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Abstract

This study explores the sample complexity for two-layer neural networks to learn a gener-
alized linear target function under Stochastic Gradient Descent (SGD), focusing on the chal-
lenging regime where many flat directions are present at initialization. It is well-established
thatin this scenario n = O(d log d) samples are typically needed. However, we provide pre-
cise results concerning the pre-factors in high-dimensional contexts and for varying widths.
Notably, our findings suggest that overparameterization can only enhance convergence by
a constant factor within this problem class. These insights are grounded in the reduction
of SGD dynamics to a stochastic process in lower dimensions, where escaping mediocrity
equates to calculating an exit time. Yet, we demonstrate that a deterministic approximation
of this process adequately represents the escape time, implying that the role of stochasticity
may be minimal in this scenario.

1 Introduction

In this manuscript we are interested in the supervised task of learning the following target func-
tion:

Y = o4 (wjx) +VAz, x ~ N(0,1/aly), z ~N(0,1). (1)

This target belongs to a general class of models known as single-index or generalized linear mod-
els, where the labels depend on the covariates x € RY only through its projection on a fixed
direction w, € R4, followed by a non-linear real-valued function o, : R — R. Despite its
apparent simplicity, the study of single-index models with Gaussian i.i.d. covariates has been at
the core of the recent theoretical progress in machine learning [ s ; s ;

]. Note thatif o, () = z, learning could be achieved efficiently by linear methods such
as ridge regression or PCA. The presence of a non-linearity o, makes it perhaps the simplest target
for which a non-linear hypothesis class is required. Moreover, the choice of isotropic covariates
x ~ N(0,1/dl;) means that all structure in the target is in learning a representation of o and a
particular direction w,. The popularity of this model is that different separation results can be
shown in the high-dimensional limit where d > 1:

* In the well-specified setting where we fit an isotropic single-index model with the same hy-
pothesis class (i.e. fo(z) = o4(w'x)), it has been shown that the sample complexity of
one-pass SGD! is determined by the first non-zero Hermite coefficient of the target o, also

"Which we recall the reader is equivalent to the convergence rate.



known as the information exponent | ]. Problems with non-zero first Hermite have
information exponent ¢ = 1,and w, can belearned atlinear sample complexity n = O(d).
Instead, problems with zero first and non-zero second Hermite coeflicient have informa-
tion exponent ¢ = 2, requiring instead n = O(dlogd) samples [ ; ]. Note
that this is a factor log d higher than the Bayes-optimal sample complexity of n = O(d)
[ ; ], hence defining a class of hard problems for SGD.

* For fully-connected two-layer neural networks fo(x) = a'o (W), several results are
known under different assumptions. For fixed first layer weights W € RP*9 (ak.a. ran-
dom features model) and large enough width p, learning the k-th order Hermite coefhi-
cient of o, requires n = O(d¥) samples [ ], implying a sample complexity of
n = O(d?) for a quadratic problem, e.g. 0, (z) = 2. Recently, it was shown that wide
networks (p — 00) can achieve the well-specified sample complexity of n = O(d) under
one-pass SGD, provided that all Hermite coefficients of both o, o are non-zero | I
In particular, this assumption covers only problems with information exponent £ = 1, ex-
cluding hard cases such as quadratic problems. Finally, for o(z) = 0, (z) = 22, [ ]
has shown that for p large enough, full-batch gradient flow achieves sample complexity
n = 2d, although at a running time of t = O(log d).

With the exception of | ], the works mentioned above cover the scaling of the sample com-
plexity in the high-dimensional limit. Our goal is, instead, to derive sharp results for the sample
complexity of learning (1) with a fully-connected two-layer neural network in the challenging case
where o, has a vanishing first Hermite coefficient. As discussed above, this case violates the “stan-
dard learning scenario” of [ ], and can be seen as a proxy for hard learning problems for
descent-based algorithms. For concreteness, in the following we focus on the purely quadratic
case:

Yy = (wja:)g +VAz, w, € S1(Vd) (2)

Learning the target (2) consists of learning the non-linearity o, (z) = 22 and the direction w,. In
this work, we focus our attention in the second part, considering the following architecture with
squared-activation:

1 p
fo(x) = 5 Z ai(w] )% (3)
i=1
where © = (a, W) is the set of trainable weights, which are trained with one-pass stochastic
gradient descent (SGD):
0"t = 0" —Vel(y", for (z")) (4)

with square loss £(y, ) = 1/2(y — x)? and initial condition ©° = (a’, W?). Note that at each
step v, the gradient is evaluated at a fresh pair of data (2%, 4") € R4*! drawn from the model
(2). In particular, this implies that after v € [n] steps, the algorithm has seen n data points.

Learning in this problem is hard, and can be compared to finding a needle in a haystack. Indeed,
with the exception of one direction that points towards +w,, the population risk at (random)



initialization is mostly flat. This slows down the dynamics, which takes a long time to establish a
significant correlation with the signal - a scenario we refer to as escaping mediocrity.

At first, the particular case of purely quadratic activation might appear too specific. Indeed, as
we will see later the population risk for this task has a global maximum at initialization and a
degenerate set of global minima. The choice of more general o, and o with zero first Hermite but
not necessarily zero higher-order coefficients might give rise to other critical points such as saddle-
points, giving rise to a more complex SGD dynamics. However, since the focus of this work is on
escaping mediocrity, our conclusions will hold, up to constants, to more general activations with
information exponent ¢ = 2.

Summary of results — Our main contributions in this manuscript are:

* We derive a deterministic set of ODEs providing an exact and analytically tractable descrip-
tion of the one-pass SGD dynamics in the high-dimensional limit d — oo, and characterize
the leading order stochastic corrections to this limit.

* We provide an analytical formula for the number of samples required for one-pass SGD to
learn the phase retrieval target in high-dimensions at arbitrary network width. We show
that overparameterization can only improve convergence by a constant factor for phase re-
trieval.

* Finally, we compute the leading order stochastic corrections to the exit time, and show
that stochasticity does not help to escape the flat directions at initialization. This suggests
that the deterministic description is enough to fully capture the phenomenology of the
dynamics in this problem.

All the codes used for numerical experiments are provided in this GitHub repository.

Further related work —  The investigation of a deterministic high-dimensional limit of one-

pass SGD for two-layer neural networks draws back to the seminal works of [ s ; ],

and was followed by a stream of works that span decades of research [ ; ; ; s

; ; s ]. More recently, the stochastic corrections around fixed points

of the dynamics have been investigated by [ ]. Ina complementary research line, [ ;

s ; ; ] have shown that an alternative deterministic description of SGD

can be obtained in the infinite width-limit, a.k.a. mean-field regime. High-dimensional reduc-

tions of the mean-field equations have been studied by [ ; ; ; ]. Re-

cently, [ ; ] has shown that these apparently different limits of one-pass SGD can
be unified in a single description.

There has been a recent surge of interest in studying how increasing degrees of complexity in the
target function are incrementally learned by SGD [ ; ; ; ; ],
with an emerging staircase picture where complexity is sequentially learned in different scenar-
ios. This picture, however, is bound to classes of targets where SGD develops strong correlations
with the target directions at initialization, a notion which was mathematically formalized by the
so-called information exponent £ by [ ]. Instead, targets for which the landscape atinitializa-
tion is mostly flat (¢ > 2) are hard for SGD at high-dimensions, translating to very slow dynamics.


https://github.com/IdePHICS/EscapingMediocrity

This is precisely the case for the phase retrieval problem (¢ = 2), a classic inverse problem arising
in many scientific areas, from X-ray crystallography to astronomical imaging [ ; ].
Phase retrieval has been widely studied in the literature as a prototypical example of a hard inverse
problem [ ; ; ; ; ; ; ], providing a simple yet
challenging example of a non-convex optimization problem which is hard for descent-based algo-
rithms [ ; 5 5 5 ; ; 5 .

2 High-dimensional limit of SGD

In this section we introduce our key theoretical tool, which consists in low-dimensional reduction
of the projected SGD dynamics (4) in the high-dimensional limit d — 00 of interest.

Sufficient statistics — The key observation is to notice that the population risk only depends
on the hidden-layer weights W € RP* d through the second layer weightsa € R and the weights’
correlation matrices:

[ Q M\ _ [ VaWWT HaWaw, ) i)
2= (MT 1) \1a(Ww,)" 1 €R ’ ©)

The explicit expression of the population risk is:

R(©) =E [{(y, fo(z))]
A+3 1< (6)
= 5 T, aj (ij+2m?> 27 Z aja Qgngl‘i'?Q]z)
Lt jl=1

Notice that the matrices M, () are precisely the second moments of the pre-activations (A, \) =
(w] x, Wx) € RPHL. Therefore, to characterize the evolution of the risk throughout SGD, it is
sufficient to track the evolution of the second layer weights a; and the correlation matrices m, @,
which consists of p(p + 1) parameters. As shown in Appendix A, starting from Equation (4) we
can derive a set of self-consistent stochastic processes describing the evolution of (a, m, Q):

v+l l/ _ Y evy2
aitt —af = g€, (7)
v v_ T v
mj+l —m; = pd Mi(a, A, A), Mi(a, A, ) = 2E"a; A A (8)

Q- Q= ]% Qir(a, e, N),  Qjila, Ae, ) = 267 (aj + a) \jA + 4%5”2|ya:”|\2aja,AjAl
9)
where we have defined the displacement vector

p
g = (\)? Z (A)? + VAZY, (10)

and we used 7/d as the learning rate of the second layer, in order to have the same high-dimensional
scaling.



High-dimensional limit —  As of now we have not made any assumptions on the dimension
of the problem; the stochastic processes defined in (7) are exact, with the right-hand side depend-
ing implicitly on (m, @) through the moments of (A, A). However, our goal is to study this
process in the high-dimensional limit d — oo where learning is hard and simulating (4) can
be computationally demanding. Defining a step-size ¢ = 7/pd and a continuous extension of
(a”,m", Q") to continuous time (a(vdt), m(vdt), Q(vdt)) by linear interpolation, it can be
shown thatin the high-dimensional limit d — oo the sufficient statistics (a(t), m(t), Q(t)) con-
centrate in their expectation (a(t), m(t), Q(t)), which satisfies the following system of ordinary
differential equations (ODEs):

da; 2
ditj = E(A,A*)NN(OPH,Q) [EAJ}
dm;
T = EOa)sN(0p1.0) M@ Ao N)] = 5 () (1)
dQ;i
= BN 0p1.0) [t A N)] = 25(Q)

with initial conditions given by (a(0), m(0), Q(0)) = (a°,1/aW w,, 1/dW0W0T). The ex-
plicit expression of these expected values can be found in Appendix A. As discussed in the re-
lated works, the high-dimensional limit of one-pass SGD for two-layer neural networks have been
studied under different settings in the literature [ ; ; ; ; ; ;

s ]. However, to our best knowledge our work is the first to derive and study these
equations for the squared activation in the high-dimensional limit.

Initialization and mediocrity — In the noiseless case A = 0, it is easy to check thata; = 1
and w; = fw, (mj; = £1and ()j; = 1) is indeed a stationary point of (11) that corresponds
to two degenerated global minima of the population risk (6). Adding a noise A > 0 only shift
these values. Similarly, it is easy to check that m; = 0and Q;; = 0 for ¢ # j are also stationary
points. These correspond to taking w; L w; L w, forall j # lin(11), and is a global maximum
of (6). This stationary point plays an important role in the dynamics. Indeed, in the absence
of knowledge on the process that generated the data (2), it is customary to initialize the weights
randomly:

wl ~ N(0, 1), j=1,,p. (12)

When d — o0, the weights are being orthogonal with high probability. In terms of the sufhicient
statistics:

Qjj ~ Dirac(1),  j#1:VdQy T2 N(0,1) and VaM? = N (0,1).
(13)
Therefore, since the variance of (m°, Q°) decays as 1/d, the higher the dimension, the closer a
random initialization is to a stationary point of the dynamics. Moreover, of all the d directions,
there exists d — p — 1 directions orthogonal to w, and {w? } je[p) along which the population
risk (6) remains constant. The proliferation of flat directions close to initialization severely slows

down the SGD dynamics at high-dimensions, which typically requires n = O(d log d) steps to



develop assignificant correlation with the signal in order to escape this region. This scenario, which
we refer to as escaping mediocrity, is common to many hard learning problems [ ]. In the
following, we leverage the exact description (11) derived in this section to estimate precisely how
much data is required for SGD to escape mediocrity in the prototypical phase retrieval problem

(1).

Spherical constraint — A phenomenon that is observed when starting from the initial condi-
tions above is a change in the norms of the weights w; without eftectively correlating with w,. In
this phase, sometimes referred as norm learning, m ~ @) j; =~ 0for j # I, while Q);; changes con-
siderably, resulting in a slight decrease in the population risk towards a plateau that reflects medi-
ocrity. Since the focus of this study is precisely on escaping mediocrity (i.e. developing non-zero
correlation with the signal), in the following we will fix the norm of the weights w? € S9=1(1/d)
at initialization and throughout the dynamics v € [n]. This assumption, which was also the fo-
cus of [ ], amounts to imposing a spherical constraint at every step of SGD, also known as
projected SGD:

il = W = WVt fer o ‘\/;i- (14)

’ Hw}* =YV, l(y", for (2V))

The high-dimensional limit of these equations lead to the following ODE:s for the evolution of
the sufficient statistics (M, Q):

Q) — & (q)jj(Q) + (I)”(Q)) . (15)

7y () - Mo (0), Wt _g, 2

dt 2 dt gt
Note that Q;; = 1 is consistently fixed.

3 Escaping mediocrity in the well-specified scenario

As a starting point, we consider the well-specified case of p = 1. As we are going to see, this case
captures almost all the phenomenology of interest, and is helpful to build an intuition for how
SGD escapes mediocrity. Moreover, despite its apparent simplicity, this case has been the subject
of several works in the literature [ ; ; ; ]. In particular, [ ]
established a convergence rate t = O(logd) for randomly initialized gradient descent on the
population risk. In our setting (4), this corresponds to the vy — 0 limit, and translates to a
sample complexity of n = O(dlogd). [ ] provided a refined analysis that accounts for the
stochasticity in one-pass SGD, reaching a similar n = O(d log d) rate for escaping mediocrity, in
agreement with the general information exponent characterization of [ ].

In this section, we show that in the high-dimensional limit, the sample complexity constant for
one-pass SGD can be well estimated from the deterministic reduction (7). In particular, we show
that the stochastic corrections from a finer analysis of the process (7) can be neglected.

3.1 Population risk landscape

As previously discussed, one-pass stochastic gradient descent can be seen as a discretization of
gradient flow on the population risk [ ]. Therefore, understanding the geometry of the



population risk can provide useful insight into the behavior of SGD. For p = 1 and imposing
the spherical constraint, the population risk (6) considerably simplifies since everything can be
expressed in terms of a single, scalar sufficient statistics m = 1/aw, w € [—1, 1]:

A
R(w) -5 =2(1 —m?) (16)
From this expression, it is easy to see that we have two global minima m = %1 (corresponding to
w = Fw,) and one global maximum m = 0 (corresponding to w L w,). Indeed, the spherical

gradient of the population risk can also be computed explicitly (see Appendix G.1 for details):
gradgs_1 R(w) = 4m (mw — wy) (17)

which confirm that these are the only critical points. Finally, we can also compute the spherical
Hessian exactly:

Hessga-1R(w) =4 [mQId + mww*T - w*w*T (18)

Note that for w = fw, (m = =£1) the Hessian is proportional to the identity, hence positive
definite as expected for a minimum. Instead, forw L w, (m = 0), the Hessian becomes a
rank-one matrix with d — 1 zero eigenvalues and a single negative eigenvalue with eigenvector
proportional to w,. Hence, m = 0 also corresponds to a strict saddle, i.e. the landscape is flat
along most of the directions, except for one that points towards the signal. Note that with high
probability, we have precisely m ~ 0 for an uninformed random initialization in high-dimensions
d — oo.

This provides a typical picture of mediocrity in high-dimensions, where the landscape resembles
a flat golf course with a single hole, see Figure 6 in Appendix G.

3.2 Exit time from deterministic limit

We now move to the description of the one-pass SGD dynamics. Our key goal in this section
is to determine how much data / how long SGD takes in order to find the signal in the high-
dimensional limit d — 0o. As we have discussed in Section 2, in this limit the sufficient statistics
concentrate, with its evolution being described by the following deterministic ODE:

dm(t)

2 =) [4(1 ) (1 —m2(t) — 29A]  with m(t) €[-1,1]  (19)

with initial condition m(0) = !/aw, w". See Appendix B for an explicit derivation. Figure 1

(left) compares the evolution of the risk predicted from solving the high-dimensional ODEs (19)
with different finite size (d = 3000) simulated instances of the problem, showing a good agree-
ment between the theory and the averaged population risk over the different runs.

Given the spherical constraint, the population risk is now simply given by R (m) = 2 (1 - m2) +
A /2. From this expression, it is clear that m = %1 are global minima and m = 0 is a global maxi-

mum. Therefore, the information theoretically minimum achievableriskis R (+1) = min R(m)
Afa,



We start with two immediate observations that can be drawn from (19). First, we have a necessary
upper bound on the learning rate for learning to occur: 7 < 1/6. Moreover, from fixed-point
stability analysis we can get the value where /M converges for large times, and, consequently, the
asymptotic excess population risk achievable in this setting is:

lim R(m(t) — Afp = 12

. 20
t—00 1 — 6y ( )

The presence of an asymptotic risk plateau for the excess risk is consistent with previous results
for the high-dimensional limit of two-layer neural networks [ ; ]. Note that in the
population gradient flow limit v — 0T, SGD converges to the minimal risk [ ]. Indeed,
the presence of a finite excess risk even in the well-specified setting is an intrinsic correction from
the SGD noise in the high-dimensional regime where 1/a <~y [ ], and can be related to the
radius of the asymptotic stationary distribution of the weights around the global minima [ ;

].

We now move to our main problem: estimating the time SGD takes to escape mediocrity at ini-
tialization. Let 7" € [0, 1] be the relative difference with respect to the initial value of the risk, and
let texe be the time when the risk exits the region above the threshold 7', see Figure 1 (right) for an
illustration. By construction, ey can be found by solving the following equation:

(1-1T) <R(m(0)) - ) =R (M (texr)) — = (21)

The above can be exactly solved by numerically integrating (19) and then finding the root of (21).
However, an analytical expression for the ODE exit time can be found from the following two
observations:

* From the discussion around Equation (13), initializing at random in high-dimensions im-
ply that m(0) = € < 1, so we can consider the linearization of equation (19) in € and
solve it analytically. For small enough 7', this will lead us to an accurate result;

* Even if the ODE trajectories are deterministic, the exit time ty is a random variable of the
random initialization.

Note that these lead to two natural notions of average exit time over the initial conditions. The
first one is obtained by taking the expected value over initial conditions before solving the cross-
threshold equation

(an) _ log [Td+ (1-T)]

anl) _ . 22
- 8(1 — 6v) — 4yA (22)

Borrowing the jargon from statistical physics, we refer to t(eirtl) as the annealed exit time. The

second option is to take the expected value exit time obtained from solving (19) over a fixed initial
condition:

log %—I—(l—T)

(qnc)
tae = By 8(1— 67) — 4yA

(23)




. . . . e . nc . .
Again, borrowing the jargon from statistical physics we refer to #9745 the quenched exit time.
Some comments on this result are in order:

* By concavity of the logarithm function, we have tﬁ_it“ ) > té;ﬁ?l).

* For both notions, we have texe = O(log d) implying n = O(d log d) samples are required

to escape mediocrity, consistent with the rates in the literature [ s ; ].

* Both exit times are monotonically increasing in both v € [0, 1/6] and A > 0. Recalling
that 6t = 7/d, this implies the existence of an optimal learning rate Yope = 1/(12+ A) that
minimizes the number of samples required to escape mediocrity.

3.3 Does stochasticity matter?

Note that the initial correlation parameter at random initialization (12) is given by:
m® = O(1/va) (24)

Therefore, in the high-dimensional limit d — oo in which the ODE description (19) is exact, we
have m(0) = 0. This is a fixed point (19), which suggests that strictly in the high-dimensional
limit SGD is trapped forever at mediocrity. However, in practice we always have d < 00, meaning
that at initialization we always have a non-zero correlation with the signal m® = & < 1. More-
over, at high but finite dimensions, (19) is just an approximation to the actual stochastic dynamics
(7). Indeed, this is precisely what we used in order to estimate the exit time from the determin-
istic ODE (19). While the stochastic corrections to the high-dimensional limit do not radically
change the convergence rate scaling [ ] (and hence the mediocrity picture), it is important to
ask whether it leads to important corrections on the precise exit time.

Stochastic corrections to the deterministic high-dimensional limit of one-pass SGD have been
recently discussed in a broad setting by [ ]. In particular, this work has shown that close
to a fixed point the process for the sufficient statistics (7) can be well approximated in the high-
dimensional limit by a diffusion process with drift potential given by the corresponding deter-
ministic ODEs. We follow a similar strategy, and consider the following process specialized in the
casep = 1:

dM; = \Ifl(Q) dt + \/ZO’M(Q) -dB;

dQu1 = ©11(Q2)dt + \/ZG’Q(Q) -dB;

where d By is a 2-dimensional Wiener process, and o s and ¢ are defined as

oM\ _ Var( A, )~ (0p41,0) [Mi] Covira )~ (05 1,02) [M1, Q11] (20)
oq CoviAA)~N(0p1,2) M1, Qui]  Var( x)an(0,41,0) [Q11]

The stochastic corrections are analogous with the ones obtained by [ ]; in Appendix F
we present an alternative derivation of them, following their approach, and we highlight the fact
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Figure 1: Multiple run of the simulated SGD and the numerically integrated SDE, always starting
from the same initial condition, with d = 3000. All the .y presented are obtained by solving
numerically (21). The SDE captures the variance that the ODE doesn’t exhibit, but the tex do
not change considerably.

that our formulae generalize their result. Notice that the stochastic correction is proportional to
\/’%, consistent to a first order correction to the deterministic limit. Similarly to the discussion
in Section 3.2, the spherical constraint can be imposed by projecting the process in the sphere.
This is discussed in detail in Appendix B, and for p = 1 reads:

= (xyl(m _ N;(Im(Q)) dt + \/Z (UM - ﬂ;lffq> 4B (@)

Figure 1 compares different instances of finite size simulations with instances of the SDE (27) with
the same initial condition. Although the stochastic correction offers a better description of the
process at large but finite dimensions, we find that quite surprisingly they have a small impact in
the exit time. Hence, the formulas (22) & (23) derived in the Section 3.2 for random initialization
provide a good approximation to the exit time. In Appendix D we discuss how to derive an exit
time formulae with the stochastic corrections, both annealed and quenched one. As just shown,
the new formulas do not offer any improvements compared to the deterministic ones, nevertheless
the stochastic process can describe the dynamics even when the initialization is exactly m = 0,
that is a fixed point of the ODE.

To summarize, in this section we have shown that the deterministic ODEs provides a good approx-
imation for the precise number of samples required for escaping mediocrity in high-dimensions.
In other words, stochasticity does not help in navigating the flat directions at initialization and
correlating with the signal.

10



4 'The role of width

Thus far our discussion has focused on the well-specified case. We now discuss the role of width in
escaping mediocrity. Our starting point are the deterministic ODEs (11) for the sufficient statis-
tics derived in Section 2. As in our previous analysis, we focus on the spherical setting where
w; € S71(V/d), implying Q;; = 1, see Appendix B for a detailed derivation. First, we derive
analytical expressions for the exit time for arbitrary width p > 1 in the particular case where the
second layer is fixed at initialization a? = 1,Vj € [p]. The role played by the second layer is then
discussed in Subsection 4.1.

Differently from the p = 1 case, the process cannot be described by a single sufficient statistic,
and instead we have to track P(» — 1) /2 non-diagonal entries of Q (it is a symmetric matrix), and
p components of the vector M. Note that equation (21) remains valid to define tey, and can
be solved numerically. An analytical expression for the exit time can be derived under similar
assumptions to the ones discussed in Section 3.2, although the derivation is significantly more
cumbersome. Full details can be found in Appendix C. The final expressions for the annealed
and quenched exit times are given by

log [T(p+1)d+(p+1)(1fT)}

2
£l — P : (28)

(114 A
8[1 p<1+p+p2+2)}

log Tp(p+1)d+(2uop—70)(1-T)
fane) _g [ 2Hop } . (29)

" po,To~Pg N
_ 1 4 JAN
8[1 p(1+p+pg+2)]

With the distribution of the variables 79 and pg given by

p PP
pos o~ Py where P = | d ) (u;v)%2d Y Y (uew)” | withv,uy ~ §77H(L).
J=1 j=11=j+1

Notice that ¢y is a monotonically decreasing function of the width. Nevertheless, forany p > 1,
the leading order dependence in the dimension is ty = logd. Hence, despite helping to escape
mediocrity, increasing the width cannot mitigate it. This can be contrasted to other aspects in
which overparameterization can significantly help optimization, for instance with global conver-
gence [ ]. Interestingly, the minimal escaping time

Janl) _ 1 | Tp+1)d+(p+1)(1-T)
o = — log(

4 2p

)

, obtained by choosing the learning rate that minimizes the sample complexity for escaping, has
the same pre-factor for any width p > 1, with the only differences being the dependence in p
inside the logarithm and in the time scaling ¢ = »7/pd. At infinite width p — oo, this simply

11
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Figure 2: Ratio between the measured tes from simulations and the corresponding analytical
formula (square = annealed, circle = quenched). We average over many initial conditions, for
different values of p. The ratio 7/p has been kept constant for different simulations.

amounts to a factor 122_:AA with respect to p = 1. Details of this computation can be found in

Appendix C.4.

Figure 2 compares our analytical formulas (28) and (29) with real one-pass SGD simulations. The
simulation are averaged over many different instances of the initial conditions, and the ratio 7/p
is kept constant when varying p, for not having discrepancies due to the different learning rate
scaling. It’s interesting to notice how the two different formulas give the same outcome for large
width p > 1. Moreover, for narrow networks they essentially differ by a d-independent constant.
Figure 2 also suggests that, as for p = 1, the stochasticity can be neglected in the estimation of the
exit time. In Appendix E we provide further evidence of that.

4.1 Training the second layer

In the previous section, we have derived analytical expressions for the exit time in the particular

0 _
. . J o .

second layer does not significantly change our conclusions.

case of fixed second layer weights a 1. Here, we provide numerical evidence that training the

The key challenge is that by training the second layer we can’t measure fey as the time needed to
escape the risk at initialization. Indeed, from equation (21) it can be seen that in the very first
steps of the learning the vector a changes slightly to adapt to the initial conditions, thereby fitting
the noise. In this scenario, instead of looking directly at the risk, we can instead use the largest
component of the correlation vector m as a measure on how much the network has learned. At
random initialization, this is of order 1/v/d and grows to 1 as the neural network correlates with
the target weights. A natural choice for initializing the second layer weights is a? = 1,Vj €

J
[p]. In principle, this initial condition guarantees that the risk at initialization is exactly equal to
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Figure 3: p = 20 (left), p = 50 (right), d = 1000. Comparison between the growth of maxm
throughout the learning process, when the second layer is fixed (blue) and trained (green). The
dynamics is obviously different far from the starting point, but when we zoom close to the exit
point, the two processes have the same behavior, fey included.

the case where a; is fixed. On the other hand, as we already point out, the initial plateau where
the dynamics gets stuck depends on the particular second layer initial condition. Even for other
choices of initialization, e.g. a; ~ Bernoulli(1/2), the dynamics quickly goes to a plateau, so
it does not really matter which a? is used. Therefore, for simplicity we choose a homogeneous
initialization a? = 1. Figure 3 compares the evolution of the maximum correlation when learning
the second layer or not, for different values of p.

It is important to stress that we are not claiming that the time needed to reach the minimum of
the population risk is the same when training or not the second layer, as can be seen in Figure 3.
Instead, our result highlights that the time needed to escape the flat directions at initialization are
close. In fact, after the two layer neural network has escaped mediocrity, the dynamics can be very
different whether the second layer weights are trained or not. For instance, a could become sparse
with just a few neurons contributing to the output, or it could remain close to homogeneous
a; = 1, and with all neurons correlating with the target. Although studying the dynamics after
escaping mediocrity is surely an interesting endeavor, it’s out of the scope of this manuscript.

S Conclusion

In this work we have derived a sharp formula for how many samples are required for a two-layer
neural network trained with one-pass SGD to learn a quadratic target in the high-dimensional
limit. In particular, we have shown that increasing the width can only improve the sample com-
plexity by a pre-factor, with the overall scaling with the dimension remaining of the same order
n = O(dlogd). Therefore, for this target overparameterization does not significantly help op-
timization, providing a prototypical example of a hard class of functions for learning with SGD.

13



Our results rely on a low-dimensional description of SGD in terms of a stochastic process describ-
ing the evolution of the sufficient statistics in the high-dimensional limit. Surprisingly, we have
shown that deriving the sample complexities from the deterministic drift of this process with small
initial correlation with the target provides a fairly good approximation of the exit time as com-
puted from the full process with zero initial correlation, showing stochasticity does not play a
crucial role in escaping mediocrity for this problem.
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A Explicit ODEs derivation

A.1 Derivation of the process
Let’s start by reminding the definition of displacement at step v

p

1
= (\)? - > D a;(N)? + VAR, (30)
j=1
from which it’s easy to write the loss function
v v 1 v\2
(', for ) = 3 (€77 61

The gradient respect to the parameters is given

1
90,0 for () = — £ (X))?
1 (32)
v’wjg(yya f@“ (xy)) - _];(SVQCL;/)\;/CCV

Using 7 as learning rate for the weights w; and 7/d for the second layer, we have the following
update equations

@t = a4+ Ler(\y)?

J J d
p
v+1 __ V+15V2 I/)\V v (33)
wj = UJ]- v aj ij

Applying the definition of the sufficient statistics, m; = w;w-/d and Q;; = wiwi/d, we can
recover Equations (7).
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A.2 Explicit ODE

To get the explicit form of our ODEs we need to compute some expected value over the preacti-
vations (A4, A). These are gaussian variables, whose correlation matrix is given by €. Similarly,
the population risk is defined as

1
R =Ea)n 00,9 [252] :

Let’s look close to the random variable we need for this expected values, expressing them just as
function of local fields. To be more concise, from now on with [E we always mean the expected

value over (A, A*) ~ N (0p41, Q). For the risk we just need

1 & 2§
B[] <X+ 5 Y ajaiE V] - 23" 0k ).
j=1

ji=1

while for the ODE of @
E[ext] =E[2X] - - Z wE [NEX2]

where we omitted the noise part since it averages out with the expectation. The equation for m
requires

2a;E [EXjN] = 2E [AEAjA } Za;aﬂE [AZA A*} :
l 1

while we need two different expectations for Q
1 p
2(a; + a)E [EXA] = 2(a; +ar) |E [A2x] - . > aE [ An]| and
s=1
12&%a a0 = 162 AN -2 AJAAZA2
po MU= ajal ! Zas GAIAAS | T

< Z <a8atE AN + AR [AjAl]> ]

p s,t=1

We are left to compute some distribution moments of a multivariate Gaussian of second, fourth
and sixh order. In the GitHub repository can be found a Mathematica script to address this task;
alternatively Isserlis’ Theorem can be applied. We introduce a shorthand in the notation

Waf = [Q]a67
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where the indices & and 3 can discriminate between local fields A (if o, 5 € [1, ..., p], and A, (if
a, 3 = p + 1). The final result are given by

WaBWryWss + 2wa5w§5 + 2Wan W Wss+
4wa7w55w75 -+ 4wa5w57w75 + QwOé(;Wg(;w,w

By retracing all steps backward and making the necessary substitutions, we can arrive at an ex-
plicit form of the ODEs and population risk. While the full risk expression can be found in Equa-
tion (6), we report here just the case a; = 1 for the ODEs since they have a compact matrix form

(o - %)
dQ Tr[Q] MMT  Q?
dt_4<p p >Q+8< p p)

4 |
+ ;{ [3p2Q+ 12pMMT} t

<Tr Q2+ 2Tr [Qﬂ) Q+4Tr[Q Q% + 8Q3

<pTr [Q+2Tr [MMTD Q+2Tr[QMM'

+2pQ% + 4 (MMTQ+ QMMT)

sa)

(34b)
where p := w2/d. For completeness, this is Equation (6) for the case a; = 1
34a PTEQUE2T MMT] g 427 [Q2) (35)
R(Q) = — + 5 .
2 p 2p
B Spherically constrainted ODE and SDE
B.1 Spherical constraint for ODE
Let’s recall the update rule for the weights
WY — AV by, o (¥

w0 =V, b, e (2|
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we will find the leading order approximation of it and then apply the argument as the uncon-
strained case for deriving the ODE:s.

To shorten the notation we will use £ for indicating £(y”, fov(2")). Let’s start by computing
the normalization factor

S P —

H'w]” — YV, ¥

1
Vd
1

N

2];
)
Vi ) +0(d‘1)] -

Note that we kept both two terms in the expansion because we can show that both the norm and

2
= 2yt - Vo 0+ 42 vaje”

1
2

1 v v 2 v
[1 — 3 <2’yw]~ Vi, 07— vajé

1 14 v
14+ — 2d <2fyw Va7 =y vajﬁ

the scalar product with a weight vector are order 1

2 2805 (af)" 2820003

va][ p2 d p? d =0,
d 2
28N/ iz 2 /\ we ; 2 Y
wj - Vg ¥ ~ £ wﬂ N 0, é’ £ LN(0,1) = 0 (1)
i=1

We can now plug the expansion back into the original update rule

wi Tt = (w;’ — *wajE”>

; l—i-— <27w;-ij€”—72“vw].€”

2d

2> +o (d_l)] V.

We are ready to go over the steps that take us from the update rule on vector weights to those on
order parameters. We report by way of example the steps performed for M; the accounts for Q are
similar, just a bit more tedious.

wl{-i-l . w*

Ml‘/-f—l _ J
d

L yw Ve 0¥

v ’Yw* 'v'w'ey MV v v 2 v

o)
2) +o (d—l)

MY 2
_ v v vV J Y evyvav i vyv2 —1
=M+ AE Aj2<2p5 NN+ 5E Aj> +o<d )

14 o <2fy'w Vgt = 72| T,
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Figure 4: comparison of ODE integration and many SGD runs for p = 5 (left) and p = 20
(right). Both the experiments have d = 5000.

We can now take the limit d — +o00, claiming that the theorem [ ; ] proving ODE
convergence is still valid. Indeed, the error term 0(d 1) in Equation (37) has an average order of
O(d~?), which can be absorbed in the term I'” of Theorem A.1in [ ]. The rest of the proof

proceeds the same way, noting that the square function can be assumed to be Lipschitz since the
dynamics take place on the sphere.

The differential equation that describes the evolution of M is

dM; (1)

M, (t
i Ex ax*~a(0,92(t)) [25)\]')\* _ M)

(4&@- + 425%)] :

Using the definitions introduced in Equations (15) we can write the equation in a nicer form
dM; (#) M;;(t)
=0,;(Q) - 2

Essentially, the spherical constraint can be imposed by using a term proportional to the uncon-

strained Q update.

D;;(€2). (38)

Without reporting all the calculations, we can write an analogous differential equation for Q evo-

lution 4G 0 3 0
U — (0) - U (1,50 + au(9). (9
dQy;(t
Note that Qj{i ®) = 0if Q;;(t) = 1, asit should be since the norm of spherical vectors must
not change.

In Figure 4 we show two examples of integration of ODEs, for different values of p. Simulating
for large but finite d does not kills the stochasticity in the SGD runs, but we can clearly see how
the ODE well describe the dynamics on average.
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B.2 Spherical constraint for SDE

This subsection we derive the spherical constraint for the SDE, with p = 1. We assume that the
stochastic process is given

dM = U, (Q) dt + \/ZJM(Q) -dB,

dQ = ®11(Q2) dt + \/ZO’Q(Q) -dBy,

without providing explicit expressions for oy (€2) and g (£2); see Appendix E for that.

The derivation is basically following the steps of the previous Section. Starting from the uncon-
strainted update rule for the weights

l(+1

wj

— v v
= w; — YV, ¥,
we can find an expression for the two unconstrained differentials

dg —2yw - V& +~2 || Ve |?
d (41)

—yw, - V¥
dm=—7"-"+-—.
" d

Since we are forcing the weight on the sphere, the update rule that actually has to be used is

v _ v
il _ w; vijf
J

Vi

w
ij” — YV, ¥

multiplying both sides by w, and subtracting m we get

m+dm
dmg = " d- m,
|w — Ve

where we introduce mg to differentiate the constrained variable from m. Let’s estimate the nor-
malization factor

Jw = 49| =/(w = AV = w2 — 2w AV + 2 [V
2 2w AV 2 Ve
:ﬁ\/er w -y +72 H:\/g\/m

d d



and expanding up to leading orders we get
1
dmg =(m +dm)(1 + dq)_% —m = (m+dm) <1 - idq + 2dq2> -m

1
=dm — %dq— 5dmdq+§mdq2

8
In principle, we can now use the Itd Lemma on differentials Equations (40), obtaining
dm? = %afd(g) dt, dg? = %o-é(ﬁ) dt, and dmdg= %UM(Q) L oQ(Q) dt.

It’s interesting to note that these lead to a drift correction (and not just stochastic), but it’s of
second order. As expected, in numerical simulations we can’t see the effect for these corrections,
hence we neglet them in what follows. Finally, we write the explicit Brownian motion for the
constrained dynamic

dmg = <\1f1(9) - ”’2‘%11(9)) dt + \/Z <JM(Q) - QUQ(Q)) dB,.  (42)

Of course, all functions depending on €2 should be evaluated at m = mg, ¢ = 1.

C Derivation of the expected exit time formulas

C.1 Linearization of the equations

The linear approximation of ¥ around m; ~ 0 is given by

m; 1
\Ifj:4(mj—pj>:4<1—p>mj, (43)

while for ® we distinguish the cases j = [ or not
JAL By =4 [2 (—2%>
p

4ry 2
+—4¢3Q;; — -
p{QJ p

+

pQyt +4Qju | +

p12 [(pz + 2p> Qji + 8pQji + 24%} + Ale}

16Q7 (44)
P

4 8 2 8 24
+7{3—2—+1+++2+A}Qﬂ

p p p p P

16

p(%

47{ 2 24 }

+ L824+ -+ —=+A i

p p P Q
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(45)

Given these linear approximations, we are ready to write down the equations valid as long as the
risk stays in the first plateau

TR [
_ [4_2; <2+2+§2+A> M), (46)

d Q)] 4 4 4
e[ ot ebia)od o o),
_ | .8, (16
B <p2>] S
s 8
- 1] e,
(47)

We observe that the evolution of the sufhicient statistics is uncoupled in the starting saddle. We
can shorthand the notation by introducing wg and wyy
dM;
gt MM
dO.
% = —w@Q i whenj #I.

These equations admit a simple solution given by
M;(t) = M;(0) explwast]
Qit(t) = Quu(0) exp[~wot].

(48)

C.2 Solving the approximated risk equation
From Equation (35) when the weights are on the sphere, it follows that the risk is given by
A

1 1 < 2 &
RQM) -Z=1+-+— > Q-=> M (50)
2 L A Y P54
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Equations (49) can be used to obtain a deterministic time evolution of the risk. The only source
of randomness left is from the initial conditions, we can define two random variables as

p P
Ko 2 T0 2
= Z [M;(0)]” and vial Z [Qu(0)]”, (51)
J=1 FA=155#1
and get an expression for the risk in function of time
A 1 T0 2,[1,0
t)—— =14+ -+ — —2wot| — — 2 t 2
R(t) =3 ot e exp[—2wqt] dp exp[2wprt] (52)

This equation is not polished enough to be solved analytically yet. First of all we need to assume
that the risk is decreasing by forcing wy > 0. Secondly, we want the exponential proportional
to T to be negligible when ¢ > 0: this follow from wq > 0. In principle, this last condition
is not needed for the process to converge like the first one, but without it is not possible to find
an analytical solution for the cross -threshold equation. Moreover, whenp > 6: wy > 0 —
wq > 0, so we can see that the request is not unreasonable.

Wrapping all this consideration together, Equation (21) is

1 P 1 2
(1-T) (1 o+ “O) = 14— — O exp2wnrtend, (53)
p p dp

from where we can compute the exit time

log {Tp(p+1)d+(22“lgc;17—m)(1—T)

texe = QWM

C.3 Averaging on initial conditions

As of now ey is still depending on the initial conditions through the random variables j19 and 7.
Following from the choosen initial conditions, and taking into account the dependence between
the two random variables

(uj - v)?, QdZ Z (uj - w)? | with v, Uj ~ Sdil(l).

d d __
po, 70 ~ P,  where P, = | d
i=1 j=11=j+1

p p p
j:

We have now two possibility to get the expectation of tey. The first one is known in statistical
physics literature as guenched formula leaves us with an unexpressed expected value

(qnc)
test :EN(),TONPg
T +1)d+(2 — 1-T
log p(p+1) (zlﬁ)(;p 70)( )} (54)
2wM

The second one, often referred as the annealed formula, is obtain by simply replacing the random
variables with their expected values

T(p+1)d+(p+1)(1fT)}

og
fland) 2 . (55)
QWM
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Casep =1 Forcompleteness, let’s reduce these formulas to the simplest case p = 1. In this case
70 does not appear, and from Equation (13) we find that zp ~ x?(1), so the quenched formula
reduces to
Td _
t(qnc) —F ) log Ko +(1-7)
- Hox*(1) 8(1—6v) —4vA

(56)

C.4 Overparameterization Gain

Let us introduce the number of gradient steps needed to escape the threshold. Remembering
t = v7/pd, we define

d
Sext(p7 d7 7> Aa T) = %text- (57)

In the domain of our interest, namely Sexe > 0, Sexe is a convex function in 7. Therefore, there
exists a unique minimum that corresponds to the minimum number of steps required to cross

the threshold when p, d are fixed

— asext(pv d7 Y Aa T) p3

0 [0) 7d’A =
0y = en(p ) 8+ 2p+ (24 A)p?

’Y:’ant(pvdvA)

Note that this learning rate correspond to an exit time whose log’s prefactor is constant to %, as
reported in the main. We can also compute the optimal number of steps; we choose to stick with
the annealed formula: for large p both estimations lead to the same result, while for small p we are
underestimating the exit time of a small factor. Hence, the annealed minimum number of steps
is

ext ext

d[8+2p+ (24 A)p*] log [T(p+1)d+§§+l)(l_T)}

s2(p,d, A, T) =s(p, d, Yope(p, d, A), A, T) =

4p?

min

e is mono-

This formula can be used to estimate the overparameterization gain. Noting that s
tonically decreasing in p, we can define the gain as

" smin(p =1,d,A,T) 12+ A
m - = .
d—s+oo limy 4 o0 ST (p, d, A, T) 2+ A

ext

D Stochastic correction to the exit-time formula

In this section we derive a new exit time formula for the case p = 1, that takes into account the
stochastic corrections of the dynamics.

At first, we require the further assumption w® L wS. Obviously, this is not realistic, since to
achieve this initialization we should know w, exactly. Still, this case is could arise interest, since it
corresponds to m? = 0, that s a fixed point of Equation (19). Thus, there is no dynamics in the
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ODE description, while the SDE are able to jump out from the fixed point and reach the point
of convergence of the SGD. Lastly, the following analysis can be generalized to be used with the
usual initial conditions.

The key observation is approximating both the noise and the drift of Equation (42) to the first
non-zero order, when evaluated at m = 0. As we pointed out above, the drift term is null at ini-
tialization, so the leading order is the first; this corresponds to the linearization of Equation (19),
and the linear factor is

p=[4(1 = 6vy) — 27yA]. (58)

Instead, the noise term is not vanishing at m = 0. Of course, 0o (£2) does not contribute because
is proportional to mg. Moreover, looking at the expression for ¥ in Appendix E, we can observe
that the covariance matrix is diagonal since the non-diagonal term is proportional to mg as well.
All considered, the only term is contributing is the variance of m: the two-dimensional Brownian
motion can be reduced to one in dimension 1, with variance

2 g
= — (48 + 4A).
o 5 d( +4A)
Summarizing, the SDE near the initialization can be described as

dm = pmdt + o dby, (59)

where b; is a one-dimensional Wiener process with unit variance. The approximated evolution
of m is a expansive Ornstein-Ublenbeck process, since 1 > 0. We have already shown in the
main that there is a direct map between m and the population risk; we can deal just with m for
measuring the exit time. Given an expansive OU-process staring at m = 0, the mean first exit

time from the interval (—v/T', /T is given by [ ]

spp) T . LK
tere = EQFQ <1,1,3/2,2,—02T> (60)
where o 5 is a generalized hypergeometric function; see [ ] for reference. The formula does

not have a closed form like the one derived earlier, and it works only when 7" is small enough that
the exit point is not too far from initial conditions, otherwise the approximation we did do not
hold anymore.

As reported in [ ], the formula can be generalized also to the initial condition we used in
the rest of the manuscript, where M ~ N (0, 1/d). Again, we have to average over the initial
conditions: (60) coincides with the annealed version, while we do not present here the guenched
one to be concise.

E SDE:s for arbitrary width

In this appendix we generalize the discussion of the spherical constrained SDE to network of ar-
bitrary width. As we already did at beginning of Section 4, we fix the second layer to a; = 1 for
everything that follows.
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E.1 Unconstrained SDE with p > 1

The updates of overlapping matrix elements can be written as

—Y(W; « Vo, b+ wj - Vo L +72Vw.€”-vw€”
dQj; = (w; ! d]) J ! :pldeh

dmj: d _pd

M;.

where we recalled the definition of the random variables M and Qj;; the factor 1/p is missing,
but it will come out from the gradients V, ;- As we already seen, the usual argument provides
setting dt = 7/pd and say that the remaining factor is concentrating to its expected value

dmj = \Ifj dt

dQj; = &, dt,
where ®;; = E [Qﬂ] and¥; = E [M]] . We can now go beyond this and add corrections to

concentration, namely adding a Brownian motion, following [ ]:

[

dM; = U, dt + pda;“-dBt
g

dQ; = @, dt+,/p—daj%.d3t.

The 0'?4 and O'le are the rows of the matrix obtained by taking the square root of the covariance

matrix of all the p + p? random variable M jand Qj:

(61)

o'
Var [M;] o+ Cov[My,Mp] Cov[My,Qu] -+ Cov[ My, Q)
U;\)/I _ Cov [Mp, My] - Var [M,] Cov[M,,Q11] -+ Cov[M,, Qpl
a‘% ’ Cov[Qi1,M1] -+ Cov|[Qi1, M,] Var [Qy1] -+ Cov |Q11, Oy
UQ Cov [Qpp, M1] -+ Cov[Qpp, Mp] Cov[Qpp, Qu] -+ Var [Qpp]
pp
(62)

and dB; isa p(1 + p)-dimensional Wiener process.

E.2 Spherical Constrained SDE

Let’s move now to the actual spherical derivation. The steps used are exactly the same we did in
B, Since we are forcing the weight on the sphere, the update rule that has to be used is

v _ v
vel | W5 YV b

o

Vi

w

’w; — YV, ¥
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We introduce now 91; and Q; to discriminate between the spherical variable and the uncon-
strained ones. Multiplying both sides of the update rule by w, and subtracting 91, we get

dom; = 2t g op
ij—fvajﬁl’

Similarly, the product of two update rules brings us to

wj — YV, 07w — YV ¥ _
[0r =7V, ]

dQ = Qi

ij = YV ¥
_ Qi +dQj
H'wj — vajf”H le — szv”

d—Qj

Let’s estimate the normalization factor

2

s = 1,7 =/ (10 = 7, )2 = \/w;. = 2w, YV, ¥ + 92 ||V, £

2

\/&J 2 2w YV + 92 [V,

=+ ] = ViR, + 4
—VaVT+ Q.

Expanding up to leading orders we get

N|=

4N =(M; + dmjp) (1 + dQ;)

1 3
:(gﬁj + dmjr) <1 — 5 dQ” + g dquj> - mj

— gﬁj

M 1 3
=dmj, — 5* dQ; — 5 dmy, dQy5 + SM; dQY,
dj =(9y +dQu) (1 +dQy;) 2 (1 +dQu) 7 — Qy
1 3 1 3
=(Qji +dQ) <1 —5dQiitg dq?j) <1 —5dQut g dQZ21> —Qji
=d Q]l d d QJZ 2 2 1
=dQj; — 7( Qjj +dQu) + ?(Sdej +3dQy +2dQ;; dQu) — i(d%’l dQj; +dQ;idQu)
We can now use the Ité Lemma on differentials Equations (61), obtaining

dx, dxy = la'w

P o« O, dt,

so we have some extra drift terms at an higher order.
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E.3 Special cases

Computing explicitly the variance in Equation (62) is not conceptually different from what ex-
posed in Appendix A: expanding all the expression we are left expectations of polynomials of the
preactivations. Even if not complex, it is required to compute up to twelfth moments of a mul-
tivariate normal distributions, that could lead to very long results. We developed a Mathematica
script for addressing this computation, available in the GitHub repository; it can be used for the
covariance of arbitrary network width. In the same repository, we provide the code for numeri-
cally integrating the SDE, in the cases p = 1, 2. These two special case are briefly discussed here.

Explicit expression for p =1 We report here the expression for the variances and covariance
introduced in (40)

Var [Q11] =57672AM* — 249672 AM? — 11520~7*M® + 54144~*M* — 737282 M?
+ 5447 AM? — 11136yM* + 22272yM? + 320M* — 1600M? + 32+2A2
+ 192072 A + 3110442 — 544yA — 111367 + 48A + 1280
Cov [My, Q11] =727AM? — 72yAM — 14407M° + 2880yM>
— 14409M + 24AM — 480M? + 480M

Var [M;] =8AM? — 192M* + 144M? + 4A + 48
(63)

Numerical experiments for p = 2 In Figure 5 we show the same numerical experiment we
presented in Section 3.3, repeated in the case p = 2. Again, we show there is no benefit including
the stochasticity in the analysis. All the evidence indicate that even for larger p there is no effect
in including the correction and the time estimation based on the ODE is accurate.
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Figure 5: multiple run of the simulated SGD and the numerically integrated SDE, always starting
from the same initial condition, with d = 3000. All the .y presented are obtained by solving
numerically (21). The SDE captures the variance that the ODE doesn’t exhibit, but the tex do
not change considerably.

F Stochastic correction from [ ]

In this Appendix we compute the diffusion correction term of the deterministic dynamic using
the formalism introduced in [ ]; we use the notation of that paper to make the comparison
easier.

We are going to analyze the plain phase retrieval problem (K = p = 1, no spherical constraint),
using a slightly different scaling as the one we introduced in the main, in accordance with the hy-
pothesis required by [ ]. Our goal is to show that our formalism contains the one presented
in the paper we are analyzing here. We want to learn a predictor of the form f(z) = (w - z)?,
using online SGD on the data

z~N(0,1) y=(w-z)?+VAE,

with both w and w* with O4(1) norm, in contrast to what we used in the main where the norm
of the weights were O4(1/d). The SGD process is written as

w't = w” — 0qVwL(y, w),

with 6 = v/dand w® ~ N (0,1/al). We are going to consider the high-dimensional limit,
namely d — +o00.

We omit the verification of -localizability for brevity.
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The loss and its expectation are

Ly w) =5 [(w* - — (-2 + VAL
:%(w* )t + %(w )t 4 %{2 + [(w* ) — (w- a:)Q] VAE — (w* - z)(w - :L'))z,
B(w) =Ea e [Ly,w)] = 5 | + 2wl + 52 — | oo — 2w - w)?
We in2tr0duce our summary statistics u = (m,q) == (w* - w,||w||?), and we further assume
[w*]|” = p:

Blw* +A 3, 4 2, 12
==+ Sl ~[Jw*|llw|* - 2(w* - w)?

T2 Tt
We now compute the gradients needed for the dynamics. The stochastic gradient is
Vol =2(w-2)3z — 2(w - 2)VALx — 2(w* - 2)}(w - 2)x
The gradient of the population loss is
Vu® = 6qw — 2pw — 4muw™
The gradients of the sufficient statistics with respect to w are
Vem = w* Vuwq = 2w,

and their Hessians are
Vim =0 V2q=2I,

Last ingredient we need for the dynamic equationsis V = Ey ¢ [V(L — ®) ® V(L — @)].
We are left with

V=E;¢ Vol @ Vy L] + V(@ ® V,, @
—Epe [Vl @ Vy® + V@@ VL.

We compute the two terms separately

Vu® @ Vyu® = 4(3¢ — p)’ww’

— 4(6gm — 2pm)(w*w " +ww* ") + 4 - dmPwrw* T
Since By ¢ [V L] = V@, the cross term reduces to the same quantity:

Epe [Vl ® Vi® =(6]w|* w — 4(w* - w)w* — 2||w*|| w) ® (6qw — 2pw — 4mw*)
=V, ® V,o.
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It remains to compute the second-moment term:

Epe [Vl ® VL] =
=FEg¢ [4(w cr)za’ 4 4(w - 2)? A%z
+4(w* - 2)t(w - 2)2zx” — 8w - ) (w* - z)?xa’
= 4(90[|w|[* ww " + 15||w||® I;) + 4A(|w|)? I + 2ww ")
4 [3]|w* || lwl? + 12]|w*||? (w* - w)?) 14
+ 6|  ww + (2wl + 24w - ) (w*) T
+ 24Hw*H2 (w* - w)(w*w + ww*)]
= 8[@lw]|*flw*||* + 12lfw]* (w* - w)*) Iy
+ 6wt wr(w*) T 4 (12]fw]f|Jw*||* + 24(w* - w)2)ww "
+ 24|w]® (w* - w)(w*w + ww*)]
= 4(15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24gm?)1,
+ 4(90¢% 4 2A + 6p? — 24pq — 48mH)ww "
+ 4(12pq + 24m? — 12¢*)w* (w*) "
+ 4(24pm — 48qm) (w*w + ww™*)

We finally get the expression for the matrix V = E, ¢ [V, L ® Vi, L] = V@ @ V,, @

V = 4(15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24qm?)I,
+ 4(90¢? + 2A + 6p% — 24pq — 48m? — 9¢* + 6pq — p*)ww
+ 4(12pq + 24m? — 12¢* — 4m?)w* (w*)
+ 4(24pm — 48gm + 6gm — 2pm)(w*w + ww™)

-
(64)

We now have all the ingredients needed for computing the dynamics

fm== lim V@ Vym = —6gm + 2pm +4pm = 6m(p — q)
fo=— dEToo Vu® - Vg = —12q2 + 4pq + 8m?

gm = lim %dTr [VVEUm} =0

d—+o0o
. 0g
Ja = dgr}rloo 2 Ir [va”q}

=4(15¢° + Aq + 3p°q + 12pm? — 6¢%p — 24gm?) - lim % Tr[214)

d—~+00

=47v(15¢% + Aq + 3p%q + 12pm? — 6¢°p — 24qm?)
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In the last one we used the fact that the only term that can survive the Tr [-] /d are the ones pro-
portional to the identity. For the same reason > = 0 in this case. The full equations read as

dm =6m(p — q) dt
dg=14 [2m2 + pq — 3¢* (65)
+y(15¢% + Aq + 3p%q + 12om? — 6¢%p — 24qm2)} dt
Note that this equations are exactly the same as (34a) and (34b), as expected. What is not trivial
is proving that the diffusion term will also be equivalent.

F.1 Diffusion at generic point

In principle diffusion terms are expected to appear when the sufficient statistic are zoom around
a fixed point of the equations. Imagine now we want to find the diffusion term around a generic
point (m, ¢) = (m, ) thatis not necessarily a fixed point of the equations. We have to zoom the
sufficient statistics in the usual way

(7, ) = (Vd(m —m), V(g - )

. The drift terms diverge, but diffusion term will appear; this diffusion is the first stochastic cor-
rection to the deterministic dynamic of the sufficient statistics, and can be added to the equations
(65), paying attention to multiply it by !/vd to compensate the zoom factor.

We express the loss and its gradients in terms of the new sufficient statistics.

om0 () () (o)

Its gradient with respect to w is

q , _ mo_\
Vu®=6|—+ w—20w—4(—=+m|w".
<m q) g (\/& )
The gradients of the zoomed statistics are
Vo = Vdw*  Ved = 2Vdw,

and their Hessians are

Vim=0  V3§=2Vdl,

The expression of matrix V' is the same as the one in equation (64) with the following substitutions

+4q m = + m.

S
SE

q:
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We now compute the three entries of the diffusion matrix in turn.

S = lim 8g(Ven) VV,m

d—+o00

= lim [4(15¢° + Aq + 3p%q + 12pm?* — 6¢%p — 24qm*)p

d—+o0
+4(90¢% + 2A + 6p* — 24pq — 48m> — 9¢° + 6pq — p*)m?
+ 4(12pq + 24m? — 12¢* — 4m?)p?
+ 8(24pm — 48gm + 6gm — 2pm)pm
=60pq> + 4ApG + 12p3G + 48p°m? — 24p> G — 96pgim*
324m2 3 + 8Am? 4 24p*m? — 96pgm? — 192m* + 24pgm? — 4p*m?
+ 48p3q + 96p*m? — 48p°F* — 16p*m?
+ 176p*m? — 336pgm?
=60pq> + 4Apq + 60037 + 324p%m?% — T2p°G — 504pgin>
+ 8Am? — 192m* + 324m*F*

The oft-diagonal entry is
Sia = lim 0g(Vwd) VVi
a = lim 0a(Vuq) VVuin

= lim [(15q3 + Aq + 3p%q + 12pm? — 6¢%p — 24qm®)m

d——+00
+ (90¢°% 4 2A + 6p* — 24pq — 48m> — 9¢° 4 6pq — p*)gm
+ (12pq + 24m? — 12¢% — 4m2)mp
+ (24pm — 48qm, + 6gm — 2pm)(m? + pq)
=120mg° + 8AMG + 24p*mq + 96pm> — 48pmq> — 192m3q
720mq° + 16 Amq + 48p*mq — 192pmq® — 384m>q — T2mq° + 48pma° — 8p*mg
96p%mq + 192pm> — 96pmg> — 32pm>
192pm3 — 384m3q + 48m3G — 16pm>
192p%mq — 384pmq> + 48pmq> — 16p°mq
=T763mg° + 24AMmq + 336p>mq + 432pm> — 624pmg* — 912m3q
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Finally, the bottom-right entry gives
a5 = lim 6(Vud) VVud
= lim 16|(15¢> + Aq + 3p%q + 12pm? — 6¢%p — 24qm?)q
d—+o00
+ (90¢% 4 2A + 6p* — 24pq — 48m* — 9¢* + 6pq — p*)¢*
+ (12pq + 24m? — 12¢% — 4m?)m?
+ 2(24pm — 48qm + 6gm — 2pm)qm
=240G" + 16AG* + 48p° ¢ + 192pm?q — 96pg° — 3843°m>
14403 + 32AG + 96p°F* — 384p3° — T68M>G — 1447 + 96p3° — 16p°F>
192pm2q + 384m* — 192m23* — 64m*
768pm2q — 1536m>G° + 192m>G* — 64pm>q
=1536q" + 48AG + 128p%3% + 1088pm2q — 384pg° — 2688¢%m? + 320m*

The expressions we just computed match the one we obtained in Equation (62), if we set y = 0.
This difference arise from the d-localizability condition, that essentially force us to work with a
vanishing learning rate. Remark 2 in [ ] explains how to generalize the formula for X to
match exactly our expression.

G Landscape geometry

In this appendix we discuss the landscape of the population risk for the phase retrieval problem
p = 1. We start by discussing the Euclidean case first, moving to the sphere next.

We recall the reader that the loss function is given by given by:

1 2
Uw) = Uy, fo(@) = 5 ((w]2)? +VAz - (w'x)?) (66)
As before, we define the pre-activations (or local fields):
Ak = wjx, A=w'z (67)

E(w) = (w]2)? + VAz - (w' )’
=X+ VAz— A2 (68)
Note that:
Vol (w) = —2\z (69)
Therefore, the Euclidean gradient of the loss is given by:

Vwl(w) = =2E(w) Az (70)
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And the Euclidean Hessian is:
V() = 2 (2)\2 - 5(w)> zx!
=2(302 = A2 + VAz)zz" (71)

Averaged geometry —  We now compute the expected geometry by taking population averages
of the above. It will be useful to define the correlation variables:

HU)*HQ w;l—w HwH2
= 72
p= 1L m= 2 =" (72

which we recall are the second moments of the pre-activations (A, A). With this notation, the
population risk (the expected value of (66)) reads:

3 3
R(m,q) = D)2+ 5;)2 + 5qQ —2m? — pq (73)

In order to compute the expected gradient, we need the following moments (for readability we
omit throughout the overall factor !/d coming from the covariance ¥ = 1/dI, which rescales the
gradient and Hessian but changes neither the critical points nor the signs of the Hessian eigenval-
ues):

E[M\2\z] = pw + 2muw,, E[Mz] = 3qw (74)
Which gives:
VuR(w) = —2E [E(w)Az] = —2((p — 3¢)w + 2muw,) (75)
Finally, let’s compute the expected Hessian. For that, we will need the following moments:
ENzz'] = ply + wow, ENzz"] = qly +ww' (76)
Therefore:
V2R(w) = 2E [(3/\2 — A2 4 \/Zz)qu =2 (—(p —3¢) g+ 3ww’ — wuuj) (77)

We are now ready to compute the critical points of the Euclidean landscape and evaluate their
nature. By definition, the critical points are defined as solutions of V,, R(w) = 0. These are:

* w=0((m,q) = (0,0)): The Hessian of this critical point is given by:
VER(0) = —2(pIy + waw, ) < 0 (78)

This is a negative-definite matrix with d — 1 negative eigenvalues —2p and one negative
eigenvalue —2(p + 1) with eigenvector w,. Therefore, this is a local maximum. The risk
associated is given by:

3
+ 5,;2 (79)



* (m,q) = (0,7/3): This defines a line of critical points {w € R% : w L w, and ||w|| =
1/v/3||w,]||}. The Hessian is given by:

ViR =203ww’ —waw,) (80)

Note this is a rank-two matrix with d — 2 zero eigenvalues (associated to flat directions),
one negative eigenvalue with eigenvector w, and a positive eigenvalue with eigenvector per-
pendicular to the minima. This is a saddle-point, and have population risk:

4 9

R(O0,0f5) = 2 4+ 2, (81)

2 3

s w = Fw, ((m,q) = (£p, p)): From the definition of our problem, this is the global
minima. The expected Hessian is given by:

V2 R(£w,) = 4(ply + wew] ) =0 (82)
which isindeed a positive definite matrix. This defines the minimum achievable population
risk:

, A
min R(w) = R(+p,p) = - (83)
weR 2
This is consistent with the discussion in [ ], where the critical points and their nature were

reported, but explicit expressions for the expected gradient and Hessian were not given. From
this geometry, a neat picture for the one-pass SGD dynamics in the unconstrained problem can
be drawn. Consider w, € S*! with a random initialization at high-dimensions:

w® ~ N(0, I). (84)

Note that with high-probability the random initial weights is almost orthogonal to the signal, and
we have (m, ) ~ (0,1). Note this is not a critical point, and the initial gradient V,, R (w°) =
40 is orthogonal to w,. Indeed, for p = 1 and A = 0 the unconstrained ODEs (11) are given

() = 6m(t)(p — (1)) (85)
Q(t) = 4 (a(®)(p - 3a(t)) + 2m(t)?)
+ 12y (q(t)(p2 +5q(t)* = 2pq(t)) + 4m*(p — 2q(t))) (86)

where := d/d4t and we dropped the bars for clarity. Therefore, in the initial stage of the dynamics
m ~ 0 remains almost constant, while ¢ decreases, and the dynamics flow in the direction of the
saddle-point (0, #/3). As we have seen, the saddle is mostly flat, with a single negative curvature
direction pointing towards w,. This is precisely the mediocrity stage, where the dynamics slows
down and SGD gets stuck for a long time before being able to develop significant correlation with
wy and escape.
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Wy

*

Figure 6: Low-dimensional illustration of mediocrity at initialization. As discussed in Sec-
tion G.1, the expected Hessian at initialization is a strict saddle-point with d — 1 flat directions
and a single negative direction pointing towards the global minimum. This scenario is particu-
larly hard for descent based algorithms such as SGD, that require n = dlog d samples / steps to
develop significant correlation with the signal.

G.1 Landscape in the sphere

Recall that the orthogonal projector on a vector u € S~ is given by:
Proj, = Iq — uu’ (87)
Therefore, the gradient on the sphere is given by:

grads 1 £(w) = Projea—1 (Vo l(w)) = (I — ww ")Vl (w)
= -2 (w)A(z — \w) (88)

Similarly, the Hessian on the sphere can be written as:

Hessga—1£(w) = Projgu_, (vaz(w)) — (w, Vo l(w))
= BN =A%) (zz” — Mz ") + E(w)NI, (89)

Averaged geometry —  Recall that in the sphere we have p = ¢ = 1. Therefore, the popula-
tion risk now only depends on the correlation m = (w,, w), and reads:

R(w) = 2(1 —m?) + (90)

| >

Luckily, half of the moments we need have been already computed above. To get the gradient on
the sphere, we just need to compute:

E[A2A%] = 1 + 2m?, E\] =3 (91)
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Therefore, the averaged spherical gradient is given by:
gradg, 1 R(w) = 4m (mw — wy) (92)
We also have all moments required to compute the expected spherical Hessian:
Hessga-1R(w) = 4 [m2Id + mww, — waw, (93)
As before, we can now analyze the critical points and their nature.
* w L w, (m = 0): The Hessian is given by:
Hessga—1 R(w) = —4w,w, (94)

Which is a rank one matrix with d — 1 eigenvalues 0 (flat directions) and a single negative
eigenvalue —4 with negative curvature pointing towards the signal w,. Therefore, this is a
strict saddle-point. However, since the risk is a decreasing function of m? € [0, 1], this is
also the global maximum of the risk.

* w = Fw, (m = £1): As before, these are the global minima, and define the minimal
achievable risk R(+w,) = A /2. Indeed, the Hessian is given by:

Hessgi-1R(twy) =414 > 0 (935)

which is positive-define.

Therefore, the landscape now resembles a golf course: completely flat with a single whole corre-
sponding with the global minimum wy, see Figure 6 for an illustration. This is the prototypical
image of mediocrity. In particular, differently from the unconstrained case, random initialization

w® ~ Unif(S* (Vd)) (96)

now corresponds to initializing close to the saddle point m? = 0: with high-probability the initial
weights are orthogonal to the signal at high-dimensions:

m® = Va(w®, w,) ~ 1/Vad < 1. (97)

For the reader convenience, we recall that the ODEs (19) describing the evolution of the correla-
tion m is given by:

m@:m@4ﬂ—MM—m%»—%4 (98)

Close to initialization we now have 112(0) ~ 0, slowing down the dynamics close to initialization.
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