc preprocessing.

Beyond Algorithm 0.1 — A succinct summary of the proof goes as follows: the first time we
see a sample z, we store information about ¥ along the direction of z. The second time we see the
same sample, the component along 2z in w interact non-linearly with y, which bypasses the CSQ
framework. Importantly, we expect that this behavior also appears in SGD algorithms where we
do not see the data twice 7z a row, but across multiple epochs! Indeed, upon small enough correla-
tion between the 2, seeing multiple examples before the repetition of z should not interfere with
the data stored along this direction. We are therefore not claiming that Algorithm 0.1 is superior
to other classically-used methods; rather, it provides a tractable and realistic setting to study data
repetition in SGD, which was ignored in previous theoretical works on the topic.

3.3 Numerical illustrations

We illustrate in Figure 1 the stark difference between the weak recovery dynamics of One-Pass
SGD and Algo. 0.1 for single-index targets. The Cosine Similarity between the learned weight
w; and the ground truth informative direction w; is shown as a function of the time steps ¢ for
different target functions. Two optimization routines are considered to exemplify the learning
behavior:

(i) Extragradient Descent (EgD), corresponding to the family of Algorithms 0.1 with positive
p parameters;

(i) One-Pass SGD, corresponding to vanilla SGD, or equivalently Algorithm 0.1 associated
with p = 0 hyperparameter.

The scaling of (v, p) as a function of the input dimension d and exponent £* are given in Theo-
rem 0.2, while the mini-batch size is fixed to n;, = 1 (See Appendix D for extension to larger ny,).
For all plots, we take 0 = relu and we refer to Appendix E for details.

* SGD-easy non-symmetric targets ({ = {* = 1) — The Left section of Figure 1 shows
h*(z) = relu(x). Here both SGD and Algorithm 0.1 learn in 7" = O(d).

* SGD-easy symmetric targets (¢ = /* = 2) — The Center-Left section of Figure 1 shows
h*(z) = Hea(x). Here both SGD and Algorithm 0.1 learn in 7" = O(d log d).

* SGD-hard non-symmetric targets (¢ > 2,/* = 1) — The Center-Right section of
Figure 1 shows h*(z) = Hes(z). Here Algorithm 0.1learnsin 7" = O(d) while One Pass
SGD suffers from the limitations detailed in Equation (9), ie. T = O(d*~!) with £ = 3

for this case.
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Figure 1: Learning single-index targets — Evolution of the Cosine Similarity attained by EgD
(dots) and SGD (crosses) as a function of the normalized iteration time. (dashed horizontal line

—L isa visual guide to place random performance). (a) (£, ¢*) = (1, 1): both algorithms learn in

Vd
linear time. (b) (¢, ¢*) = (2,2): both algorithms learn in O(dlog d) time. (c) (¢, ¢*) = (3,1):
EgD learns in linear time, while SGD requires O(d?) time. (d) (¢, ¢*) = (4,2): EgD learns in

O(dlog d) time, SGD requires O(d?) time (Details in Appendix E).

10



* SGD-hard symmetric targets (¢ > 2,(* = 2) — The Right section of Figure 1 shows
h*(z) = Hey(z). Here Algorithm 0.1 learns in 7" = O(dlog d) while One Pass SGD
suffers from the time scaling law detailed in Equation (9) T' = O(d‘~1).

4 Multi-Index Model

We now investigate the superiority of Algorithm 0.1 over the idealized One-Pass SGD training
scheme when learning multi-index targets. In this setting, the networks weights can align with
only a few select directions from V*. To quantify this behavior, we define directional versions of
the Information and Generative Exponents (see also [ 1):

Definition 0.3. Lerv € V*. The Information Exponent Uy, (respectively Polynomial Generative
Exponent ) of y in the direction v is the smallest k such that

E [yHi((v,2))] # 0 (rep.E [po(y)Hi((v, 2))] # 0)

Jora polynomial py,. Wealsolet ¢ = miny, £y and ) = miny, £y, The minimal subspace U* C V*
is defined as the smallest subspace U such that by, > £ (resp. €3, > £7) for everyv € U L

The identification of the class of hard functions has been subject of intense theoretical scrutiny
[ ; ; ; ; ; ]; and for the problem of initial align-
ment it was shown to depend on the Information exponent defined above. Thus, similarly to the
single-index scenario, the time complexity needed for Algorithm 0.1 to weakly recover the target
subspace follows the law in Equation (9) for the multi-index information exponent £. A natural
question is thus to ask whether the class of Algorithm 0.1 also allows us to bypass this require-
ment. We show that this is indeed the case. Consider a neural network as in Equation (1); we
assume that the internal learning rate p is chosen independently for each neuron:

Assumption 0.5. Foreach j € |p|, the parameter po_j is chosen independently from all other neu-
rons, according to a symmetric distribution which is absolutely continuous w.r.t the Lebesgue mea-
sure.

Theorem 0.4. Letd > 0, and I1* the projection operatoron V*. There exists constants~yo(0), C(0)
depending only on 6 such that if we take p > C()k and

« ifl =17 =(8)d " and T = C(0)d,
s ifly=2y= Y0(0)(dlog(d)) "t and T = C(5)dlog(d)?,

then with probability 1 — 0, there exists at < T such that at least a positive proportion of the vectors
Wy ; satisfy HH*wtﬂ- H > 1. Further, if U = 1, then the vectors {H*wt,i}ie[p] span the minimal
subspace U™

4.1 Numerical investigation with multi-index target

We illustrate the results of Theorem 0.4 numerically by comparing the performance of One-Pass
SGD with Algorithm 0.1 in Figure 3. We measure the maximal cosine similarity between the
hidden layer neurons and the different rows of the target’s weight matrix W* as a function of
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Figure 2: Hierarchical learning — Evolution of the maximum Cosine Similarities with different
target directions {wy },.¢[4) are identified by different colors: w7 (blue), w3 (orange), w3 (green)
as a function of the normalized iteration time. (a): both the algorithms learn w7 in linear time,
but only EgD can also learn w3 in O(d) via a staircase mechanism; SGD requires another O(d?)
steps to take advantage of the staircase and learn w3. (b): EgD performance for the target function

wair (dots) and [, (squares); we plot in separate subplots the overlap with different directions
to highlight the presence of hierarchical learning mechanism. Learning the first target direction
wy triggers the hierarchical mechanism and EgD is able to weakly recover the full target subspace
Span(w?, w}, w3) in O(dlog d), while this does not happen when removing Hea (1) from the
target. See Appendix E for additional details.
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the iteration time. Furthermore, we set without loss of generality the target’s directions to the
standard basis of R? to ease the notation. The algorithms considered are again EgD and vanilla
One-Pass SGD (See Appendix E for details).

* SGD-easy non-symmetric targets (¢ = (* = 1) — Figure 3, left, shows h*(z1,z2) =
x1+x122. Hereboth SGD and Algorithm 0.1learnin 7" = O(d) the directions (w7, w3).

* SGD-easy symmetric targets ({ = {* = 2) — Figure 3, center left, shows h*(x1, z2) =
x122. Hereboth SGD and Algorithm 0.1learnin T" = O(d log d) the directions (w7, w3).

* Non-symmetric targets with SGD-easy and hard directions (¢, > 2,0, = 1) —
Figure 3, center-right, shows h*(x1,22) = 1 + Hes(x2). Here both SGD and Algo-
rithm 0.1 learn in 7" = O(d) the direction w7, that satisfies £4,x = £, « = 1. However,
since £opy = 3 while ffu; = 1, One-Pass SGD suffers from the limitations detailed in

Equation (9) and requires {2(d?) samples to learn the second direction w3. This contrasts
with the behavior of Algorithm 0.1 that learns also w3 in 7" = O(d) steps.

* SGD-hard symmetric targets ({ > 2,{* = 2) — The right section Figure 3 shows
h*(z1,x2,x3) = x12223. The Information Exponent is £ = 3, hence vanilla SGD does
not learn any direction in the target subspace in T' = O(d log d) iterations. However, Al-
gorithms 0.1 learns in 7" = O(d log d) steps all the three directions {w7, w3, w3} since
the Generative Exponents (7. are all equal to two.

4.2 Learning hard functions through a hierarchical mechanism

The investigation of the hierarchical nature of SGD learning has attracted noticeable attention
[ ; s ; ]. In this paper, we portray a completely different picture
in terms of computational efficiencies when data repetition is considered in the algorithmic SGD
routine. One may wonder if there is a generalization of such a hierarchical learning mechanism to
the present novel setting. Indeed for optimal AMP algorithm, a different picture emerges, (called
Grand staircase in [ ]). Here we show that coupling between directions can hierarchically
guide the learning process as well with SGD.

The Left panel in Figure 2 shows an example of the so-called staircase functions [ ], ie.
f*(z) = z1 + z1Hes(22). While one-pass SGD needs to learn hierarchically first the direction
wiinT = O(d) and then w} in T = O(d?), Algorithm 0.1 easily learns both in linear time.
This observation could lead to infer that hierarchical learning mechanisms are not present when
more realistic training scenarios are considered.

To refute this, we illustrate in the right panel of Figure 2 a scenario that precisely exemplifies the
presence of hierarchical mechanisms within Algorithm 0.1. We run this algorithm on two dif-
ferent target functions, fg,,(2) = sign(z12223) and fi;(2) = Hea(21) + sign(z12223). We
show in Appendix B that 3-sparse parities of the form sign(z12223) are hard functions even for
SGD with data repetition (Algorithm 0.1), and indeed they are notlearned in (almost) linear time.
On the other hand, for the function f,;., our simulations predict that the first direction w7 is
learned in T = O(dlogd) iterations (see the rightmost panel of Figure 3). However, once the

direction w? is learned, it can be used to obtain order-one correlation with {w3, w3} again in
1 2, %3

13
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Figure 3: Learning multi-index targets — Evolution of the maximum Cosine Similarities at-
tained by EgD (crosses) and SGD (dots) as a function of the normalized iteration time. The Dif-
ferent directions {w; },.¢[x] are identified by colors: w7 (blue), w3 (orange), wj (green). (dashed
horizontal line % is a visual guide to place random performance). (a) (¢,¢*) = (1,1): both
algorithms learn the first direction in linear time, as well as the second one in O(d) steps using
the staircase mechanism. (b) (¢, £*) = (2, 2): both algorithms learn the two directions simulta-
neously in O(d log d) steps. (c) (Laws, E; ) = (3,1): both algorithms learn w7 in linear time,
but only EgD learns w3 in O(d); SGD 1nstead requires O(d?). (d) (¢, %) = (3,2): EgD learns
all 3 directions simultaneously in O(d log d) steps, while SGD needs O(d?) time (details in Ap-
pendix E).
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Figure 4: Hierarchical learning — Evolution of the maximum Cosine Similarities attained by
EgD with different target directions {w; },¢[) are identified by different colors: w7 (blue),
wj (orange), w3 (green) as a function of the normalized iteration time. The target function is

sqstair(2) = Hea(21) + sign(z12223), that is an SQ-staircase (or grand staircase), not a CSQ-
staircase. EgD learn w7} in O(dlogd) steps and use the information to learn the other two di-
rections in another O(dlogd) steps. SGD (not showed in the plot) cannot take advantage of
the staircase mechanism since Hey(21) and sign(212223) have information exponent £ = 4 and

£ = 3 respectively. (See Appendix E).

T = O(dlogd) steps. While the latter example belongs to the class of “CSQ” staircase function
depicted in [ ], novel “SQ” hierarchical mechanisms arise in our framework, such as for
x (z) = Heq(z1) + sign(z12223) (see Figure 4).

instance the function f_ i

The staircase picture in terms of generative exponent was discussed for AMP-type algorithm in
[ ]. Our study indicate that this new class (they called grand staircase) is not restricted to
AMP: We anticipate that grand staircase functions can be efficiently learned by two-layer networks
when data reusing is permitted, whereas only standard staircase ones emerge under single-pass
SGD. Additional recent results by [ ] align with this perspective.

S Conclusions

We have pushed in this paper the boundaries of learning multi-index models in high-dimensional
settings using gradient-type algorithms, and shown that, contrary to what was believed, they are
very efficient in doing so. We argue in this manuscript with a simple analytically solvable model
how to bypass the limitations of the CSQ framework: we process the same sample twice. Cru-
cially, a similar phenomenon appears also in standard SGD when training over multiple epochs,
with the only difference being that the same data is not seen consecutively. We believe that the
model proposed in this manuscript paves the way for the analysis of more realistic training sce-
nario where correlation in the data is taken into account, surpassing the limiting i.i.d. scenario.

Upon completion of this work, we became aware of the interesting paper from [ ] showing
strong recovery with similar sample complexity, also by exploiting the reuse of training data. Our
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A Theoretical framework

A.1 Difference inequalities for vector-valued processes

We begin with alemma that generalizes [ , Proposition 4.1]. Let & : R? — R%bearandom
function, and consider the process (u;);>0 € S%~! given by

- wy + 7P (uy)
T e ()]

We make the following assumptions:

Assumption 0.6. The initial value of wg € SV is approximately isotropic, in the sense that there
exists a constant ¢ > 0 such that c
E |:’lL0uOT:| - gl

Assumption 0.7. There exist constants C,v > 0 such that

sup ||E [@(u)cb(uﬂ ‘ <C (15)
ueSd—1
sup E W@(u)HZH_L} <cds (16)
ueSd-1
Further, we have (u, ®(u)) = 0 a.s. foranyu € S,
We fix a vector v and consider the random process m(v) := (u, v). Forany s > 0, we define

the stopping times

7, (v) =inf{t > 0:my(v) >0} and 7, (v) =inf{t > 0:m(v) < 6}

Proposition 0.1. Fixan o > 0. There exist constants c(0, o), k(8) > 0 such that if
v <e(d,a)d™t and T <c(8,a)y2d7t, (17)

then, with probability 1 — 6, the following holds. The initialization mo(v) satisfies
K
mo(v)| 2 —, 18
’ 0( ) ’ = \/8 ( )
and:
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s ifmo(v) > 0, foranyt <T A7 (v),

t—1
(1= a)ymo(v) +7 Y (T (uy),v) < my(v) < (14 @)mo(v +WZ
s=0 (19)
« ifmo(v) <0, foranyt < T A7 (v),
(1+ a)mp(v +VZ v) <my(v) < (1 —a)mp(v +’yz
(20)

where W, WF is 4 deterministic function equal to
U(u) =K [d(w)] and UF(u) = U(u) FE [Hq><u)u2] u

Proof. Weassume for simplicity that mg(v) > 0; the case where mg(v) < Ois treated identically.
From Assumption 0.6, by a simple Markov inequality, there exists a constant (&) > 0 such that

P(w@)ZZ)gl—j (21)

The update equation for m;(v) reads

Mg (v) = m(v) + 7<(I>(ut),v>.

B 1+ 72| ()|

We then have two cases:

s either my(v) +v(P(us), v) < 0, whichimplies thatt + 1 = 7 (v) and there is nothing
to prove,

* or we can use the inequality \/11+—$ > 1 — x, which implies that

Mis1(v) = (me(v) + 1 (D(ag), 0)) (1 — 72| @ (ur)||*)
= (1= 72[|@(ue) | *yme + (D (ue), v) — 7> (@ (ur), v) || @ (ur)]|”

By recursion, deterministically,

t—1
mi(v) = mo(v +Q] 29:0) = @ (w)|* (g, v) ) = 3097 |(@(uws), v)][|@(us) |
s=0
Since Assumption 0.7 implies Assumption B in [ ], for a small enough choice of ¢(9, @),
one has
. 2 _ QR 0
P S(@ Bul)|' < —= | >1— -
> ek ) < 7 ) =1
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Additionnally, the same assumption implies that
Var({®(u,),v)) <E {(@(us),wﬂ <y and  Var(y]|®(uy)|’) < 4°E [Hq»(us)n“] < ¢(8)%Ch.

We can then apply Doob’s martingale inequality: there exists a constant C'(9) such that with
probability at least 1 — g

< C(OWT.

sup
t<T

7Y (@) = o) v) - B [(@(w,0) = 520 (w,0)] )

s=0

The bound (17) on T implies that we can choose ¢(d, «) small enough so that

C(0)y/c(d,a) = akr
CloyT < SOV

Combining all those inequalities with a union bound, under the event of Equation (21),
t—1 5
P mi(v) > (1 —a)mo(v) + 'yZ(‘II+(uS),v> Vi<T ATy (v) | >1— 3 (22)
5=0

having used that (U (), v) = E [(@(u), v) — || @) (u, fv>]

The upper bound follows similarly: using this time the fact that for x > 0 we have \/17 <1,
we have under (21)

t—1
4]
P [ me(v) < (14 a)mo(v) + 7> (T(us),v) VE<T ATy (v) | >1— 3 ()
s=0
A union bound between the events of Equations (21), (22), (23) concludes the proof. O
A.2 Low-dimensional sufficient statistics
In [ ], the function ¥ (u) can be written as U(u) = ¢((u, v))v. Asa result, the bounds

of Proposition 0.1 are actually a closed function of m¢(v). We generalize this phenomenon to a
larger class:

Assumption 0.8. Thereexistsa q > 0such that the function U is g-approximately k-dimensional,
in the sense that there exist a function ) : R¥ — R and a matrix W* € R¥* with orthonormal
rows such that for any u € R

W0 () — (W) | < (HW*UH v Jl&) ”

By an abuse of notation, we shall sometimes view v as a function from V* to itself, where V* is

the span of the rows of W*. However, Assumption 0.8 ensures that all quantities related to 1) are
only depending on the (oftentimes fixed) dimension & instead of d.
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It turns out that in this case, we can control accurately the trajectory of W*u, at least when f is
not too flat around 0. Let IT* = (W*) T W* be the projection operator on V*, and define the
stopping time

79 = min{t > 0 : [|IT*u|| > 6}.

Proposition 0.2. Assume that Condition 0.8 holds with q small enough, and that (ug,(0)) > 0
(in particular, 1(0) # 0). For any 0, € > 0, there exist constants c(9, €),1(€) such that if

v < cd™' and T < C’y_zd_l, (24)

then
P (HH*ut vyt (0 H <Vkne Vt< T/\Tn) >1-0. (25)

Proof. Let vy, ..., vy be an orthonormal basis of V*, with v; aligned with 1/(0). By applying
Proposition 0.1 to ¢’ = % and @ = 1, with probability 1 — g, forany ¢ € [k]andt <
T A 7(v;), my(v;) satisties the inequality (19) or (20) (depending on the sign of mq(v;)). In
particular, for v; = 1)(0), since we assumed that the initial sign is positive, we have

L . 3,
5 (w0, +VZ W (us),1(0)) < (us, ¥(0)) < 5 {uo, ¢ +VZ

(26)
Define C(8) such that (uy, 1(0)) < C(5)d~"/? with probability at least 1 By a Taylor

expansion, there exists an 7)(€) > 0 such that for any v € R with||v|| < 7,
¢/, where €’ will be fixed later. With Assumption 0.8, this implies that for any u E R

[4(0)||* = (¢ +na) || (0)|| < (W(w),1(0)) <[[4:(0)]]” + (¢ +na)||(0)]-

Further, by Jensen’s inequality, E [Hq)(u) Hﬂ < C1d so by choosing (6, €) small enough, we
can ensure that

(Ut (), $(0)) >|[4(0)||* = (2¢ + 1) | (0)||

Plugging those estimates in (26), we find that fort < T' A 75 (v1) A 7y, and d large enough so
that
c@d < wlo))

we have

7t ([ @) = @€ +na) [#(O)]]) < (s, 1:(0)) < T [(©)]| + ¢ ([ 0)|* + (¢ +na) [(0)]]) -
(27)

For small enough € and g, the LHS of the above inequality is always at least ¢||1(0) H2 /2, which
implies that

7o (v1) > 7 and T AT, < (28)

%
4]
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Choosing ¢’ and 1 small enough so that

(2¢' +nq) <
leo)]” ~ 2
we ensure that for £ < T' A 73, we have
| (us —~t(0),9(0))| < en[v(0)]|. (29)

We now move on to the other v;. For i > 2, v; is orthogonal to ¢/(0), and this time Assump-
tion 0.8 implies
(U (w),vi)| < e+ng.

Regardless of the sign of mo(v;), this implies that fort < T A 7,),

ne . 2n(2¢ +nq)

3
’<ut7vi>‘ < *‘<’U,(),’UZ‘>‘ +7t(€/ +77q) S o + )
2 e

-2
having used the bound (28) on 7;, and bounding the initial value as above with probability 1 — %

We can always choose 77, €’ such that the above bound is at most €; since

(ug —111(0),9(0))® | <
My u, — vt (0)||* = 5 (g, v;)? < ke,

this concludes the proof. O

Proposition 0.3. Assume that 1)(0) = 0, and Hy = di(0) # 0 is symmetric. Let A be
the largest eigenvalue of Hy, and assume that X > 0. For any d,€ > 0, there exist constants
c(d,€),n(e),d(9,€),C(d,€) such that if

v<edt and T < ey 2d7Y, (30)

then B
P (||| > ¢ [T | O-CHAD e <T A7) > 16, (31)

Further, the mass of Iy is concentrated on the top eigenspace of Hyy: there existsa \ < A\—Ck (e+
q) such that on the same cvent,

HH*ut — ﬁ*utH < HH*UOH N VE< T A T
where T1* is the projection on the eigenspace associated to \.
Proof. Fix (v1,...,vy) an orthonormal basis of V*, consisting of eigenvectors of Hy, and let

Ai be the eigenvalue associated with v;. Tbe largest eigenvalue of Hy, that differs from X will be
denoted A (we canlet A = —ooif Hy, = AI).
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We choose an 7)(€) such that for v € R¥ such that|jv|| < »,
[40) — Hyl| < elo]
In particular, for any ¢ € [k] and any vector u, we have for small enough choice of ¢(6, €)
(W (), ) > A, ) — (2 + )| (B(w),03) < Ao, ) + (e + )| 17

Applying Proposition 0.1 to & = ¢, and assuming that mg(v;) > 0, we find that on an event
with probability 1 — &/(2k), fort < T A 75 (vi) A s

t—1

<vuut> (1 _6)m0('vz +’YZ 'Uzaus> (26+Q)HH*U'5H)
s=0
t—1

(vi,ur) < (1+ €)mo(vi) +'YZ i(vi, us) +(€+Q)HH*U’SH)
5=0
The same argument when mg(v;) < 0, we obtain that with probability 1 — §/2, for any t <
T ATyandi € [K]:
t—1

(i, )| > (1 =€) (i, u0)| +7 D (il (i, us)| = (2¢ + 9) [ THus||)  (32)
s=0
t—1

(i, ue)| < (1+ ) (vi,uo)| +7 ) (Nil (i, us)| + (e + ) || T ]) (33)
s=0

Define IT* the projection on the eigenspace associated to A, and IT* its orthogonal projection.
Summing the upper bound of (33) on all v; with A; < A,

-1
e[, < (1 )| o |, + (A + (e + @) D_|[T s
s=0
where the £! norm||-||; in V* is computed w.r.t the basis (v1, . .., vk), and we used the norm
bound ||IT*u,|| < [|TT*uws|l;.
Call P(t¢) the following condition:
[ w||, < C||ITuy||, forallt <to,, (34)

where C' will be fixed later, and assume that P(%o) holds for some ¢y > 0. Using the discrete
Gronwall inequality, the following holds: forany t < T' A 7, A t,

HH*“tul (1+e) HH*U H Y AH(1+C)k(e+q))t (35)

We now sum the lower bound of (32) on all v; with A\; = )\, to obtain

t—1
13wl > (1= [T, + 7 SR — b(2e + )10, — b2+ o) 1T,
s=0

Iy -
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above bound implies that for all ¢ < ¢y,

t—1
[T ||, > (1 — )| uol], +7 > (A= (1+ C)k(2€ + q))|| T u,
s=0

Iy -

By the discrete Gronwall inequality,

0], > (1= o) [ Tul], (14 (R = (1 + k2 +q)’
> (1 — )| uol|, exp (v(x — (1+O)k(2e + q))t — O(’YQT)>
> (1 — 26)||[Tuo||, exp (YA — (1 + C)k(2¢ + @))t) (36)

where the last inequality holds for large enough d because of the bound (17). Now, fix a constant
() such that with probability ] u0H1 < 7(0)||[II*uo||;. Then condition P(1)
holds aslong as C' > 7(6), and P(to) implies P(ty + 1) whenever the lower bound of eq. (36)
is higher than the upper bound of eq. (35) for t < t. In particular, this holds whenever

1+e¢€
C >
—1-—2¢

r(6) and A—(1+C)k(2¢+q) > A+ (1 + C)k(e +q).
The above condition can be satisfied if and only if

1+e€ A=A
0 - _
=270 < 359,

9

which can always be satisfied when €, ¢ are low enough. The proposition ensues from the remark
that||[T*w || <|[IT*u| < (1+ O)||IT*uy|| forany t < T A . O
A.3 Bounding the hitting times

It finally remains to show how the bounds of Propositions 0.2 and 0.3 allow us to bound the
hitting times 7,,. We summarize those in the following proposition:

Proposition 0.4. Let w be a process that satisfies Assumptions 0.6-0.8 for low enough q. Then for
any 6,€ > 0, there exist constants vo(6, €),n(€), k(6), K(6), C(0, €) such that, with probability
1—46:

(i) if(0) # 0 and (ug, ¥ (0)) > 0, letting v = vod 1,
WoVE) ot VR
1[4 (0] RIZCIN

(i) if1(0) = 0and dip(0) issymmetric and has a positive maximum eigenvalue N, then letting
7 = 0(dlog(d))™!

() ()
YA+ k(e +9q)) YA = Ck(e+q))



Further, the directions of 11* W, concentrate, in the following sense:

(1) if(0) # 0
Mur, ¥ (0)

T | =2V

(iz) if(0) = 0, for some § < 1,
[T, — Ty, || < C(S,0)d 7,
where I1* is the projection on the top eigenspace of di)(0).

Proof. The proof for the linear case is almost immediate. From Proposition 0.2, with probability
1 — 4, wehaveforallt <T A,

vt||(0) || — VEne <||IT*w.|| < 4t[|4(0)]| + vVEne
Define
7= nd+vke t, _ 1 = vke)
RIOIR RZOIR

Fort < t, the upper bound on||II*u,|| is lower than 7, which directly means that 7;, > t.. The
lower bound is higher than 7) for t = t., which implies that 7, < t. aslongas T > t. Sucha T
satisfies the bound (17) as long as

n(+vke) _

(8, €)y2d 7,
RO .

which is equivalent to
4,94l -,
n(1 + Vke) ’

which can always be ensured by decreasing 40 (0, €). Finally, we use the bound

H Hllz 9l
\wH iyl [ed|

to conclude that

We now move on to the quadratic case. By Proposition 0.3 and the same reasoning as in the proof
of (35), we have with probability 1 — ¢, forallt < T A 7,

C/HH*UOH ey(S\—Ck(eJrq))t < HH*UtH <(1+ E)HH*UOH 67(5\+k(e+q))t
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Upon redefining d, we can assume that the “good” event implies that

@ < HH*UOH < @

Vd Vd

for constants k, K. As in the linear case, the upper bound above implies that

Nz
- log ((]Z’E)K)
T A+ k(e+q)

while the lower bound implies that

log (%47) i
TANT) < —= =: 1.
Y(A = Ck(e +q))
It therefore remains to show that t. < T for large enough d and small enough €, g, we can write
tL < C'(8,€)y 1 log(d), and
C'(8,¢)y Hog(d) < ey 2d™ < v < ¢(C'dlog(d)) .

This condition can again be ensured by decreasing v (9, €) as needed. Finally, let

A
b= A—Ck(e+q)’

where ) is the one of Proposition 0.3. Then 3 < 1 and we haveatt = 7,

11, = T, | < T exp | Bl (n\/&> < (8, 0d 7

Vd kc!

B Proof of the Main Results

B.1 Proof of Theorem 0.2

We formalize here the proof sketch of Theorem 0.2. We track the dynamics of w; through the
following sufficient statistic:
me .= (wt,w*>. (37)

The dynamics of m; fall under the framework of Section A, by letting

Indeed, for the spherical gradient,

VL (f(z:w,a0),y) = apyo’ ((w, 2)) - (2 — (z, w)w) .
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, hence plugging in the expression for w(p)

®(w) = agh*((w*, 2))o" ((w, 2) + aoph*(w*, )0’ ((w, ) -||2]*) (2 = (z, w)w) .

(38)
Assumptions 0.1 and 0.2 on o and h* then directly imply Assumptions 0.6 and 0.7 in the Ap-
pendix. As a result, we only need to study the quantity ¥ (w) = E [®(w)]. We show the fol-

lowing:

Lemma 0.2. The function V is approximately one-dimensional: there exists a function ¢ such that
Sforanyw € S we bave

N C
|{w?, ¥(w)) — aop(w, w’)| < —
Proof. Define the following quantities:
E(w,a*,a) = h*(2)o’ (x + aopoo’ (x)h* (2¥))a (39)

d(m) = E[E(z, 2%, z1)] for <;*> ~N|oO, (7}1 T) and T = 2% — mz.  (40)

For simplicity, we let u = (w, z) + appoo’ ((w, z) )h*({(w*, z)). Doing a Taylor expansion of
o’ in the second order, we have

where R(u) is the Taylor remainder of ¢’ at second order around w.

The distribution of the triplet ({(w, 2), (w*, ), (w*, z1)) is the same as the one of (z, z*, 71,
hence

E [(0(:),w")] — ansm) =g [o” 0 (", 2% (0,2) - (217 - d) w5
1)
+ 8 RO (0", 2P (0,27 (el - d) w24

2

We first bound (2). From the Holder inequality (since % + % + % + % + é =1),

(2) < °E [R(u)g} 3 E [h*(x*)s] 5 E [0'(@8] 5 E [(w*, zﬂs} 5 E [<||z||2 _ d)j 3

Since o is three times differentiable almost everywhere, and from the polynomial bounds of As-
sumption 0.4, the first four expectations are bounded by an absolute constant. The last term is
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the centered fourth moment of a x?(d) distribution, which is equal to 12d(d + 4). As a result,
using that p? = O(d~?),
(2) < Cca'.

For the first term, we let z = z|+ 2’ where z) is the projection of z on the span of w and w*.
We can then write

(1) =B |o" o (0" 2P (w0,2) - [+ (w7, 2]
(1)
+E [a”(u)ph*(('w*, 2))20" ((w, 2)) - (Hz'H2 - d) (w*, zL)} .

(1)

Up to the factor of p, the term (1) is the expectation of a polynomially bounded function of a
2-dimensional Gaussian variable, hence

(1) <Cp<Cd.

In (1”), the vector 2’ is independent from (w, z) and (w*, z), so the expectation factorizes as

0] = [E [0 b (. 23 (. 2", 4] - 1] - )] \

< Cpld—2—d| <C'd?,

where we used that 2z’ isa (d — 2)-dimensional Gaussian variable. This concludes the proof. [

Lemma 0.2 implies that Assumption 0.8 holds for ¥ and any choice of g, as long as d is large
enough. As a result, the proof of Theorem 0.2 hinges on the following facts about ¢:

Proposition 0.5. For almost any choice of po (w.r.t to the Lebesgue measure),
 ifly =1, then #(0) # 0;
* if 5 = 2, then ¢'(0) # 0.

of Theorem 0.2. Our goal is to apply Proposition 0.4 to the function ¢. If £ = 1, then ¢(0) #
0 by the previous lemma, and with a uniform initialization of w* we have mg¢(0) > 0 with
probability 1/2. Combining this with the (1 — ) probability event of Proposition 0.4 for small
enough €, with probability 1/2 — §, we have 7, < C(0)d. We now move to the proof of the
case where £;; = 2. In this case, Proposition 0.4 implies the desired result as soon as ¢'(0) > 0
(which corresponds in the & = 1 setting to the only eigenvalue of d¢(0) being positive). Since
the Lebesgue measure is invariant w.r.t multiplication by %1, the factor agpg in the definition
of ¢’ (0) has the same distribution as pp, hence we can write ¢'(0) = ag|¢’(0)| where aj is also
uniformin {—1, 1}. The event ¢/(0) > 0 therefore also has probability 1/2, and we conclude as
before. O
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Analysis of ¢: proof of Proposition 0.5

The main ingredient here is to write ¢(m) = ¢(m; po) and differentiate w.r.t pg. For simplicity,
we take ag = 1 in the definition of ¢. We show the following:

Lemma 0.3. Under Assumption 0.4, the function ¢(m; po) is analytic in po. Further, we have

0% p(m; po)

_ * (K (k+1) /
ook =E {h ()i lpt e (1Yo (I‘)k} (41)

po=0

where x, x* follow the same distribution as in eq. (40).

Proof. The first statement stems from the analyticity of o, and the fact that it is a property con-
served through integration. For the second, we difterentiate inside the expectation, to find

9% =E |o'(z)h*(z*)%0" (x + poo’ (2)h*(z*)) 2| ;
dpo
the result follows by induction and taking pg = 0 at the end. O

We define the following quantities related to Assumption 0.2:

u(()k) =E [U(k) (x)a’(w)k_l} ugk) =F [wa(k)(x)a/(a:)k_l}
o) =B [wh ()] o) =B [[(a7)? = 1]h(")]

INQIS [h*(:c*)ﬂ
Then, by Proposition 11.37 from [ ], and using - = 2* — ma:

8" (m; po)
A

-k [h*(x*)k+1$*0(k+l) (.TZ)O'/(J})’C} —m-E [h*(x*)k+1$0'(k+l) ($)J,(x)k]
po=0
= (u?0f? + w0 + A®) ot o(m)) —m (uA® 1 o(1))

= u(()k)v(()k) + ugk)vgf) -m + o(m)

This allows us to show Proposition 0.5:

Proof. Assume first that £ = 1. Then ¢(0; po) is an analytic function of pg with

)

k .
Té0ip)|  _ 0,0,

. =
6,00 po=0

Since €; = 1, there exists a £ € N such that U(()k) # 0, and by Assumption 0.4 the coefficient
(k)

ug ~ is nonzero for every k. As a result, ¢(0; pg) is an analytic and non-identically zero function
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of po, so it is non-zero for almost every choice of po, as requested. The case £;; = 2is done in a
similar way, noting that this time

P Osp0)| ), ®

= v .
1
ok 1
Po po=0

B.2 Proof of Theorem 0.4

The proof of Theorem 0.4 follows in the same way as the one of Theorem 0.2. Recall the defini-
tion of ® in eq. (38), and define

Z(z, 2%, 27) = B*(2%)0’ (2 + agpoo’ (2)h*(2*)) 2™+ (42)
Y(p)=E [E(z,z*,zL)} for (;) ~N |0, (11) i) and 2zt = z* —zp.  (43)

Again, the variables (z, 2*) correspond to (w, z), W*z, and the vector p to W*w. As before,
the only difference between E [®(w)] and 1) (W*w) lies in replacing|| 2| with d, and the proof
of Lemma 0.2 implies the following: for any w € S%~1,

W0 (w) — p(WHw)| <

alqQ

As aresult, the function W is approximately k-dimensional for any choice of g as d — oo.

We can view the vector ¢(p) as a random variable depending on the choice of ag, po. Since ag

is a sign, we will only consider the dependency of 1) in pg. As before, let ul(-k) be the i-th Her-

mite coefficient of z — o*+1)(2)0”(2)*, and C’i(k)

)

the i-th Hermite tensor of h* | ]-in

particular, CZ»( is a tensor of order ¢. We have the analogous result to Lemma 0.3:

Lemma 0.4. Under Assumption 0.4, the function 1)(p; po) is analytic in po, with

"p(p; po)

k k k k
o = uy Y +u{"Cp + of o).
Po

po=0

Proof: Asin Lemma 0.3, we can write 1)(0) = ¢(0, po), with

"¢ (p; po)
At

) [h*(z*)k+lzLo_(k+1) (Z)O'/(Z)k} .
po=0
From [ , Lemma 19], we have
E h*(z*)k-l-lz*o_(k—i-l) (Z)O'/(Z)k] _ Z “Ei)l <p®i’ C«Z(k)>p + Z uz(k)cz(—]ic-)l X1, i p®i.
=0

=0
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Since 2 = z — zp, we find
0*4p(p; N ' i
i) S0 (0 ).
0 =
po=0 =0

k .
CZ-(Jr) X1, i p®

= 0 (lpl") and (¢, p*@) = O (|ip]|"). The only

. . 2 . o
terms in the sum which are not of order||p||” are the first two terms in the left sum, which yields

Fori > 0, we have

the statement of the Lemma. O

We are now ready to show the first part of Theorem 0.4. We begin with a characterization of U*
whenever E;‘, =1:

Lemma 0.5. If E; =1, then

]ff; = 2, then
U* = Pim (Cg’“)) .

k>1

Proof. By the properties of the Hermite tensors, we have for any v € V* and any polynomial p
E [y Hi((v,2)] = (v.C}")
Asaresult, ifv =3, ka£k), then by letting p(y) = > 1.5 ary" we have
E [p(y)Hi1((v, 2))] =|o||* # 0.

Conversely, if v is orthogonal to every vector C%k), then E [kal ((v, z>)} = Oforallk > 0,
which implies thatv ¢ U*.

The case £; = 2 is similar, since this time
E [y Ha((v,2))] = v .

As aresult, for fixed , the largest vector space Uy, such that E [yk Hy((v, z) )} forallv € Uy is
ker(Cék)) = Im(Cék))J‘. The result ensues from U* = [, Ui O

Using Assumption 0.4, the following corollary ensues:
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Corollary 0.1. If Z; = 1, then for any v € U™ and almost every po,
(v,%(0)) # 0.

As a result, with probability one, the set {1)(0; po i) }ic[p) spans U* assoon asp > k.

If U5 = 2, then with probability at least 1/2 on the choice of po, ao, dip(0) is symmetric and has a
strictly positive eigenvalue.

Proof. Letv € U*,and k > 1 such that (v, C’ > # 0. Then

P 9@p | _ 0, oy 4o

o k
Po po=0

so the function pg — (v, 1¥(0; po)) is not the zero function. Since it is also analytic, it is nonzero

for almost every choice of p.

We now prove that if p < dim(U™*), then the family {1(0; po ;) }ic[p is free, which implies our
second result. Assume by recursion that {1)(0; po ;) }ie[p—1] is free, and let v, € U™ orthogonal
to this family. Then with probability one, (v, (0 p07p)> # 0, s0 9(0; po p) is independent

from {1(0; po.:) }ic[p—1)-

Finally, if £; = 2, then by symmetry of the distribution of pg we can write Y(p;ap, po) =
ao(p; 1, p') with p’ = appo chosen independently from ag. Writing

d(0; ') = Y () FuP ol

k>1

we can see that di)(0) is a symmetric matrix, which is non-zero with probability one on p’. Since

either di)(0) or —d1)(0) has a positive eigenvalue, agdy(0) does with probability 1/2. O
We are now ready to prove Theorem 0.4.

of Theorem 0.4. We begin with the case 5 = 1. Fixap = p(9) to be chosen later, and let
Yi(p) = ¥(p;aos, po,i) fori € [p]. With probability 1/2 on wy ;, we have (woq ;,1;(0)); let
p+ be the number of such neurons. For p = O(log(1/9)), we have p; > max(p/4, k) with
probability at least 1 — %

In particular, with probability one, the set {1);(0) } [, | spans U*. Let € > 0 to be chosen later,
1;(€) adapted to 1; in Proposition 0.4, 7; the hitting time for 7); in the i-th neuron. Consider the
time 7 = min; 7;; applying Proposition 0.4 to 0’ = ¢/p, we have

mi(1+ Vke) |
wlle O]

However, we also have 7 > ¢(§)y ™1, and hence from Proposition 0.2, for any i € [p]

d < C(d)d.

T < MaXie[p, ]

[wiill = 97 |3 (0] = Ve = ¢ (3)
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for small enough €. This proves the first part of the theorem. Now, consider the vectors
H*wT,i
Ui = o
1T

by the same argument as in Proposition 0.4, for any i € [p4 ],

% 4i(0)

i

[vi(0)]]
Since the {1;(0) };¢[p, ] span U* with probability one, so do the {w; }ic[, | for a small enough

choice of €.

’S\/Ee.

For the case £; = 2, we define the p;. “good” neurons as those with d);(0) having a positive
eigenvalue. Since this happens with probability at least 1/2 independently for each neuron, the
bounds on p(d) from earlier still apply. For those neurons, and small enough €, we define the
n;(€) as those in Proposition 0.4, and 7 = max;7;. Then by Proposition 0.4, we have 7 <

C(8)dlog(d)? for some constant C'(8).

Now, fix a vector i € [p4]. We define the j-th “excursion” to be the j-th sequence of times
T-(J), ey Tl-(]) + ezw such thatHH*wt,iH > 1. Then:

3
* With probability at least 1 — ™7, we have Hwt+17i — W H < C,/7, and thus for any
> 1;/2.

. . * . .
excursion j we have||II CEONRORY

* between two excursions, the results of Proposition 0.3 apply, and thus the norm of‘ ‘ T w ; ‘ ‘
increases exponentially.

Asaresult, for; <t < 7, we have ’ ‘ T wy ; H > 1);/2, which finishes the proof of Theorem 0.4.
O

C Additional proofs

C.1 Proof of Lemma 0.1

Let o be an analytic function which is not a polynomial. Then forany k£ > 0, the function o) is
also analytic and non-identically zero, and hence so is the function f,, = o*) - (¢/)*. Lemma 0.1
thus ensues from the following result:

Lemma 0.6. Let f be an analytic and non-identically zero function. Then
E[f(x+b)] #0 and E[zf(z+b)]#0

for almost every b under the Lebesgue measure.

Proof. The function ¢(b) = E [ f(x + b)] is analytic in b, and we have
v®0) =E [P (@)] = e ),
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where ug(f) is the k-th Hermite coefficient of f and ¢y, is a nonzero absolute constant. Since f is
nonzero, at least one of its Hermite coefficients is nonzero, and 9 is a non-identically zero analytic
function. Asa result, ¢0(b) # 0 for almost every choice of b.

The other case is handled as the first one, noting that by Stein’s lemma

E[zf(z+b)] =E[f'(z+b)].

The above shows that for fixed n € N, the set
B, = {b €ER:E [a<"> (z + b)o’(z + b)”ﬂ =0 or E [ma(”) (z + b)o’(z + b)“ﬂ - o}

has measure 0. Since there is a countable number of such subsets, the set

B:UBn

neN

also has measure zero, which is equivalent to the statement of Lemma 0.1.

C.2 Proof of Theorem 0.3

We decompose the polynomial 2* as an even and odd part e(x) and o(z), with degrees d,, and de.
We first assume that o is non-zero, and that the leading coefficient of 0 is positive. Then, for odd
m > 0, we have
" /m
E [zh*(z)™] = Z <k>E [xe(a:)ko(a:)m_k]
k=0

Each term in the above sum is zero if k is odd, we focus on the terms where & is even. There exist
constants A, & > 0 such thatif |z| > A,

le(z)| 2 elz|®  and o(z)| > ela|®,

and we let
B= sup @IV sup |o@)
z€[—A,A] z€[—A,A]

Asa result, when k is even, both e(z)* and zo(z)™ %

coeflicients, so

are even polynomials with positive leading

E [:Ue(x)ko(x)m_k} =E [xe(a:)ko(:u)m_klxe[_AA}] +E [:ve(w)ko(x)m_klxﬁ_AA]
> 2E [xkdeJr(mfk)doJrllwg[iAA]} _ AB™
Letd(m, k) = kd. + (m — k)d, + 1. Then,

E [a:e(x)ko(ac)m*k} > ’F [md(m’k)} — Admk) _ AB™,
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Going back to the sum, and with the crude bound <ZL) < 2™M,

m
E [zh*(2)™] > £E [o"m0)| = S om (4% 4 Ap™)
k=1
>E {xm"'l] -Ccm
Since the Gaussian moments grow faster than any power of m, this last expression is non-zero for
a large enough choice of m.

Finally, if 0 is the zero polynomial, we can do the same reasoning with e(x)™ to get
E |(z* — 1)6(56)”1} =2(R [xmde'u] —E [a:mde}) —C™ =&*md.E [mmde} -Ccm,
and we conclude as before.

C.3 Hardness of sign functions
We show in the appendix the following statement:

Proposition 0.6. Letm € N, and
h*(x) = sign(xy ... zpn)
Then the function h* bas Information and Generative Exponents { = €* = m.

We first show the lower bound. For any vector v € R™, and k < m, Hi((v, «)) is a polynomial
in z of degree k, and therefore each monomial term is missing at least one variable. We show that
this implies the lower bound of Proposition 0.6 through the following lemma:

Lemma 0.7. Let f : {—1,1} — R bean arbitrary function, and g : R™ — R a function which
is independent from xp,. Then

B [ @)g(@)] = T g )

Proof. We simply write

E [f(h*(z))g(z)] = :]E [F(h*(x))g(x) | 21, ... ,mm,lﬂ
—E |g@E[f(h*(2)) | 21, .. 1] |

- & [y D)

2
f)+ f(-1
IO T g gy
where at the second line we used that g only depends on x1, ..., Z;,—1 and at the third line the
addition of &, randomly flips the sign of h*. O
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Using this property on every monomial in Hy,((v, «)) and summing back, we have for any func-

tion f
E [f(1*(2) Hy((v,2))] = f<1>+2f<—1>

But the latter is zero when k£ > 1 by orthogonality of the Hermite polynomials. This shows that
0y > mforallv € R™, and therefore m < £ < /.

E [Hy((v,x))] (45)

For the upper bound, letv = €1 + - - - 4+ €y,. Then
Hy,((v,z)) =mlzy...xm + Qx),
where @ is a polynomial where each monomial has a missing variable. As a resul,

E [7* (@) Hp((v, 2))] = m!E [R* ()21 ... 2

=mlE [|z1...2n]]
=ml! —
T

D Additional Numerical Investigation

which is 2 non-zero value, hence £* < ¢ < m.

In this section, we present further numerical investigation to support our theory and extend it
beyond the mathematical hypotheses used in the formal proof.

D.1 Testing wider range of Algorithm 0.1

In the main we presented all the numerical simulation using p > 0, i.e. ExtraGradient method-
/descent. In Figure 5 Left, we repeat one of the experiment of Figure 1 in the case p < 0, the
Sharpness-Aware Minimization. The two algorithms are based on very different principle, but in
our context they behave in the same way: the reusing of the data makes high information exponent
function easily learnable. The global picture for p # 0 is the same regardless of its sign.

Although Algorithm 0.1 includes a broad variety of algorithms, it is not the most general domain
of validity of our theory. Simple algorithms such as repeating the gradient step twice on the same
data before discarding it (also known as 2-lookahead optimizer | ]) are not part of Algo-
rithm 0.1, yet our considerations are still valid. In fact, the data repetition is sufficient to introduce
correlations across two consecutive steps, whose effect builds up along the dynamics causing the
network to learn hard targets. A simple illustration of this claim is available in Figure 5 Right.

D.2 Extensive batch size

In this section, we want to present some evidence that our result does not change when the batch

e*
sizeis 1 < ny < O(d'? ). The formal proof we presented in the paper is valid in the case where
the batch size is 75, = 1, but we strongly believe it is the case when training with larger batches.
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Figure 5: example of two different algorithm with data repetitions learning an hard single-index
target h*(2z) = Heg(21), { = 3,¢* = 1. Left: SAM, with py = 0.1,79 = 0.01. Right:
2-Lookahed with 79 = 0.1. See details in Appendix E.

In the context of the information exponent, it has been shown in [ ] that the total sample
£
complexity does not change when using batch sizes n;, < O <d§>. The heuristic argument

for this behavior is that using a larger batch size increases the learning rate since the noise of the
gradient is “more” averaged out, ultimately reducing the number of steps. The same argument
should pass from information exponent to generative exponent, allowing the claim (when 1 <

0 (d@))
O ifrr>2

T-np~ O(dlogd)  iftx=2. (46)
o) iftr=1

Note that this drastically reduces the time steps needed to learn the teacher’s directions, although
the sample complexity does not change. [ ] first shows that some high-information ex-
ponent functions, such as Hes, can be learned in just a few steps with full-batch gradient descent
ny = O(d). In the same work, they introduce a larger class of hard functions that cannot be
recovered in T = O(1), not providing any information on possible bounds on the number of
time steps, nor any claim suggesting that not all the function in the class have the same sample
complexity. Our theory can provide a full understanding of the phenomena:

* Hes has generative exponent £* = 1, that implies we need O(d) samples to weakly recover
the target; when training with batch size ny, = O(d), wehave T' = O(1) asin [ I;
Figure 6 (Left) is a numerical proof of this fact.

* Hey has generative exponent £* = 2, that implies we need O(d log d) samples to weakly
recover the target; when training with batch size n, = O(d), we have T' = O(logd);
Figure 6 (Right) is a numerical proof of this fact.
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Figure 6: Single-index recovery for large-batch training. The dashed horizontal line ﬁ is a visual
guide to place random performance. The plots show o = relu, v = 0.01, p = 0.1, and the
performance is computed averaging across 10 different runs. Left (¢, (*) = (3,1): h* = Hes.
Right (¢, 0*) = (4,2): h* = Hey. See details in Appendix E.

We can push our claims beyond single-index targets and illustrate the same phenomena for multi-
index functions. In Figure 7 we test Extragradient Descent against two hard multi-index func-
tions: once again the sample complexity is the same as the case 1, = 1, while the number of steps

is reduced by a factor ny, = d.
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h*(z) = sign(z122). Lower ({y,{}) =

37

(4,2): h*(z) = z12223. See Appendix E for details.



E Implementation Details
In this section, we provide all the implementation details needed to reproduce the Figures of the

paper. The full implementation can be found in the repository linked in the main paper.

Unless explicitly stated, we always run the plain version of Algorithm 0.1 with squared loss, as
opposed to Assumption 0.3 which requires correlation loss and spherical gradient. We use the
reLU function as an activation. Finally, we always run simulations with WO L W*, which does
not fall under Assumption 0.2. Indeed, our numerical simulations deviate from the theoretical
assumptions needed for the formal proofs, but the aim here is to show that our claims are valid
beyond the technical limitations of the theory and that they can allow us to understand settings
closer to what is used in practice.

In the plots with a single-index target we plot the absolute value of the cosine similarity between
the student weight w and the teacher weight w*, averaged across IV different runs (where we vary
both seen samples and initial conditions). If g in the index for different runs:

N
yaxis(t) = %Z ’CosSim(qu),w*(‘I)) ,
qg=1

where )
CosSim(w, w*) = wiw*
|]w\|2||w Hz

In the plots with a multi-index target, we take the maximum across all the network weights

N
1
yaxis(t) = N Zmaxje[p} ’CosSim(wéfIt),w*(Q)) .
q=1

E.1 Hyperparameters of the Figures
Here are the hyperparameters used in the figures:
* Figure 1 (all 4): d = 8192, ~¢ = 0.01, pg = 0.1, N = 40.
* Figure 3 (left): p = 8,d = 2048,70 = 0.01, pg = 0.1, N' = 40, a} ~ Rad(1/2).

* Figure 3 (center-left): p = 8,d = 2048, = 0.01,pp = 0.1, N = 40, a? ~
N(0,1).

* Figure 3 (center-right): p = 8,d = 2048,79 = 0.1,p0 = 0.1, N = 40, a) ~
N(0,1).

* Figure 3 (right): p = 8,d = 2048, = 0.1, p9 = 0.1, N = 20, a} ~ N(0,1).
* Figure 2 (left): p = 8,d = 2048,70 = 0.1, p0 = 0.1, N = 40, aj ~ N(0, 1).

* Figure 2 (right): p = 4,d = 1024,~9 = 0.01,p0 = 0.1, N = 10,4 ~ N(0, 1).
* Figure 4: p = 4,d = 1024,70 = 0.01, pg = 0.1, N = 10, a} ~ N(0,1).
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Figure 5 (left): SAM d = 4096, 8192,y = 0.01, pg = 0.1, N = 40.
* Figure 5 (right): 2-Lookahead d = 4096, 8192, 79 = 0.01, pg = 0.1, N = 40.
Figure 6 (all 2): d = 8192, ny = 2d,v = 0.1, N = 40.

* Figure 7 (upper): p = 8,d = 2048,ny = 2d,7 = 0.1,p9 = 0.1, N = 40, a? ~
N(0,1).

* Figure 7 (lower): p = 8,d = 2048,n, = 2d,v = 0.1,p9 = 0.1, N = 20, a? ~
N(0,1).
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